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The Townsend ionization coefficient a/ fo (cm*Xmm Hg at 0°C)~ for hydrogen and deuterium has been 
measured as a function of E/ po (volts/em mm Hg at 0°C) over an extended range. The results for H2 have 
been compared critically with those of previous workers. They agree well with several recent redetermi- 
nations over limited ranges of E/po, but not with several earlier extensive investigations. The composite 
results for H2 (15<E/po<1000), and present data for Dz (18< E//0<600), are presented in graphical and 
tabular form. The difference between the two coefficients is discussed in terms of the molecular properties 
of the two gases. It appears that the difference in energy loss by recoil on electron impact is insufficient to 


explain the observed effect. 





I. INTRODUCTION 


HE first extensive measurements of the Townsend 
ionization coefficient for hydrogen as a function 
of E/p (ratio of electric field to gas pressure) were 
reported in 1923 by Ayres.' A redetermination in 1938 
by Hale? gave considerably different results. Several 
more recent determinations*~’ over limited ranges of 
E/p have indicated that both determinations were at 
least partly in error. The experiment has therefore been 
repeated over a wide range of the experimental variable 
E/p; this paper presents the results of these measure- 
ments. In addition, a detailed comparison is made with 
other recent experimental data. In this manner, a con- 
sistent tabulation of the ionization coefficient over the 
widest possible range of E/p is obtained. 

A simple theoretical argument, to be given later, 
shows that the ionization coefficients for deuterium and 
hydrogen should be identical at very high values of 
E/p; and the coefficient should be higher for deuterium 
at low values of E/p. The experiment has been repeated 


1T. L. R. Ayres, Phil. Mag. 45, 353 (1923). 

2D. H. Hale, Phys. Rev. 55, 815 (1939); see also L. B. Loeb, 
Basic Processes of Gaseous Electronics (University of California 
Press, Berkeley, 1955), p. 691. 

3 W. Fucks and F. Kettel, Z. Physik 116, 657 (1940). 

4L. J. Varnerin and S. C. Brown, Phys. Rev. 79, 946 (1950). 

5 Wilkes, Hopwood, and Peacock, Nature 176, 837 (1955); 
Proc. Roy. Soc. (London) (to be published). 

6 Crompton, Dutton, and Haydon, Nature 176, 1079 (1955); 
Proc. Phys. Soc. (London) B69, 1 (1956). 

7 Rose, DeBitetto, and Fisher, Nature 177, 945 (1956). 


in the same apparatus for deuterium, and a comparison 
is made with hydrogen. 

The ionization coefficient is defined in the following 
manner. Consider a pair of infinite parallel planes, a dis- 
tance d apart, with a voltage V and field E=V/d 
applied between them, and a pressure po (reduced to 
0°C) of gas contained therein. An electron current io 
leaving the cathode by photoemission will ionize gas 
molecules, producing an electron avalanche traveling 
toward the anode and an ion current toward the 
cathode. The total current between the plates is* 


igeV-Vo 
= ei x (1) 
dye 9) 





The quantity 7 is the ionization rate measured in units 
of reciprocal volts, and is a function of E/p only. It is 
the quantity a/E, where a is the first Townsend coeffi- 
cient. The constant Vo allows in an approximate manner 
for the fact that all the electrons near the cathode have 
low energy, and must fall through a certain potential 
(Vo) before a terminal velocity distribution is estab- 
lished. The exponent in (1) may also be written in the 
completely equivalent form exp(a/po)po(d—xo), where 
now a/ po=nE/po (cmX mm Hg)" represents the ioniza- 
tion coefficient. Either form will be used as convenience 
dictates. 

The coefficient of secondary electron emission by 


8 See, for example, J. M. Meek and J. D. Craggs, Electrical 
Breakdown of Gases (Clarendon Press, Oxford, 1953), p. 68. 
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positive ions is y; as the voltage is raised, the y term in 
the denominator of Eq. (1) eventually reaches unity, 
and the gas breaks down. At voltages considerably 
below breakdown, however, the y term is unimportant 
and may be neglected. In this range, therefore, if the 
plate separation d and voltage V are increased propor- 
tionately, thus keeping E/p» constant, the current i 
increases exponentially with V. In practice, the experi- 
ment is performed in just that way. 


II. EXPERIMENTAL TECHNIQUE 


Figure 1 shows a simplified diagram of the parallel 
plate tube and electrical connections. Ultraviolet light 
shines from below through a quartz window and 
through the perforated anode onto the movable molyb- 
denum cathode, 5 cm in diameter. The cathode can be 
moved vertically and is restrained laterally by Kovar 
guides running in shrunk glass tubing. The plate 
separation can be adjusted to preset positions in the 
range 0-1 cm by the notched shaft and fixed catch. 
Not shown are the pump lead, an iron slug sealed in 
glass and fixed to the top of the shaft, by which the 
cathode is raised magnetically; and two aluminum 
shields evaporated onto the inside of the glass envelope, 
at cathode and anode potentials, respectively. The 
plate separation is adjustable in steps of about 0.064 cm, 
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Fic. 1. Simplified drawing of the experimental parallel-plate 
discharge tube and electrical connections. 
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and determinable to about 0.001 cm. The tube is con- 
nected to a vacuum apparatus, and can be sealed off 
from the pumps by a mercury cutoff. Gas can be ad- 
mitted through an all-metal diaphragm-type valve. In 
these experiments, hydrogen was obtained either from 
one liter reagent grade flasks, or from the decomposition 
of uranium hydride. In this latter connection, reactor 
grade uranium chips were degassed in a quartz tube at 
about 800°C in vacuum, and were allowed to combine 
with reagent grade gas at about 200°C. The hydride 
could then be pumped at room temperature, and sub- 
sequently decomposed at temperatures ~300°C. It 
may be remarked here that both sources of hydrogen 
gave the same experimental results. Deuterium was 
similarly obtained from uranium deuteride. Gas pres- 
sure in the experimental tube is measured with an 
accuracy of +1 percent by McLeod gauges. 

The voltage across the plates is given by Vi—V2 
(Fig. 1). Vi is a 0-2000 volt battery supply; by means 
of a divider network, it is compared with a standard 
cell at each reading. The resistor R is adjustable in 
steps from 107-10"? ohms; the voltage V2 (0-2 v) across 
it is read by an electrometer, and is a measure of the 
current. 

The degassing procedure prior to each run was as 
follows. The experimental tube was baked at 300°C, 
and the auxiliary equipment at about 400°C; prior to 
the formation of the UH; or UD; (which have dissocia- 
tion pressures ~10~* mm Hg at room temperature) the 
pressure was 10-* mm Hg or lower. In addition, just 
before the run, the cathode surface was bombarded by 
a high current pulsed discharge in the purified gas. 
During bombardment, the average cathode temperature 
reached about 850°C, and the surface temperature 
during a pulse was estimated to be ~1500°C. This 
spent gas was then pumped out, and the data were 
obtained after admitting fresh gas. On several occasions, 
the operation of baking and bombarding was performed 
twice in succession. The experimental results were not 
altered by the second operation. It was not possible to 
heat the cathode in vacuo by rf induction. 

A mass analysis was made of the deuterium used in 
the experiment, the original purpose being to check the 
percentage of normal Hp». Besides 0.5% Hz (which will 
have negligible effect on the experimental results), it 
was surprising to discover 0.04% CO and a trace of 
D.O. The sample bottle itself appears most likely to be 
the source of contamination. In particular, it is incon- 
ceivable that even 10% of any impurity could arise 
either from the vacuum system (5.5X10-" mm Hg 
background pressure) or uranium (7.5X10~* mm Hg at 
385°C). If CO, COs, Oz, Ne, or D2O had been initially 
present in the deuterium flasks, the gases should all be 
converted to oxides or nitrides of uranium. The differ- 
ence in free energy is very large; in particular, it is 
almost 200 kilocalories/mole for the reaction 


2CO+U—U02+ 2C. 
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In addition, all uncombined gases (~10°% of the 
original volume) are removed by pumping on the UD;. 
Thus CO cannot be retained in the system as such. 
Turning now to the sample bottle, one finds that there 
were about 4X 10'* CO molecules in it. This corresponds 
to about one monolayer over its inside surface, or the 
equivalent of 10-20 monolayers released from the 
interior of the glass constriction which was heated to 
the melting point. There is considerable independent 
evidence that this amount of CO2 (which would be 
reduced to CO by the deuterium) can well be evolved 
in such a seal-off technique. 

Data were obtained at various pressures po of He or 
D, in the range 0.5< po<45 mm Hg. Four typical runs 
in Hy» at pressures between 2.7 and 10.5 mm Hg are 
shown in Fig. 2. Here, the tube current V2/R is plotted 
in arbitrary units vs tube voltage Vi—V2; the plate 
separation is adjusted to keep E constant. 


III. IONIZATION COEFFICIENT FOR HYDROGEN 


The results will now be presented, and critical com- 
parison made with other data, all of which have been 
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Fic. 2. Four typical sets of data of tube current vs applied 
voltage at constant E/po, for He. 


reduced to 0°C. The first comparison is with the early 
extensive determinations of Ayres and Hale; for this 
purpose, it is convenient to express them in terms of 
the coefficient 7. Figure 3 shows these data; the present 
results are shown by the circles and solid line drawn 
through them. Except near the extremes of E/po, the 
results should be accurate within +2%. Accuracy at 
both extremes cannot be stated categorically from a 
study of this experiment alone. It will be discussed 
below when comparison is made with other experiments. 
No comprehensive data were obtained for the coefficient 
Vo of Eq. (1); however, study of the Ini vs V charac- 
teristics at low voltage (0-SO volts) indicates that in 
the range 40< E/po<300, Vo is about 20 volts. 

The dashed curve of Fig. 3 attributed to Ayres! has 
been prepared from his table of a/p vs E/p. Ayres shows 
little actual data; his table was itself prepared from a 
smoothed curve. No reference temperature is stated, 
and 18°C is assumed. One notes fairly good agreement 
between Ayres’ results and the present ones, except for 
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Fic. 3. The ionization coefficient n volts for Hz plotted vs E/po 
volts/emXmm Hg, at 0°C. The circles and solid curve are the 
present results. The dashed curve and crosses represent the earlier 
results of Ayres and Hale, respectively. 


E/po<35. This sort of error is just what would be 
expected if Ayres’ gas were not sufficiently pure, as can 
be seen by the following calculation. At intermediate or 
low E/p the number of collisions made by an electron 
in crossing the gap of d cm is approximately 1.5 
X10*(pod)/(E/po). At low E/p, pd must be large if 
appreciable ionization is to be obtained; in the present 
experiment, for example, pd~45 cmXmm Hg at E/po 
~ 20. Thus, if an impurity with low ionization potential 
is present in small amount, the chance of its ionization 
in preference to hydrogen is much greater at low than 
at high E/p. Inasmuch as most impurities (O2, H,O, 
N2, Hg) have lower ionization potential than Ha, it 
appears reasonable that Ayres’ results might be affected 
in just this way. 

Referring again to Fig. 3, the crosses are calculated 
from Hale’s data of a/p vs E/p listed by Loeb,? and 
reduced from 20°C to 0°C. It is difficult to point out 
just how the discrepancy between Hale’s data and the 
other sets arises. Hale himself noted this discrepancy 
with Ayres, and postulated that Ayres’ results were due 
to improper liquid air trapping of the vacuum system. 
Hale observed that if he used a standard re-entrant 
trap and admitted hydrogen rapidly to the system, he 
obtained Ayres’ results. If he admitted the gas slowly, 
and in particular used a spiral trap made of small 
diameter tubing, he obtained his published data. Such a 
trap is, of course, much better for removing mercury 
and water vapor, but it cuts the pump speed to the 
experimental tube drastically. In order to check this 
very point, the present experiments were done both 
with and without a spiral trap in addition to the normal 
one. No difference was found, except that the experi- 
mental tube took a good deal longer to clean up. 

The indirect experimental measurements of Varnerin 
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Fic. 4. The ionization coefficient a/p) (cm*Xmm Hg) at 0°C 
vs po/E cmXmm Hg/volt at 0°C for He, showing the results of 
several workers. 


and Brown‘ (not shown here) do not agree well with the 
present data. Their results are higher by a factor of 
three near E/p=20, and lower by a factor of 1.5 near 
E/p=100. Their theory, however, gives fair agreement 
(+15%) with our experimental results in the range 
40< E/po<100. The data of Fucks and Kettel® (not 
shown) are somewhat suspect, in that they do not show 
a/po as a single valued function of E/po above E/p~ 40. 
Below this value, their data lie about 10% above the 
present results. 

The Paschen minimum in Hag, i.e., minimum of break- 
down voltage vs the product of pressure and gap spacing, 
will occur at max, Which is at E/po~ 140. The value of » 
at appreciably higher E/p is therefore less important 
from an experimental point of view. In principle, its 
value tends. to lose meaning, as the average electron 
energy at high E/ is not a function of E/p alone, but 
also of the voltage. If this effect is large, one should 
expect the Ini vs V plots of Fig. 2 to be curved upward 
over their entire range. The fact that they were straight 
over ranges of i/i from 1 to 20 appears to indicate that 
the effect is not overwhelming, and that an effective 
value of n can be defined for such circumstances. It may 
also be noted that Johnson’s? values of a’/o, determined 
indirectly in a coaxial geometry, agree rather well 
(0-10% lower) with the present results for E/po< 100. 
Above this, Johnson’s results are higher, being about 
50% higher near E/p= 500. 

The regime at low E/p is particularly important 
from an experimental point of view. Recent measure- 
ments of a/ in this range have been made by Wilkes, 
Hopwood, and Peacock® (reference temperature 20°C) ; 


®G. W. Johnson, Phys. Rev. 73, 284 (1948). 
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Crompton, Dutton, and Haydon*® (20°C); and De- 
Bitetto and Fisher (0°C). In order to examine this low 
E/p region most critically, it is convenient to plot 
a/po vs po/E. All pertinent data, corrected to 0°C, are 
shown in this way in Fig. 4. One notes that for po/E 
<0.059 (E/po>17) the agreement is excellent: about 
65% of the points lie within 2% of the curve. The 
three values of a/ po obtained by Geballe and Harrison” 
also lie close to the curve. The general agreement is 
especially gratifying when one considers that the pres- 
sure varied over the range 0.5<<700 mm Hg in the 
various investigations. From the general nature of the 
results, then, one may conclude that a/fo has been 
determined over the range E/po>17 with an accuracy 
of about 2%. In the range 15<E/po<17, the lack of 
independent check makes the value less certain. It is 
worth noting that over the range 0<po/E<0.045, 
ie., E/po> 22, Ina/po vs po/E is a straight line +2%; 
in this range 


a/po=5.1 exp (—138.8+0.4) po/E]. (2) 


Several approximate theories'! have been put forward 
which predict such a form, but none should be that 
accurate over such a range. No particular significance 
is therefore attached to this exact dependence at the 
present time. Table I lists values of a/ po vs E/po taken 
from the smoothed curve of Fig. 4. 


TABLE I. Ionization coefficient a/po (cmXmm Hg) at 0°C 
vs E/po (volts/emXmm Hg) at 0°C for hydrogen and deuterium. 








a/po a/po 
hydrogen deuterium 


2.6 X10 
5.7 X10 
1.06X10-* 
1.9110 
4.60X 10? 
9.2 X10 
1.56X 10 
2.4210 
3.58 X 10 
4.95 X10? 
9.6 X10? 
1.56 107 
2.32107 
3.15107 
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0 L, B. Loeb, reference 2, p. 414. 
1 See, for example, Emeléus, Lunt, and Meek, Proc. Roy. Soc. 
(London) A156, 394 (1936). 
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IV. IONIZATION COEFFICIENT FOR DEUTERIUM 


Figure 5 shows a/po vs po/E for deuterium, with the 
smoothed curve for hydrogen also shown for comparison. 
The semilogarithmic plot is not straight for deuterium. 
However, a relation a/po=5.1 exp(—124.8p0/E) fits the 
smoothed curve at po/E=0, 0.034, and 0.050, and is 
within 10% elsewhere. The accuracy does not appear 
to be quite as good as that for hydrogen, but should be 
+5% or better. Table I shows values of a/po vs E/po, 
taken from the smoothed curve. 


V. COMPARISON OF RESULTS IN HYDROGEN 
AND DEUTERIUM 


Note that at po/E-0, a/po is the same for H: 
and Ds, while at high po/E, the data for Dz lie higher 
by about a factor of 2. A simple argument shows that 
a trend in this direction is to be expected. The electronic 
excitation and ionization probabilities of H. and D2 are 
virtually identical. At low o/E, the average electron 
energy is high, and electron energy losses are principally 
to excitation and ionization. One should therefore 
expect to find the same ionization coefficients, as is the 
case. At high po/E, average electron energy is low, and 
an electron loses considerable energy through the 
immense number of so-called “elastic” impacts with 
neutral molecules. These collisions are not quite elastic, 
however; conservation of momentum of the electron- 
molecule system requires an average 2m/M fractional 
loss of the electron energy per collision, where m/M is 
the mass ratio. The loss is therefore lower in D2 (1/3674) 
than in H; (1/1837). Thus, at the same value of po/E, 
more energy is available for ionization in De, and a/po 
should be higher. 

Preliminary calculations indicate that this effect is 
several times too small to explain the observed differ- 
ence, at least in the range 0.01 <po/E<0.025. A theo- 
retical calculation of a/fo, based on the Boltzmann 
transport equation, is in progress, and shows that in 
that range, the two gases should behave almost identi- 
cally. The only other differences between the two gases 
are the effect of the width of the Franck-Condon region 
on the sharpness of the various excitation potentials, 
and the rotational and vibrational excitations. 

The first of these effects appears to be small; for a 
harmonic oscillator, the width of the region in the 
ground state varies as M-*. The principal effect here 
will arise in transitions induced by electron impact 
from the ground state to the repulsive 1°, state, whose 
energy is a strong function of internuclear separation. 
For Hz, the minimum energy is about 8.8 ev, and for D2 
it should be no more than 0.3 ev higher. In addition, 
violations of the Franck-Condon principle are easier 
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Fic. 5. The ionization coefficient a/fo (cCmXmm Hg)~ at 0°C 
vs po/E cmXmm Hg/volt at 0°C for De. The results for He are 
also shown for comparison. 


for the case of Hy. These effects are in the direction of 
giving more electron loss by excitations in He, and 
hence of explaining the difference in the curves of Fig. 5; 
but they appear hardly sufficient. 

The lower lying rotational excitations probably do 
not play an important role, at least in comparison with 
the vibrations, because their energy is so much smaller. 
The vibrational excitations may be a reasonably efficient 
energy loss mechanism. The states are closer together 
for De than for He (0.36 vs 0.51 ev), and one might at 
first conclude that excitation is more likely in Ds, 
which is in the wrong direction to explain the difference 
in the curves. But also to be considered are the forms 
of the excitation probabilities to the various vibrational 
states as functions of electron energy, and the actual 
distribution of electron energies in the gas. The most 
probable energy is several electron volts, so that there 
are less electrons near 0.36 than at 0.51 ev. In view of 
these theoretical involvements, it is impossible at 
present to explain properly the difference in the ioniza- 
tion curves. A general theoretical study of the problem 
is being continued. 
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Sample Spinning and Field Modulation Effects in Nuclear Magnetic Resonance* 


G. A. Witutamst AND H. S. Gutowsky 
Noyes Chemical Laboratory, University of Illinois, Urbana, Illinois 
(Received June 29, 1956) 


Sideband resonances have been observed in high resolution nuclear magnetic resonance experiments in 
which a cylindrical sample is rotated in a magnetic field with a linear gradient. It is shown that these side- 
bands arise in a manner similar to the sidebands observed when the magnetic field is modulated by an ex- 
ternal source. The general question of time dependent local magnetic fields is considered and the effects of 
coherent fluctuations are compared with those of random fluctuations for several simple models. 





1. INTRODUCTION 


HIS article is concerned primarily with the 

nuclear magnetic resonance absorption of a 
sample which is rotated under particular conditions 
in an inhomogeneous magnetic field, H. The case in 
question is not entirely new, inasmuch as it falls be- 
tween two extremes whose features are quite well 
known. On the one hand, there are the narrowing effects 
of random lattice motions'* upon the splitting of a 
nuclear resonance by local magnetic fields; and on the 
other, there are the sideband resonances produced by 
modulating H coherently and uniformly throughout the 
sample.*-"{ However, the present case has some novel 
features, which warrant comparison with the related 
phenomena. 

Consider an ensemble of .\-identical nuclei in a 
homogeneous large static magnetic field H in the z- 
direction. In the most general case each of these nuclei 
will also be subject to local magnetic fields which 
broaden or split the resonance. These local fields may be 
time dependent and may have an arbitrary distribution 
over the ensemble; they are in addition to whatever rf 
field is applied coherently in the xy plane to observe 
the magnetic resonance. There are several types of 
local field : (a) the direct nuclear magnetic dipole fields' ; 
(b) the chemical shifts which result from differences 
in the electronic shielding of the nuclei®; (c) the in- 
direct spin-spin coupling? produced by the nuclear 
~ * Assisted in part by the Office of Naval Research and by a 
Grant-in-Aid from E. I. duPont de Nemours and Company. 

+ Now at Department of Physics, Stanford University, Stan- 
ford, California. 

1 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

2 Gutowsky, McCall, and Slichter, J. Chem. Phys. 21, 279 
(1953). 

3H. S. Gutowsky and C. H. Holm, J. Chem. Phys. (to be 
published). 

‘R. Karplus, Phys. Rev. 73, 1027 (1948). This reference treats 
the effects of frequency modulation upon microwave spectra, but 
the approach is a general one which serves as a basis for the later 
discussions of magnetic field modulation effects in nuclear mag- 
netic resonance. 

5 Smaller, Yasaitis, and Anderson, Phys. Rev. 81, 896 (1951); 
B. Smaller, Phys. Rev. 83, 812 (1951). 

6 J. H. Burgess and R. M. Brown, Rev. Sci. Instr. 23, 334 
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t Note added in proof. —This question has also been discussed 
by K. Halbach, Helv. Phys. Acta 29, 37 (1956). 

8N. F. Ramsey, Phys. Rev. 78, 699 (1950) ; 86, 243 (1952). 


dipolar polarization of the electrons; (d) inhomoge- 
neities in the applied field H., to which the bulk mag- 
netic susceptibilities and shape of the sample and con- 
tainer can contribute.® 

Those instances where the local fields are influenced 
by a random dynamic process are characterized by a 
gradual averaging out of the local field effects as the 
average rate of the process increases. The first analysis 
of the problem was made by Bloembergen, Purcell, and 
Pound! who described the narrowing by random lattice 
motions of resonance lines broadened by the direct 
dipole interactions. This case is complicated by the con- 
tinuous character of the broadening. However, if the 
local magnetic fields have a few discrete values instead 
of a continuous distribution, line shapes can be cal- 
culated readily as a function of the average lifetime 7 
of a nucleus in each local field.?* In liquids, resonances 
have been observed with resolved fine structure re- 
sulting from chemical shifts or the indirect spin-spin 
coupling and for which there are random natural 
processes such as chemical exchange or intramolecular 
reorientation changing the nuclei from one local field 
to another. For two local fields differing by AH and 
equally populated, the doublet resonance gradually 
coalesces as rt becomes shorter and only a single line 
occurs when 1/r2>yAH/2v2. y is the gyromagnetic 
ratio of the nuclei. 

If the dynamic process influences the local magnetic 
fields at all of the nuclei in a coherent manner, the 
results differ significantly from those for random proc- 
esses. The sideband resonances produced by modulating 
H uniformly over the sample are one case of this sort. 
Another instance is a double resonance experiment on 
two groups of nuclei coupled by the indirect spin-spin 
interactions. The coupling, 4A ;;1;-1,, ordinarily splits 
each resonance into discrete components separated by 
év= A,;. However, the coupling depends upon the spin 
coordinates of the two groups of nuclei and the applica- 
tion of an rf field of amplitude H1: at w. changes the 
spin coordinates of the 2-nuclei coherently with an 
angular frequency y2H12. The multiplet structure of 
the resonance at w; is observed to coalesce when 


9 Reilly, McConnell, and Meisenheimer, Phys. Rev. 98, 264(A) 
(1955). 
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SAMPLE SPINNING 
2H 12> 6w but sideband resonances appear in the inter- 
mediate stages.’:"° 

The source of the local magnetic field usually is un- 
important in determining the effects of a given type 
of dynamic process. But it may prove difficult to obtain 
experimentally a particular type of dynamic process 
for all sources of local magnetic fields. Thus, it seems 
unlikely that conditions could be found under which a 
chemical shift would be averaged out by a coherent 
rather than by a random process. 


2. MATHEMATICAL ANALYSIS 


The nuclei are contained in a cylindrical sample 
mounted along the x axis and exposed to a radio- 
frequency field 2H, cosw/, in the x direction. We wish 
to know the effects of time dependent local magnetic 
fields H(t) which perturb the static field H. The 
Hamiltonian for the system is 


N 
= > —yhl;- (12H; coswlt+k[H+H u(t) ]} 


i=l 


. 
= > —yAl{21,,H; coswt+1;,.LH+Hi(t) j}. 


=1 
It is convenient to rearrange Eq. (1) as follows: 


R=H O)4+3¢e()) 
where 
‘ 
HO = YS —yAl,.[H+H a(t), 


=1 


" 
HY= Yo —2yhl,.H coswt. (3) 


i=1 


The frequency components of H;;(¢) in question are in 
the audio range, much smaller than 7H, so it is proper 
to use the instantaneous total eigenfunctions of H®. 
For a particular nucleus in a given state m, we have 


1 
®,, (¢,t) a ‘alls imyHt 
( 


Qn 
t 
xexp( inn f u(tat (4) 


—0o 


In order to compute the absorption spectrum we re- 
quire the time dependence of the coefficient of the eigen- 
function. For simplicity we assume that J is }; and for 
an initial state m=+}—m=—}4, the coefficient 
a4;(t) is given by ordinary first-order time-dependent 


1 A. L. Bloom and J. N. Shoolery, Phys. Rev. 97, 1261 (1955). 
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perturbation theory to be 


1 2r 
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t 
xew( ivf a(t’) (5) 
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Further analysis requires a specific choice of H(t). 


External Modulation of H 


One of the simplest cases is to modulate H at an 
audio frequency uniformly throughout the sample. 
Some but not all features of this case have been de- 
scribed*7; a more complete analysis facilitates dis- 
cussion of the spinning sample. For a cosine wave form 
of angular frequency w,, we have 


Hi(t)=H? cos(wat+¢), (6) 


where ¢ is a phase angle, and Eq. (5) becomes 


iyH, r* 
a44(t)= f (e'#*-+-e- "ett 


2 
iyH 
x exp(— -sin (oat-6) Ja 


Wa 


x 


Introduction of the Bessel functions of the first kind 
by the relation" 


e'"? J (2) 


n 3) 
converts Eq. (5), upon integration, to 


yH; « 
a44(t)= . Zz 


ei(vH+nwatw)t_ | 


nl 
Wa 


yH+nweatw 
e'(yH+nwa wt] 
at. (8) 
yH+nNwe—-w 
The second term in the parantheses in Eq. (8) corres- 
ponds to absorption, for which the transition proba- 


uP, M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), pp. 619, 
1322. 
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bility is given by 
a,4*(t)a,;(t) 


’H 2 ~ «2 


= on > . ei(n’—n)o 


4 n=—o n’=—oo 


XI n(b) J n+ (k)§; ————— 


e~ (yH+nwa-w) t_] 
y¥H+nwe—w 


ei(vH+n'wa—w) t__ 
a 
vyH+n'w.—w 
where k= 7H (°/wa. 
Consider first the diagonal terms, »=n’, in the double 
sum. Upon rearrangement these are 
yYH? « 


n=—20 


One of these terms can be large and absorption can 
occur whenever yH+nwa=w, where n=0, +1,---. 
This condition can be met by adjusting either w or H. 
For constant field, H=Ho, the resonance absorption 
observed as a function of w would consist of the funda- 
mental at w=yHp» with sidebands spaced in frequency 
by wa; while in our experiments at constant radio- 
frequency, w=wo, the fundamental occurs at a field 
H=wy/ with sidebands spaced in field by wa/. 

The intensity of absorption is proportional to the 
transition probability per unit time and this may be 
calculated for a given term in Eq. (10) by integrating 
the term over a small region of magnetic field about 
the value yH=(wo—mw,)/y. The function is sharply 
peaked so the integration limits may be taken as + « 
without significant error, and this gives 


a*a 
IL (wo Nwa) Ly \nmon = \~" 


l 


ryH? 


<— Je @elH). (11) 


The total absorption for the sample has been obtained 
by multiplying Eq. (11) by p(yH), a line shape func- 
tion describing the density of states in the absence of 
the local fields. It is assumed that H, is sufficiently small 
that saturation does not occur and p(yH) thus is not 
perturbed by the experiment. Equation (11) shows that, 
except for any effects from the cross terms, the in- 
tensities of the resonance components at yH=wo 
—nw, go as J ,?(yH ?/wa). 

The cross terms in Eq. (9) contain frequency com- 
ponents at (m’—m)w, which produce an amplitude 
modulation of the resonance sidebands and funda- 
mental. The effects of the components oscillating at 
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wa have been described by Smaller' and by Brown.® 
They are not of immediate importance here. 

The over-all effects of magnetic field modulation are 
the same as those predicted‘ for the case in which the 
rf source is frequency modulated. Similar results are 
obtained if the rf source is amplitude modulated”; 
however, if the rf source is modulated and the spectrum 
is observed by changing H, then the receiver must also 
be adjusted to each sideband. The effects of other types 
of modulation wave forms can be obtained by replacing 
Eq. (6) with the Fourier transform of the wave form 
and carrying through the analysis in a manner similar 
to that given for the cosine form. 


Modulation of H by Sample Spinning 


If the sample is rotated mechanically without 
turbulence in an inhomogeneous field, H;; undergoes a 
cyclical change. For a field homogeneous except for a 
linear gradient in the z direction, the amplitude of 
Hj, is a function H;)°(r;) of the distance r; between a 
nucleus and the axis of rotation. Defining the cylinder 
radius to be R and setting H/°(0)=0, H?(R)=H®, 
we have H=H/r/R and for a sample spinning at a 
constant angular frequency w., 


v%; 
macdtinet cos (w.t+¢i). (12) 


¢; describes the relative angular positions of the nuclei 
about the axis of spin. Equation (12) leads to a result 
identical with Eq. (9) for the external modulation of H 
except that H/° is replaced by the H r,/R of Eq. (12). 
At this point the analysis must be modified because the 
spectrum of the spinning sample includes different con- 
tributions from nuclei at different r. 

We will again give only the analysis of the diagonal 
terms, which for the nuclei at a given r are the same as 
those in Eq. (11) except that the deviation ratio of the 


k=1.38 


Fic. 1. Proton mag- 
netic resonance spectra 
of a water sample show- 
ing the effects of ex- 
ternal audiomodulation 
at 20 cps of the mag- 
netic field for various 
modulation indices, k 
=yH//we. The spectra 
were recorded at a fixed 
radio-frequency of 
17.735 Mc/sec; the 
magnetic field sweep was 
43 milligauss and the 
sweep time, 13 sec. 
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12 H. S. Gutowsky and C. J. Hoffman, J. Chem. Phys. 19, 1259 


(1951). 
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Bessel function is yH;r/w,R. The spectrum of the 
diagonal terms is obtained by multiplying the modified 
Eq. (11) by the fraction of nuclei at a given r and inte- 
grating. This yields 
I /y] wyH \*p(yH) 
Wo MWe ee dimeaat Ra Rai hs $5 a ae 
: . 4rR? 


“ yH*r 
xf raf 
0 wR 
The integral can be evaluated by introducing the 
general formula" relating Bessel functions, 


) 2mrdr. (13) 


fvrecaas- ef J ,.2(az)—Jn_1(a2)J nyi(az) ]. (14) 


With this substitution, we find 


2H? 


wy'f 
IL (wo— nw») /YJn=n aa ee 


X(T n2(k)— In—1(k)Ingr(k) J, (15) 


where k is now yH “/w,. More complicated distributions 
of field inhomogeneities can be treated by replacing 
Eq. (12) with a Fourier series and using the appropriate 
distribution function in Eq. (13). Sidebands will still 
occur at mw,, but their relative intensities will no longer 
be given by expressions as simple as Eq. (15). 

In the above analyses, we have not considered the 
sawtooth sweep in H which is used to scan the resonance 
in the experiments. Strictly speaking, this contributes 
a term 2H,(i—t)=2H.T to H,(t) in Eqs. (6) and (12). 
However, for slow sweeps, the effects are negligible for 
reasons analogous to those given by Karplus‘ for fre- 
quency sweeps. 


3. EXPERIMENTAL RESULTS AND DISCUSSION 


The proton resonance in water was observed at room 
temperature with a high-resolution nuclear magnetic 
resonance (nmr) spectrometer.’ Figure 1 illustrates 
the resonance sidebands produced by external audio- 
modulation of H at a frequency v. of 20 cps. In this 
experiment, the effects of the oscillating terms not in- 
cluded in our analyses were rejected by the narrow band 
pass (1 cps) of the rf receiver, dc amplifier and record- 
ing system. The three spectra correspond to modulation 
amplitudes, H;’, of about 6.5, 13, and 20 milligauss. The 
relative intensities of the components of the resonances, 
averaged over several recordings, are in good agreement 
with the ratios of J,?(yH°/wa), as predicted by Eq. 

11). 

i line shapes of the fundamental and sidebands are 
the same, as is expected from Eq. (11) providing the 
various components do not overlap. However, satura- 


8 Gutowsky, Meyer, and McClure, Rev. Sci. Instr. 24, 644 
(1953). 


Fic. 2. Proton spectra 
showing the amplitude 
modulation of the reson- 
ance components which 
appears when the band 
pass of the receiver is 
greater than the audio- 
frequency at which the 
magnetic field was 
modulated. In both 
cases the magnetic field 
was modulated at 10 
cps. However, in the 
upper trace, sufficient 
filtering was inserted 
in the receiver to sup- 
press the 10-cps signal 
while in the lower trace 
the band pass was in- 
creased so that the 10- 
cps signal can be seen. 

















tion effects are discernible at higher rf levels if the sweep 
rate and w, are such that the components are spaced in 
time by intervals less than or comparable to the spin- 
lattice relaxation time T,. This is indicated by spectra 
in Fig. 1 where components in the right half of the 
sweep are less intense than their counterpart in the first 
half. Another effect which can be important at high 
rf levels is the perturbation of the sideband separations 
as yH,—w,. Anderson’ has shown that the separation 
dw between fundamental and the first sideband is given 
by 6w*=w,.?+ (yH;)*, which provides a good method for 
measuring H. 

The effects of the oscillating components are illus- 
trated by the two spectra in Fig. 2. For this experi 
ment, the band pass of the spectrometer was adjusted 
first. to be less than the audiomodulation frequency 
vq, and then to lie between v, and 2v,. The spectrum for 
the first case is similar to those in Fig. 1. The second, 
however, shows an amplitude modulation at v, of the 
resonance components. The limited band pass rejects 
terms other than those for which An=-+1; the higher 
terms are generally less important in any event. The 
earliest observations of sideband effects produced by 
external modulation of H were made® with a broad- 
band rf receiver using a phase sensitive audioamplifier 
sharply tuned to v,. In this event only the oscillating 
components are observed. 

The various phenomena are of interest in themselves; 
in addition they can serve as a convenient method for 
calibrating magnetic field’ or radio-frequency sweeps. 
Also, a direct measurement! can be made of the separa- 
tion of two resonance lines by adjusting », until the 
first sideband from each resonance coincides with the 
fundamental of the other resonance. However, for small 
splittings the audiomodulation effects will interfere 
unless the band pass of the system is correspondingly 
small. 


“4 J. T. Arnold and M. E. Packard, J. Chem. Phys. 19, 1608 
(1951). 

16 Huggins, Pimentel, and Shoolery, J. Chem. Phys. 23, 1244 
(1955). 
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The resonance sidebands produced by mechanically 
spinning the sample in a magnetic field with a linear 
inhomogeneity are exhibited by the spectra in Fig. 3. 
In these experiments the band pass of the spectrometer 
was reduced below the spinning frequency », so that 
the amplitude modulation of the sidebands does not 
appear. The relative intensities of the components 
should be given by Eq. (15). For convenience, this func- 
tion has been calculated from the Bessel functions'® 
and is plotted in Fig. 4 for the fundamental and first 
four sidebands. 

Comparison of the experimental with the calculated 
intensities was complicated by difficulties experienced 
in obtaining independent measurements of the field 
gradient. The field gradients were generated by passing 
a dc current in the same directions through what were 
effectively two long parallel wires mounted symmetric- 
ally on either side of the sample.'’ Actually each con- 
ductor was a semicircular coil of 20 turns. In principle, 
the gradients may be calculated from the current and 
the geometry of the system, but in order that in- 
homogeneities of the magnet itself would not influence 
the results, the sample was located in the most homog- 
geneous spot in the magnetic field. This spot was not 
centrally located, which complicates the correction for 
the image currents in the magnet pole faces. 

An approximate calibration of the field gradient coils 
was made by moving the sample in steps of one mm and 
measuring the shift in resonance position produced by a 
given current. The accuracy of this procedure is not 
great because of the magnet inhomogeneities; the cali- 
bration obtained in this manner was (y/2r) dH/dr 
=44.5 cps/mm amp. A number of spectra were re- 
corded for different spinning frequencies and different 
currents. The spinning frequencies were determined 
from the separation of the sidebands under calibrated 
field sweep conditions. Deviation ratios, k-=yH (/w., 


— k= 10 
: eer 
Fic. 3. Sideband 

resonances produced 
in proton spectra by 
spinning a cylindri- 
cal sample in an 
artifically produced 
linear gradient in the 
magnetic field. The 
modulation indices, 
k, are those calcu- 
lated from the rela- 
tive intensities. 
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1G. N. Watson, Theory of Bessel Functions (Cambridge 


University Press, Cambridge, 1944). 
17H, Y. Carr and E, M. Purcell, Phys. Rev. 94, 630 (1954). 
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were calculated from these data and the diameter of the 
sample (1.27 mm). In addition, deviation ratios k; 
were read off the graphs in Fig. 4 using the intensities 
observed for the sidebands. The results for ten dif- 
ferent sets of experimental conditions are summarized in 
Table I. The values k; obtained via the intensities differ 
by a constant ratio of 1.32 from &,, those calculated via 
the approximate calibration of the field gradient coils. 
It appears reasonable to conclude that the spinning 
sidebands originate as described and that 59 cps/mm 
amp is the proper calibration figure for the field gradient 
coils. 

Sample rotation'*'* is one of the more successful 
methods of the many which have been proposed for 
improving the effective homogeneity of the static mag- 
netic field in high-resolution nmr studies. The present 
experiments show that the motion of the sample is co- 
herent when a cylindrical container is rotated about one 
axis at a constant angular velocity. In this event, z 
inhomogeneities along the axis of spin are unaffected 


Fic. 4. The rela- 
tive intensities of the 
resonance sidebands 
for a cylindrical 
sample spinning co- 
herently in a mag- 
netic field with a 
linear gradient as a 
function of the 
modulation index 
given in Eq. (15). 
The fundamental 
(n=0) and first 
four sidebands are 
plotted. 


by the spinning, which suggests that oval-shaped pole 
caps could be a more efficient magnet design for high 
resolution. The frequency required for coherent spinning 
to average out a given inhomogeneity is somewhat dif- 
ferent from that stated by Bloch,!* who considered only 
the case of random motions. 

A comparison of the effects of the two types of motion 
can be made quite readily for local fields such that the 
resonance in the absence of a perturbing dynamic 
process consists of two identical sharp components 
separated by 2yH;°. For a random process transferring 
nuclei between these two local fields, we noted in the 
introduction that the “average” frequency »v, required 
to coalesce the two components is v,>yH/°/2v2 cps. 
If the local fields are inhomogeneities in which the 
sample is spun coherently, sidebands are formed which 


8 The earliest experiment using spinning sample techniques 
appears to be that described by H. Y. Carr, Ph.D. thesis, Harvard 
University, 1952 (unpublished). , 

® Bloch, Anderson, and Arnold, Phys. Rev. 94, 496, 497 (1954). 
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move out and decrease in intensity as the spinning fre- 
quency is increased and the two main components 
coalesce. An experiment approximating this uses two 
liquids with different bulk magnetic susceptibilities, 
a small cylinder of one inside a larger cylinder of the 
other. This assembly gives U-shaped resonances with 
splittings related to the differences in bulk suscepti- 
bility. Upon spinning the assembly, the doublets are 
averaged out and the arrangement is useful in com- 
paring the resonance positions of nuclei in the two 
samples. 

The value of », required to average out the two local 
fields depends on how weak one wishes the sidebands 
to be. The problem can be treated as a “double’’ 
square wave modulation of H with the result that if the 
first sideband is to be less than 1% of the intensity of 
the coalesced fundamental, the spinning frequency is 
v,>5V2yH //x*?. Random processes thus appear to be 
about twice as effective as coherent processes in re- 
ducing local field effects. This apparent difference in the 
effectiveness of the two types of motion arises mainly 
from the continuous distribution of frequencies for the 
random motions in combination with the nonlinear 
relation’ between frequency and extent of averaging. 

Another situation of interest concerns the effect 
upon a resonance line of a random modulation of H 
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TABLE I. Deviation ratios for a cylindrical sample rotating in 
a magnetic field with a linear gradient. &, is the value calculated 
from an approximate calibration of the field gradient coil; &;, 
that inferred from the relative intensities of the fundamental and 
sideband resonances. 


Coil 
current 2n 


= 
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0.25 amp 
0.50 
0.50 
0.75 
0.75 
1.00 
1,00 
1.00 
1.00 
1.00 


~ 32.5 cps 
32.5 


64.7 
32.2 
66.8 
31.6 
32.0 
36.2 
39.8 
59.0 
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uniformly throughout the sample, arising say from 
fluctuations in the current of an electromagnet or in 
the field sweep system. Of course, if the fluctuations 
AH are of small amplitude and fast enough, they 
average out, the criterion being vy2yAH/v2. If the 
frequencies are too low or the amplitudes too great the 
resonance is broadened by the fluctuations, depending 
on how long a time is taken to scan the resonance. It is 
apparent that sample spinning will not average out 
these local fields because it produces no change in 
them. 
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An experiment has been performed to measure the magnetic moment of the neutron to a greater precision 
than has heretofore been obtained. The method is somewhat similar to that of atomic-beam magnetic reso- 
nance using separated oscillating fields. A beam of slow neutrons is polarized by reflection from a magnetized 
cobalt mirror and then reflected again from a similar mirror used as an analyzer. Between the two mirrors the 
neutrons pass through a region of uniform magnetic field where they may become depolarized by a resonant 
rf magnetic field. This results in a drop in intentisy of neutrons reflected from the second mirror. The reso 
nance frequency for depolarization is compared with the proton moment resonance frequency in the same 
transition region. In order to achieve high resolution of the neutron resonance, the path length of the neu- 
trons in the uniform magnetic field was 110 cm. The measured ratio of resonant frequencies v,/v,=0.685057 
+0.000017. This corresponds to a value of u,z= — 1.913148+0.000066 nm. 


INTRODUCTION 


F the simpler nuclei and nucleons, the one whose 
magnetic moment has been measured with the 

least precision is the neutron. Although the previously 
determined values of the neutron magnetic moment are 
of sufficient accuracy to point out the deficiencies of 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


present-day nucleon theory, it is to be hoped that more 
precise data will be of eventual value in view of the 
fundamental character of the nucleon. 

The magnetic moment of the neutron has been meas- 
ured in the past with various degrees of precision by 
Alvarez and Bloch,! Arnold and Roberts,’ and Bloch, 

1L. W. Alvarez and F. Bloch, Phys. Rev. 67, 111 (1940). 


2 W. R. Arnold and A. Roberts, Phys. Rev. 71 878 (1947) ; 70, 
766 (1940). 
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Fic. 1. Schematic arrangement of the components, not to scale. 


Nicodemus, and Staub.’ The general method involved 
in these experiments is the reorientation of the moments 
in a beam of polarized neutrons by an alternating 
magnetic field in resonance with the Larmor frequency 
of precession of the neutrons in a superimposed uniform 
magnetic field. 

Developments of the past few years in the field of 
neutron physics have permitted a measurement of the 
neutron magnetic moment to a higher order of accuracy. 
The previous limitations in accuracy have been due to 
(1) the degree of polarization of the neutrons attainable 
by transmission through magnetized iron; (2) the low 
neutron flux attainable; (3) the short path of the 
neutrons in the magnetic field. The particular develop- 
ments contributing to greater accuracy in this experi- 
ment were (1) the discovery that neutrons reflected 
from saturated magnetized cobalt mirrors are polarized 
to well over 90%'; (2) the fact that the external neutron 
beam obtainable from the Brookhaven reactor is con- 
siderably stronger than the beams used by previous 
experimenters, hence permitting adequate counting 
statistics to be obtained in reasonable time intervals; 
(3) the discovery that the separated oscillatory field® 
method of observing a resonance in a beam of magnetic 
particles produces a much narrower resonance line than 
those previously available, permitting a more precise 
measurement of its center. 

The nature of the present experiment is illustrated in 
Fig. 1. A beam of neutrons is defined by a collimator, 
then polarized by reflection from a magnetic mirror. 
The mirrors M, and M;, are the analogs of the polarizer 
and analyzer of optics. In the intermediate region, there 
is a uniform steady magnetic field upon which is super- 
imposed a perpendicular alternating magnetic field of 
variable frequency. When the frequency of this field is 
equal to the Larmor frequency of the neutron spin- 
precession in the uniform field, the beam becomes 
depolarized and the intensity as detected will decrease. 
This frequency v is related to the magnetic moment by 


the relation 
2uHo= hy, 


where yu is the magnetic moment, Ho the steady mag- 
netic field, # is Planck’s constant, and v the frequency 
3 Bloch, Nicodemus, and Staub, Phys. Rev. 74, 1025 (1948). 


4D. J. Hughes and M. T. Burgy, Phys. Rev. 81, 498 (1951). 
5 N. F. Ramsey, Phys. Rev. 78, 695 (1950). 
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of the Larmor precession. Since the absolute value of a 
magnetic field is extremely difficult to measure, we do 
a resonance type of experiment on the proton in the 
same magnetic field and thereby obtain a value of the 
ratio, 

Bn/Mp=Yn/Vp. 


PRODUCTION AND DETECTION OF 
THE NEUTRON BEAM 


The source of neutrons was the Brookhaven National 
Laboratory Reactor. This reactor is graphite moderated 
and air cooled. In the shield was placed a collimator 
which defined a beam of neutrons by two slits in a block 
of graphite separated by about 60 inches. The width of 
the beam at the shield was 4 inch, the height one inch, 
and the angular divergence was about eight minutes of 
arc. Vertical stops were placed at each end of the magnet 
in order to confine the height of the beam to the small 
region over which the magnetic field had adequate 
uniformity. Additional vertical strips of cadmium were 
placed approximately one mm away from each of the 
mirrors, midway along its length. These served to 
eliminate from the detector those neutrons which may 
not have been reflected from both mirrors. 

The velocity distribution of the neutrons in the beam 
is quite similar to that expected for the effusion from a 
reservoir with a Maxwellian distribution. The charac- 
teristic temperature is that of the graphite moderator. 
The velocity most probable in the beam is approxi- 
mately 2200 meters/sec. It will appear, from the 
equation relating critical angle with scattering ampli- 
tudes, that the neutron mirror acts as a velocity 
selector as well as a polarizer. In our experimental 
arrangement, only neutrons with speeds less than 1300 
meters/second are reflected. See Fig. 2. As will be dis- 
cussed further, the neutron mirror acts as a velocity 
selector as well as a polarizer and in our experimental 
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Fic. 2. The solid curve shows roughly the velocity spectrum of 
the neutron beam reflected from the mirror at @=0.005 radian 
(17’). The broken line shows the approximate spectrum of neu- 
trons in the original beam. 
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arrangement cuts off those neutrons having speeds of 
greater than 1300 meters/second. 

The neutrons are detected in a standard manner with 
a BF; ionization chamber. The chamber was 18 in. 
long, 1 in. in diameter and filled to a pressure of 45 cm 
Hg. The output pulses were fed into a linear amplifier 
and a scale-of-128 counter. 


NEUTRON MIRRORS 


It has been shown by Hughes and others‘ that it is 
possible to obtain beams of highly polarized neutrons by 
reflection from magnetically saturated mirrors of cobalt. 
This effect arises as a result of the relationships between 
the nuclear and magnetic coherent scattering ampli- 
tudes, ad, and a». The critical angle, 6., for specular 
reflection is related to these amplitudes in the manner 


02~X(dntdm), 


where the + signs refer to the two possible orientations 
of the neutron moment in the magnetic field of the 
mirror. For fully magnetized cobalt a,, is greater than 
a, and a reflected beam should be completely polarized. 
A mirror was constructed of hot-rolled cobalt but, at an 
internal H of 4500 oersteds, it was far from saturated 
and produced only about 50% polarization. Alloying 
cobalt with 6% Fe, however, gives an alloy with a 
cubic structure that saturates at much lower fields and 
gave a beam of 90% polarization. 

The extent of polarization was measured by deter- 
mining the decrease in intensity due to depolarizing the 
beam by interposing a thin sheet of unmagnetized iron 
in the beam between the two mirrors. 
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Fic. 3. Cross section of polarizing magnetic mirror, 
showing mounting arrangement. 
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Fic. 4. Vertical section through the magnet which furnishes the 
steady field. The field strength is approximately 8500 gauss. 


The mirrors were 14 in. 1.87 in.X}j in. thick. They 
were polished using techniques characteristic of the 
preparation of high-grade optical instruments. The 
magnetic circuit consisted of two “Alnico V” sections 
in series with a yoke of mild steel. See Fig. 3. The system 
was magnetized by pulsing 1300 amperes through a 
coil composed of 25 turns of 1 in.X0.022 in. copper 
ribbon. 

The mirrors were mounted on horizontal planar ball 
bearings and each one was positioned by three microme- 
ter screws. 

For the mirrors set at an angle of 17.5 minutes from 
the incident beam, the maximum neutron velocity was 
1300 meters per second. For the various conditions of 
the beam, the counting rates were as follows: 


700 000 counts/min 
24 000 
7500 
900 


Direct unreflected beam 

Beam reflected from M;, 

Beam reflected from M, and M, 
Beam stopped down in height 


THE MAGNET 


In order to attain high resolution in the neutron 
resonance line, it is necessary to make the time of 
measurement large. This means that the time spent by 
the neutron during its path in the effective magnetic 
field should be as large as possible. We chose to make the 
magnet 150 cm long and to use a permanent magnet, 
thereby eliminating current control problems. In order 
to maintain a high degree of field uniformity, the height 
of the pole faces was chosen to be 44 in. A gap thickness 
of 0.690 in. was chosen to give adequate space for the 
insertion of a field-measuring probe. A sketch of the 
magnet is shown in Fig. 4. A magnetizing winding of 
25 turns of copper ribbon 5 in.X0.025 in. was wound 
over each section of the Alnico. A pulse of 2000 amperes 
served to magnetize the magnet. 

An attempt was made to render the field along the 
beam trajectory fairly uniform and also to make it a 
maximum with respect to the vertical coordinate. 
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Shims of stainless steel, rendered partially ferromagnetic 
by heat treatment or cold work, were placed along the 
inner surface of the pole faces. While this procedure was 
in the main successful, a defect arose from the fact that 
as the shims were cut to size, the metal was cold-worked 
to an unusual degree along the cut edge. This, we be- 
lieve, gave rise to correspondingly large permeability 
along the edge, which caused the sharp irregularities in 
the field, as shown in Fig. 5. 


MAGNETIC FIELD MEASUREMENTS 


Since the purpose of the experiment was to measure 
the ratio of the neutron to proton moments, it was 
necessary to measure the field in terms of the proton 
resonance frequency over the neutron path between the 
rf loops. For this purpose, we used a proton probe 
which was suspended from a slide which was free to 
move along a track mounted on the magnet. In order to 
align the probe so that it measured the field over the 
cross section of the neutron beam, a small piece of 
cadmium sheet was placed over the proton sample. The 
location of the probe was checked by making sure that 
the cadimum could cut off more than 90% of the 
neutron beam. When the neutron resonance was to be 
observed, the probe could be moved to one side of 
the gap. 

The proton resonance device was a copy of that 
described by Thomas and Huntoon.® While this type is 
not the most sensitive, it was quite adequate for our 
purposes. It had the advantage over the oscillator type 
in that only a single setting was made both to produce 
the resonant frequency and to measure it. The probe 
was fed from an exceedingly stable, calibrated signal 
generator, described below. 

The proton sample was contained in a glass cylinder 
approximately two mm in diameter and 4 mm long. It 
consisted of distilled water with Fet*+ ion added 
(approximately 0.25M) to cut down the relaxation time 
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Fic. 5. Plot of the magnetic field along the beam trajectory. 


*H. A. Thomas and R. Huntoon, Rev. Sci. Instr. 20, 516 (1949). 
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so that the natural half-width of the line was com- 
parable to the width contribution due to the field 
inhomogeneities. The rf tank coil was wound around 
the sample tube and consisted of 22 turns of No. 34 
Formvar-coated copper wire. The magnetic field at the 
probe was modulated at a frequency of 350 cycles. The 
amplitude of modulation was made small compared to 
the line width. The audiofrequency output of the 
probe was amplified by a narrow-band 350-cycle 
amplifier and then displayed on a cathode-ray oscil- 
loscope. The over-all arrangement was such that when 
one swept through resonance a large sine wave would 
appear on the scope, first in one phase and then re- 
versed. The null point between the two was taken to be 
the resonance center. 

Since Alnico V has an appreciable temperature coeffi- 
cient of magnetization, it was necessary to build a 
heat-insulating jacket of Celotex and aluminum foil 
around the magnet. This served to reduce the rate of 
change of temperature of the magnet. However, on days 
when the outdoor temperature varied widely, it was 
impossible to keep down the field fluctuations. On 
favorable days, the temperature drifts as measured with 
a Beckmann thermometer appeared to be less than 
0.005°C per hour. The effect of this temperature drift 
upon experimental procedure is discussed below. 


rf SYSTEM 


The rf signal generator was planned with the view 
that the errors in frequency measurement should be 
kept small compared to both the proton and neutron 
resonance line widths. It was designed and built largely 
by the Electronic Instrumentation Division of Brook- 
haven under the direction of Dr. J. B. H. Kuper and 
Mr. Lloyd Nevala. A block diagram is shown in Fig. 6. 
The heart of the system is a 100-kc crystal standard 
oscillator made by General Radio Company. This was 
compared to transmissions from Station WWV and 
showed a drift of less than one part in 10’ in its fiftieth 
harmonic in several days. The crystal standard fed a 
system of multipliers, dividers, and mixers so chosen 
as to give one fixed frequency in the neighborhood of 
each of the resonances namely, 25 and 36 Mc. Each of 
these in turn was mixed with a variable frequency 
obtained from a Signal Corps frequency meter type 
B.C. 221. This variable component was stable to within 
a one cycle per second, per hour, and, consequently, so 
was the total frequency. The B.C. 221 variable fre- 
quency could be measured by comparison with harmon- 
ics of a 10-kc multivibrator which was controlled by the 
crystal standard. Interpolation between 10-kc har- 
monics was done with the aid of a 0-5000 cycle inter- 
polation oscillator which was accurate to one or two 
cycles. The final output frequency could therefore be 
controlled and measured to an accuracy of two or three 
cycles in 25 or 36 million. In actual practice, at each 
setting of the signal generator during the neutron run, 
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Fic. 6. Block diagram of the signal generator showing the alternate channels 
to the neutron loops and the magnetic field probe. 


the frequency was measured precisely. In making a 
proton run, however, the time drift of the magnetic field 
made it necessary to make the observations as quickly 
as possible. As each resonance was observed, a reading 
was made in terms of the scale of the frequency meter. 
The readings were later translated into frequencies. In 
this case the precision of the calibration was of the order 
of 10 cycles. The signal generator could readily be 
switched from the neutron to the proton frequency 
range. 
tf TRANSITION LOOPS 


The principle and advantages of the separated rf 
transition loops have been described by Ramsey.® This 
system affords a feasible method of obtaining a much 
narrower resonance line than could be obtained by the 
single-loop technique. In the present experiment, each 
loop (see Fig. 7) was constructed of hollow copper 
tubing flattened to some extent; the loops could be 
water cooled. Each loop was made a part of a resonant 
circuit by the placing of a condenser at the upper open 
end of the ““U.” The design of the loops was also due to 
Dr. Kuper and Mr. Nevala. The loops were so mounted 
that they could be set in the region of the field which 
would be most advantageous for the neutron run and 
then be readily removed when the proton run was made. 
In order to monitor both amplitude and phase of the 
currents, each loop was fitted with an identical pickup 
loop. These were connected by accurately measured 
transmission lines to the plates of a fixed-frequency, 
tuned oscilloscope. The line lengths were chosen so that 
one introduced a 90° phase shift with respect to the 
other. 

Each loop was fed from a separate power amplifier ; 
both amplifiers were excited by the same signal gener- 
ator. The phase of either loop could be adjusted slightly 
by detuning the condenser attached to it. In practice, 
all the neutron runs were made with the currents in 


the two loops out of phase by 90°. Alternate readings 
were taken with one loop first leading and then lagging. 
This was accomplished by interposing a toggle reversing 
switch in the line leading to one loop. The accuracy of 
control of the phase of the two currents was about five 
degrees. 

PROCEDURE 


The basic experimental data consist of measurements 
of the neutron and proton resonant frequencies. The 
separated loop technique is particularly advantageous 
in this experiment in that a single measurement gives 
the neutron resonant frequency averaged over the neu- 
tron path. The original separated loop technique in- 
volved the comparison of the beam intensities with the 
rf currents in phase and 180° out of phase in the two 
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Fic. 7, Sketch of one of the neutron “flopping” loops. The loop 
was tuned for a resonance at 24.7 Mc/sec. 
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Fic. 8. Upper curves show neutron counts as a function of 
frequency with the loops in phase and 180° out of phase respec- 


tively. Lower curve shows the count difference between the two 
upper curves as a function of frequency. 


loops. A plot of such differences appears as an absorp- 
tion type of curve (see Fig. 8). If, however, the two 
loops are out of phase by 90° in one sense and the beam 
is compared to that with the two out of phase by 90° in 
the opposite sense, one obtains a dispersion type of 
curve with the crossover at the line center (see Fig. 9). 
Such a resonance curve permits an easier determination 
of the line center. During one typical run, we switched 
from absorption- to dispersion-type neutron resonance 
patterns, and found the line centers determined in each 
case to agree within a few cycles. 

In practice, the frequency was set at a value near the 
line center and the phase and amplitude adjusted. A 
neutron count was then taken for 50 seconds. The 
reversing switch in the line feeding one loop was thrown 
and a similar count taken. A plot was then made of the 
count difference as a function of frequency. A typical 
sequence of neutron curves is shown in Fig. 9. The 
frequency differences between curves is indicative of 
the temperature drifts. The curve shown in Fig. 8 
illustrates an extended curve. The center of the neutron 
line could be determined to within about ten cycles 
per second. 

The proton resonance, on the other hand, involved a 
point by point measurement, each one giving an average 
of the field in the vicinity of the center of the probe. 
Since field gradients were appreciable over distances 
of one centimeter it was necessary to take observations 
one half cm apart. The total distance between rf loops 
was approximately 110 cm so that 220 observations 


would be required for a single proton run. During the 
time required for such a run, the temperature of the 
magnet would change appreciably, thereby changing 
the value of the magnetic field. 

As a compromise between accuracy of measurement 
and correcting for temperature drifts, the following 
procedure was adopted. First an extensive sweep of the 
neutron resonance curve had to be taken in order to 
identify unambiguously the central crossover of the 
pattern, and then a precise measurement was made 
of the crossover frequency. The signal generator was 
then switched over to the proton frequency, the rf loops 
removed, and the probe put in place at one end of the 
magnet. A sweep was then made with the probe, taking 
readings at intervals of 2.5 cm. This run took about 
45 minutes. Alternate neutron and proton runs were 
made, with the positions of each probe setting displaced 
0.5 cm from the corresponding position of the previous 
run. Thus, after five proton runs bracketed by six 
neutron runs, we had a sequence of proton points 
spaced 0.5 cm apart and could average them in time 
along with the neutron runs. Typical curves showing the 
variation with time of approximate magnet-yoke tem- 
perature and neutron resonance frequency are shown in 
Fig. 10. The frequency curve is a plot of neutron reso- 
nance frequency as a function of time. The points 
P,, Po, P3, etc., indicate the values of neutron resonance 
frequency at the mean times of proton runs Nos. 1, 2, 3, 
etc. Since the drift in field during the time of the proton 
run was small compared to the neutron line width there 
was no ambiguity in the pattern near the central cross- 
over. It was therefore necessary to take points only in 
that immediate vicinity. These points were spaced 
about 30 cycles apart and the center could usually be 
interpolated to within ten cycles. On all days during 
which runs were made, except one, two complete sets 
of runs were taken. For the second set, each proton 
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Fic. 9. Neutron resonance curve for 90° phase shift between 
loops. Curves designated (1), (2), (3), etc., are central sections of 
curves taken at later times during a series of runs. 
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probe position was displaced 0.25 cm from the first set. 
No significant difference in the average of resonant 
frequencies was observed. 


LINE SHAPES 


If all the neutrons in the beam traversed the identical 
average magnetic field, an absorption-type resonance 
curve would have the same general shape as Fig. 8. 
The width of the central peak would be determined by 
the time spent in the effective part of the magnetic 
field. For the velocity distribution of this experiment, 
the width of the central peak would be approximately 
300 cycles. Suppose, now, that the neutrons of different 
trajectories traverse different values of the magnetic 
field. The resulting pattern would be a superposition of 
several curves. If the field variations were sufficiently 
great, the valleys of one curve might coincide with 
the peaks of another and thus wash out the pattern 
completely. From the curve of Fig. 8, we may conclude 
that the variation of average field as seen by the bulk 
of the neutrons is less than 150 cycles per second, 
although the field itself possesses the violent fluctua- 
tions shown in Fig. 5. The intensity of the side peaks 
relative to the central one depends upon the shape of 
the velocity spectrum. In our experiment, the polarized 
neutrons have velocities all close to the maximum or 
cutoff velocity (which is also, in this case, the most 
probable velocity). Consequently, our resonance pattern 
with its strong side-peaks resembles more the pattern 
to be expected from a partially monochromatic beam, 
than from a Maxwellian beam. 

The proton resonance line was complicated by the 
variation of static magnetic field over the sample 
volume, the effects of a nonzero modulation frequency, 
and the perturbing fields of paramagnetic ions intro- 
duced into the sample to optimize the resonance line 
width and signal-to-noise ratio. 

In our experiment, the magnetic field at the probe 
was swept 350 times/sec, a rate whose period was 
comparable with the relaxation times encountered in 
the samples used. In such a case, the line shape for a 
sample placed in a homogeneous magnetic field is con- 
sidered different from the static shape, the most im- 
portant difference being the appearance of satellite 
lines, displaced an integral number of modulation 
frequency intervals away from the central line. The 
total pattern is, however, quite symmetric about the 
central line, and the center of symmetry is the appro- 
priate resonance frequency for the proton moment in 
the homogeneous field. We observed satellite structure 
on several occasions, but there was never any doubt as 
to the identity of the principal resonance. 

The resonance pattern observed when the magnitude 
of the static field exhibits spatial variation over the 
sample is characterized as a superposition of “homo- 
geneous” patterns, each centered about a different 
value of the field, Ho, and weighted with a factor that 
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Fic. 10. Curve of changes in yoke temperature and average 
neutron frequency as a function of time for a typical run. Abscissae 
are in arbitrary units of temperature and frequency. 


is proportional to the number of moments resonant in 
unit range of Ho. In the case of linear variation of field, 
the superposition is symmetrical about the field value 
at the center of symmetry of the probe sample, which 
value is the same as the field average over the region of 
sample. When the field exhibits an additional quadratic 
variation, the weighting factor is larger for the region 
of small absolute value of slope. The central resonance 
is no longer symmetrical; its maximum is no longer 
located at the midpoint in the range of variation of Ho, 
but is displaced toward the region of greater weight. 

We cannot, even in the case of a probe sample in 
uniform field, state that the field “seen” by the protons 
is the same as that “seen” by the neutrons without 
considering the nature of the electrical environment of 
the proton as that particle finds itself in our probe 
sample. This is the question of so-called “shielding” 
effects. 

Shielding is due primarily to diamagnetic circulation 
of charge in the molecule containing the résonating 
nucleus and to a second-order paramagnetic effect in 
the molecule. By making use of the calculations of 
Ramsey’ and Newell,® one can obtain the shielding for 
the H2 molecule. In addition, Thomas® and Gutowsky 
and McClure” have measured the shielding for H,O 
relative to that for He. Consequently, one is able to give 
the neutron moment in terms of the true proton mo- 
ment rather than in terms of a proton resonance in some 
standard molecule. It is important to recognize here 
that the neutron magnetic moment, in terms of the 
nuclear magneton, may be obtained directly—without 
the use of any calculated shielding corrections—by 
combining our uncorrected neutron-proton frequency 
ratio with recent measurements made at the National 

™N. F. Ramsey, Phys. Rev. 78, 699 (1950) and further refer- 
ences in N. F. Ramsey, Nuclear Moments (John Wiley and Sons, 
Inc., New York, 1953), pp. 71-77. 

8G. F. Newell, Phys. Rev. 80, 476 (1950). 

*H. A. Thomas, Phys. Rev. 80, 901 (1950). 


1H. S. Gutowsky and R. E. McClure, Phys. Rev. 81, 277 
(1951). 
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Bureau of Standards." The latter measurements were 
of the proton magnetic moment—in water and oil 
samples—in terms of the proton cyclotron frequency. 

The analysis of shielding in our experiment is compli- 
cated somewhat by the presence of paramagnetic ions in 
the sample solution. These ions were introduced for the 
purpose of broadening the proton line to an extent 
comparable with that caused by variations in the 
external field. The increased relaxation gave one a 
maximum of signal to noise without significant broaden- 
ing of the over-all line. The probe sample is now a 
magnetized paramagnetic medium and a shift in reso- 
nance line as well as a change in shape is to be expected. 

We used Fet++ to broaden our line and in such con- 
centrations as seemed desirable from the work of 
Bloembergen, Purcell, and Pound” on the variation of 
relaxation time with paramagnetic concentration. 
Dickinson has measured the line shift for proton 
resonance in a solution of FeCl, for various sample 
geometries. Using his results, we calculate the line 
shift AH induced by the ferrous ions to be less than one 
part per million. In addition, a series of measurements 
made with paramagnetic solutions ranging from 0.01 
molar to 0.1 molar revealed no appreciable change in 
proton resonance frequency. 


RESULTS 


A number of preliminary runs were made to work out 


the details of the technique and locate some of the 
sources of error. Later the final runs were made. All 
except one were made in sequences of eleven neutron 
runs bracketing 10 proton runs. The results are sum- 
marized in Table I. The data are clearly divided into 
two groups. Between the two the only relevant changes, 
so far as we know, were the movement and readjustment 
of the magnet system, and replacement of the water 
sample. The results in the first set are distributed about 
their mean value with an average deviation from the 
mean of 18 parts in 7 million. The second set has an 
average deviation from the mean of 11 parts in 7 million. 
The difference between the two averages is about 160 
in 7 million or 830 cycles in the equivalent proton 
frequency. Clearly this indicates that there is some 
source of systematic error between the two sets of data, 
which we are unable to explain. 

The sources of error which we consider significant are : 

1. For the neutron resonance. (a) Statistics of neu- 
tron count; (b) Frequency measurement; (c) Errors in 
positioning the current loops; (d) Temperature drifts; 
(e) Departures from 90° phase shifts in loop currents. 

2. For the proton resonance. (a) Detection of the 
null point of the resonance ; (b) Stability of the calibra- 


" Hipple, Sommer, and Thomas, Phys. Rev. 76, 1877 (1949); 
80, 487 (1950) ; 82, 697 (1951). 

2N. Bloembergen, Nuclear Magnetic Relaxation (Martinus 
Nijhoff, The Hague, 1948), pp. 97-101. 

3 W. C. Dickinson, Phys. Rev. 81, 717 (1951), 
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tion of the signal generator; (c) Accuracy of placement 
of the proton probe with respect to the location of the 
neutron beam; (d) Integration of the plot of proton 
resonance vs position along the magnet ; (e) Diamagnetic 
and paramagnetic corrections; (f) Asymmetries in the 
line shape. 

For the neutron resonances, it is apparent from Fig. 9 
that the errors due to temperature and statistics are 
not greater than about ten cycles. The frequency 
measurement error, as discussed previously, is very 
small compared to all others. Slight differences in 
positioning the current loops for successive runs imply 
differences in the region over which the field is averaged 
by the neutrons. However, the field was shimmed in 
such a way that it was fairly uniform over the region 
about each loop and very close to the over-all average 
value. The error introduced by this is probably not 
greater than three cycles. A departure from 90° in phase 
between the two loops would be definitely detectable by 
the oscilloscope pattern if it was great enough to cause 
an error of 25 cycles. Considering all the above errors, 
it appears that the over-all error involved in the neutron 
resonance should average out to appreciably less than 
25 cycles. 

The nature of the experiment is such that we make 
essentially one measurement of neutron resonance but 
must make a large number of measurements of the 
proton resonance spread over space and time and then 
perform a numerical averaging process. In detection 
of the null point of the proton resonance in the region 
where the field was fairly uniform, the repeatability of 
readings was to about 20 cycles. There were about five 
points out of the 223 at which the uncertainty of setting 
might have been as high as 250 cycles. Averaged over 
the whole curve, these points contribute little to the 
total error. The calibration error of the signal generator 
ranged from a few cycles near the point at which it was 
frequently checked, to a maximum of about 20 at the 
extremes. The location of the proton probe with respect 
to the neutron beam is a possible source of systematic 
error. The accidental errors are extremely small since 
the carriage from which the probe was mounted had 
very little play. The location of the probe was checked 
with the aid of a cadmium stop mounted over the probe 
coil. The ability of the cadmium to stop the bulk of the 
neutrons seems to indicate the correctness of location 
of the probe. The field gradient was studied in a vertical 
direction and showed that an error of one mm in height 
would have made an error in the final result of 13 
(rather than 160) in the last two figures given in the 
result. 

There is undoubtedly some systematic error in the 
numerical integration of the proton resonance curve. 
The greatest uncertainty occurs in the region of the 
sharp “spikes” in the field as shown in Fig. 5. Since the 
source of the “spikes” is undoubtedly associated with 
the sheared edge of the stainless steel shims close to the 
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plane of the pole faces, one should expect that the field 
fluctuations in the plane of the beam, about 7 mm 
distant, should not be large over the length of the probe, 
5 mm. In order to determine the error introduced by 
the plot at 5-mm intervals, a special plot was made at 
2-mm intervals. The correction, when applied to the 
entire curve, amounted to about 40 cycles. This amount 
was therefore added to each average of the field as 
measured with 5-mm intervals. 

Shifts due to paramagnetic effects have been con- 
sidered in the discussion of line shapes. 

Since the proton line width at most points was ap- 
proximately 500 cycles, the error introduced because of 
asymmetry will be very small compared to this. An 
asymmetry effect was observed during the preliminary 
runs. This was manifest by a shift of the null point to 
the low-frequency side if the modulation amplitude were 
raised. The modulation was reduced to a level low 
enough so this effect was not over 50 cycles. 

The root mean square of the errors, as discussed 
above, amounts to about 70 cycles in the proton fre- 
quency. The average deviation from the mean of each 
individual set of runs was comparable to this. It is 
difficult for us to understand the cause of the spread 
between the two sets as given above. We therefore 
recommend the average of the two sets with an esti- 
mated maximum error equal to the difference between 
the two sets. In support of the average value, we may 
refer to five preliminary runs made with nearly the same 
parameters as the final runs with the exception of: 
(1) 180° phase shift between the current loops, (2) a 
higher value of the 350-cycle modulation field. These 
runs give an average ratio of 0.6850578 with an average 
deviation of 14 in the last two places. From the known 
systematic error, this value should be high by roughly 
20 in the same two places. 

The ratio of neutron to proton resonant frequencies 
which we finally obtain is 


V¥n/V¥y= 0.685057 
+0.000017 as an estimated maximum error. 


This may be compared with the last published value, 
that determined by Bloch and his associates? : 


V¥n/Vp=0.685001+0.000030. 


These values have not been corrected for molecular 
shielding. To obtain the neutron moment in terms of 
the proton moment, we must consider the effects of the 
diamagnetic field, 5H. Synthesis of the results of 
Ramsey,’ and Newell,’ (see the section on “Line 
Shapes”) yields 6H/Ho=26.2X10~* with an estimated 
error of about one percent. Our corrected ratio is, then 


Mn/Bp= 0.685039+0.000017. 
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TABLE I. Summary of observations. 


Run vp 
(cycles/sec) Ratio 
36 096 153 —0.6850470 
36 095 596 505 
36 094 258 517 
36 093 690 520 
36 090 775 482 
36 094 667 471 
36 093 923 482 


Vn 
3. (cycles/sec) 


1 - 24 727 562 
) 24727 314 

2 s 24 726 432 
24 726 056 

3 - 24 723 920 
| 24 726 546 

24 726 076 


0.6850492 av dev=18 


36 091 115 660 
36 091 843 660 
36 097 415 629 
36 097 221 654 


24 724 798 
24 725 296 
24 729 000 
24 728 956 


0.6850650 av dev=11 


The neutron magnetic moment may be evaluated in 
terms of the nuclear magneton independently of the 
molecular shielding correction. By combining our 
v,/¥» With the ratio of the proton precession to cyclotron 
frequencies as observed by Sommer, Thomas, and 
Hipple,* and the sign-measurement of Rogers and 
Staub,!* we obtain 


n= — 1.913148+0.000066. 


It is clear from the foregoing discussion that the neu- 
tron resonance measurement possesses greater precision 
than does the proton. Indeed, with some additional 
effort we believe that we can measure the center of a 
neutron resonance pattern to an accuracy of one part 
in ten million. It is in the rather clumsy method of 
field-averaging that we use, and in our drifting magnet 
temperature, that our uncertainties lie. Ideally, we 
would alternate neutron-beam with proton-beam ex- 
periments, using for the latter a proton-rich sample 
flowing through a tube in the magnet gap. Experiments 
in which spins in a flowing sample have been oriented 
and then farther along the tube their coherent motion 
detected, have received some attention in recent years. 
We hope that this technique will soon be advanced to 
such a point that a measurement of the neutron- 
proton moment ratio accurate to considerably better 
than one part per million can be achieved. 
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A plasma gun has been developed which projects ionized matter (metallic and deuterium ions) at speeds up 
to 2X10’ cm per second. There is some evidence to support the hypothesis that the plasma projected by this 
gun comes off in an expanding torus which is shaped by its own magnetic field. When the plasma gun is fired 
into a dc magnetic field, the plasma forms a compact geometrical configuration (a plasma-magnetic entity 
called a plasmoid) which proceeds across the magnetic field. Plasmoids appear to be plasma cylinders elon- 
gated in the direction of the magnetic field. Plasmoids possess a measurable magnetic moment, a measurable 
translational speed, a transverse electric field, and a measurable size. Plasmoids can interact with each other, 
seemingly by reflecting off one another. Their orbits can also be made to curve toward one another. Plas- 
moids can be made to spiral to a stop if projected into a gas at about 10-* mm Hg pressure. Plasmoids can 
also be made to smash each other into fragments. There is some scant evidence to support the hypothesis that 


they undergo fission and possess spin. 





PRODUCTION OF A PLASMOID IN 
FIELD-FREE SPACE 


BUTTON-TYPE source of plasma, delineated in 

Fig. 1, can be used to create and project a plasma, 
consisting of metallic (Ti) ions, and deuterium ions, 
and electrons, at speeds in the forward direction up to 
2X10’ cm/sec. The speed is measured by a time-of- 
flight measurement in a vacuum chamber. With this 
type of source the projecting mechanism is a high- 
current (1000 to 10000 ampere) pulsed (0.1 to 0.5 
usec duration) arc produced in vacuum between the 
exposed ends of two metallic electrodes. The number of 
ions projected per pulse is in the range of 10!* to 105, 
depending upon the peak current and the pulse dura- 
tion. 

Evidence in the form of probe traces suggests that 
the plasma is emitted in a toroidal form, as postulated 
in detail in Fig. 2. A Kerr-cell, short-time exposure 
(0.5 usec) taken of a source firing in the manner shown 
in Fig. 2, with a delay of 0.5 usec, is shown in Fig. 3. 
This photograph, which displays the plasma in its own 
recombination light, further confirms our suspicions 
that the plasma is emitted not as an amorphous blob, 
but in the form of a torus as postulated in Fig. 2. We 
shall take the liberty of calling this toroidal structure a 
plasmoid,' a word which means plasma-magnetic entity. 


Epon resin 
Ceramic disk 
.040" wire electrodes 


Copper tobs for connection 
Mico septum 


Fic. 1. A button-type, pulsed source of plasma. 


* This research was performed under the suspices of the U. S. 
Atomic Energy Commission. 

1 The term “plasmon” (in line with the term “geon” used by 
Wheeler) was originally proposed. However, David Pines (of 
Princeton University) has pointed out that the term “plasmon” 
should be reserved for a quantum of plasma-oscillation energy. 
He kindly proposes the term “plasmoid,” which we adopt. 


The word plasmoid will be employed as a generic term 
for all plasma-magnetic entities. 

It has been possible with a magnetic coupling loop 
to pick up signals which can be demonstrated to be 
associated with the magnetic fields trapped by the 
plasmoid of the type shown in Figs. 2 and 3. (Note 
that no external magnetic field is employed here.) 

The type of plasmoid (to be designated as the m 
plasmoid, because it is unstable) diagramed in Fig. 2 
and photographed in Fig. 3, is shown in more detail in 
Fig. 4. In addition to the projected velocity, », a small 


t 


Fic. 2. Mechanism 
of projection of a 
plasmoid. No exter- 
nally excited mag- 
netic field is em- 


Velocity of projection 
/Ocm 





amount of spin mass-velocity v,, (carried predominantly 
by the positive ions) is to be expected because of the 
radial polarization current (along r) produced by the 
original pinching action of the high current. It is to be 
expected that the x, plasmoid will expand as time goes 
on, both in the directions of increasing R and r. 


EFFECT OF FIRING A PLASMOID ACROSS 
A MAGNETIC FIELD 
A rather surprising result occurs when the source of 
Fig. 1 is placed in vacuum (~10~' mm Hg) in an ex- 
ternally applied dc magnetic field and fired across the 
field. The plasma apparently has no difficulty in crossing 
the magnetic field, aithough probe measurements show 
that a magnetic field greater than about 500 gauss 
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reduces the translational speed of the plasma by about 
a factor of 3. 

We have endeavored to determine by probes, photo- 
graphs, and magnetic coupling loops the nature of the 
plasma density configurations and current configura- 
tions resulting from producing a plasmoid in a magnetic 
field. Photographs taken with a Kerr cell under the 
same circumstances as in Fig. 3, but with various 
magnetic fields applied, are shown in Fig. 5. These 
photographs were taken in an endeavor to delineate, 
if possible, the process of formation of a plasmoid in a 
magnetic field. Although the pictures in Figs. 3 and 5 
were taken at a poor vacuum (~10-* mm Hg) in order 
to slow the plasmoid down and thereby give more light 
for the photographs, they are nevertheless of some value 
in suggesting the process whereby the plasmoid is 
produced. 

With the use of a pair of short (0.5 cm), small- 
diameter (0.1 cm) probes placed 10 cm in front of the 
source, it is possible to measure in the laboratory sys- 
tem the electric field E= —vXH/c, associated with the 


Fic. 3. Kerr-cell photograph, 0.5-usec exposure, 0.5-ysec delay, 
of the profile of the luminous plasma ejected by firing a button 
source (see Fig. 1) at a peak current of 2000 amperes for approxi- 
mately 0.2 ysec, with no external magnetic field applied. The 
actual length of the luminosity in the picture is 4 cm. A poor 
vacuum (~10-* mm of Hg) slowed the plasmoid down somewhat 
and thereby rendered more light for the photograph. 


projection of plasma at a velocity v across the magnetic 
field H. The probes were placed 0.5 cm apart (see Fig. 
8) in the vertical direction, were oriented perpendicular 
to the plane of the paper (in Fig. 2), and the magnetic 
field was perpendicular to the plane of the paper (in 
Fig. 2). The type of signal received across a 50-ohm 
termination on the oscilloscope cable is illustrated in 
Fig. 6, where it can be seen that the sign of E changes as 
the magnetic field is reversed. With a measured signal 
of 25 volts across 0.5 cm there is a measured value of 
|E|=50 volts/cem. With a velocity |v|/=3x10° 
cm/sec, as measured from the time of flight in the first 
trace of Fig. 6, and a value of H=2000 gauss, |E| 
= |—vXH/c| =60 volts/cm. This agreement between 
measured and expected values is perhaps as good as can 
be expected within the precision of the experiment. The 
signals are likely to vary considerably from pulse to 
pulse depending upon how squarely the plasmoid hits 
the two probes and upon the speed of the plasmoid, 
which varies somewhat from pulse to pulse. Experi- 
mentally it is observed that a reduction in H by a factor 
of 2 reduces the measured value of E by approximately 
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Fic. 4, Hypothetical detailed structure of the plasmoid of Figs. 2 
and 3. This type of plasmoid will be called the x; plasmoid. 


a factor of 2. Hence we can say that £ is roughly pro- 
portional to H. 

These traces shown in Fig. 6 indicate very clearly the 
tight bunching of the plasma in the direction of propaga- 
tion. Indeed, it is typical that the plasma travels 
usually in two bunches instead of one. (The second 
bunch, visible at a later time, can be seen in Fig. 9.) 
Furthermore, there is evidence (see Fig. 7) derived from 
probes which indicates that the first bunch of plasma is 
actually distributed in the form of a shell. The probe 
traces of Fig. 7 are obtained with the arc current in a 
direction that produces a magnetic field which aids the 
dc magnetic field (in contradistinction to the current 
direction used for Fig. 6). Also, the peak currents in 
the source were greater for the traces of Fig. 7 than for 
those of Fig. 6. Under both of these circumstances for 
Fig. 7, the dimension of the plasma bunch in the direc- 
tion of motion is greater than in the conditions used for 


Fic. 5. Kerr-cell photo- 
graphs taken under the 
same circumstances as Fig. 
3, except that magnetic 
fields (geometry as shown 
in Fig. 2, with field out of 
paper) of values 600, 1200, 
1800, 2400, and 3000 gauss 
have been applied. Note the 
squeezing effect in the 
vertical direction and the 
consequent tendency to 
form an elongated hairpin- 
like loop. 
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Fic. 6. The first two traces show signals measuring E=—v 
XH/c picked up by two small probes 0.5 cm apart. The sweep 
speed is 0.5 wsec per cm, with time going from right to left. The 
peak current in the source is about 1800 amperes with a pulse dura- 
tion of about 0.2 usec. The first two traces are taken with sensi- 
tivities of 15 volts per cm and with magnetic fields (2000 gauss) 
in opposite directions. The third trace, taken with a sensitivity 
of 0.5 volts per cm shows the diamagnetic effect of a plasmoid as 
it passes a magnetic coupling loop 0.64 cm in diameter terminated 
in 50 ohms. The pulsed arc current in the source is in such a direc- 
tion as to create a magnetic field which opposes the dc magnetic 
field for all the traces. 


the traces in Fig. 6. The signals (corresponding to the 
first bunch of plasma) picked up by the two probes, 
0.5 cm apart in Fig. 7, show the signal split into two 
peaks. This double structure suggests that the plasma 
bunch was large enough, and in a shell-like density 


Fic. 7. Signals obtained with the same source and double probe 
configuration and same magnetic field (2000 gauss) as those in 
Fig. 6, except that the direction of arc current in the source has 
been reversed and increased to 3000 amperes. The sweep speed is 
0.5 wsec/cm with time going from right to left. The sensitivity is 
50 volts per cm for the first trace and 15 volts/cm for the second 
trace. The two peaks are believed to indicate a shell-like ion 
density distribution. It is typical that the plasmoids taken under 
the conditions of Fig. 7 travel faster than those of Fig. 6. 
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configuration to give two peaks to the signal as the shell 
passed by the probes, in the manner diagrammed in 
Fig. 8. 

It is possible to take probe traces with only one probe 
(terminated to ground through 50 ohms). While the 
use of a single probe cannot give as accurate a measure 
of the electric field E=vXH/c, it can nevertheless be 
used as a rough measure of ion density in that no signal 
means (with almost absolute certainty) no plasma and 
finite signal means the presence of plasma. Traces from 
such a single probe are shown in Fig. 9, where the probe 
was moved in the y direction (see Fig. 8) so that both 
the first and second plasmoids emitted could be clearly 
located. Characteristically there are usually two 
plasmoids emitted regardless of the direction of current 
in the source or the orientation of the source in rotation 
about the x axis (see Figs. 2 and 8). The two-peak 
structure of the signal given by the first-arriving plas- 
moid in Fig. 9 is further suggestive that the ion density 
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Fic. 8. Suggested shape of plasmoid with shell-like ion density 
distribution in motion with a velocity v across a magnetic field 
H. (a) represents the smaller diameter plasmoid (Fig. 6) which 
results from the pulsed arc current in the source creating a mag- 
netic field that opposes the dc magnetic field. (b) represents the 
larger diameter plasmoid (Fig. 7) resulting from the source current 
aiding the dc magnetic field. It can be seen that in case a the probes 
will touch the plasmoid only once, but in case (b) the probes will 
touch twice. 


distribution is in the form of a shell, as indicated in 
Fig. 8. An attempt at explaining the fact that plasmoids 
come in pairs will be given later. 

A measurement of the diamagnetic signal imparted to 
a coupling loop with a dc magnetic field of 2000 gauss 
is shown in the third trace of Fig. 6. This signal, ob- 
tained at a distance of 10 cm from the source at the proper 
elapsed time for the plasmoid to travel from source to 
detector, has the proper duration and represents a 
magnetic field decrease within the center of the plas- 
moid of 30 gauss. This diamagnetic effect may possibly 
be much greater near the source. However, the tech- 
nique of making these magnetic measurements is still 
so poor that the spurious pickup involved in the source 
current may swamp the desired signal if the detecting 
loop is moved close to the source. In order to get a true 
value of the diamagnetic effect of the plasmoid, its 
diameter must be known and it must strike the loop 
more or less on center. Variations in these conditions 
lead to great variations in the size and character of 
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Fic. 9. Probe traces taken at a distance 10 cm from the source 
with a single probe which can be moved in the y direction to 
intercept either or perhaps both of the two plasmoids that are 
emitted and follow slightly different trajectories. The sensi- 
tivity is 5 volts/cem and the sweep speed is 1.0 wsec/cm. Traces 
1, 2, 3 represent the probe on the x axis. Traces 4 and 5 represent 
the probe displaced 3 cm in the y direction. The dc magnetic 
field is 2000 gauss. The pulse current of 3000 amperes in the source 
produces a magnetic field that opposes the dc magnetic field. 


signals from pulse to pulse. Hence, it is difficult to get 
a reliable quantitative measure of the diamagnetic 
effect. We look forward to improvements in the tech- 
nique of these diamagnetic measurements. The maxi- 
mum diamagnetic signal obtainable thus far at a dis- 
tance of 10 cm from the source in a dc magnetic field 
of 2000 gauss corresponds to a magnetic perturbation 
of 100 gauss. 


Fic. 10. Time-exposure photograph of trajectory of a plasmoid 
projected across a magnetic field of 1400 gauss. The electrodes of 
the source are oriented as shown in Fig. 2. The arc current of 3000 
amperes is directed so that its magnetic field within its loop 
opposes the dc magnetic field. Note the two parallel lines of il- 
lumination with a dark septum in between, 
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Fic. 11. Same as Fig. 10 except that the source arc current is 
reversed and the magnetic field is 4000 gauss. Note the wider 
spread between the lines. 


INTEGRATED TIME-EXPOSURE PHOTOGRAPHS 


Photographs of plasmoids, made by pointing a Land 
Camera along the magnetic field and focusing it at the 
location of the source, show the trajectories of plasmoids | 
(luminous because of recombination light) as the plas- 
moids are projected across the magnetic field. These 
trajectories corroborate, to a certain extent, some of the 
conclusions drawn from the probe measurements: 
First, the trajectories show (for example, Figs. 10, 11, 
and 12) that the plasmoid is easily projected across the 
magnetic field. Second, pictures taken of the illumina- 
tion produced when the plasmoid hits the opposite wall 
of the vacuum chamber indicate that the plasmoid is 
stretched out in a cylinder in the direction of H, as 
shown in Fig. 8. Probe measurements also show that 
the plasmoid is extended more or less like a straight 
cylinder in the direction of the magnetic field (as in- 
dicated in Fig. 8). Third, the study of many photo- 
graphs indicates that there usually are two plasmoids 
formed and that the photographed illumination coming 
from each trajectory seems to be in two parallel lines. 
While it has been difficult to produce a clear-cut demon- 
stration of the production of plasmoids in pairs by 
showing one or two photographs, Figs. 10 and 11 never- 
theless show the characteristic double-line trajectory 


Fic, 12. Same as Fig. 10, except that the source electrodes are 
oriented so thatfinitially the arc current is;parallel to the magnetic 
field (see Fig. 14), 
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Fic. 13. A hypothesis concerning the way in which two plas- 
moids may be formed from the hairpin loop configuration ob- 
served in Fig. 5. The instants 4,, /:---¢; represent successive 
moments at which the plasmoid might be observed. The arc cur- 
rent flowing through the electrodes is assumed to have ceased 
between #, and ¢:. End No. 1 may be expected to pick up most of 
the forward impulse, and hence it is to be expected that the plas- 
moid will stretch and perhaps snap in two as shown. Unfortunately 
the status of present techniques has not yet permitted the photo- 
graphic examination of these later time intervals in detail. As time 
goes on the plasmoid will, of course, lengthen in the z direction 
(see Fig. 8). 


A 


which might be suggestive of the signature of a moving 
luminous cylindrical shell. However, Kerr-cell measure- 
ments show that the double-line tract emits illumina- 
tion for several microseconds after the plasmoid has 
passed by. The double-line track, then, must be due to 
ions and electrons on the lateral periphery of the plas- 
moid. These ions and electrons did not have the full 
benefit of the polarization electric field (see Fig. 20) 
and therefore were left behind to recombine in the 
magnetic field. The luminous trajectory is then a kind 
of track formed by ionic debris left in the wake of the 
plasmoid. 

Our techniques have not yet yielded a complete 
snapshot history of the formation of a pair of plasmoids. 
However, the Kerr-cell photographs shown in Figs. 2 
and 5 and the time-integrated trajectories shown in 
Figs. 10 and 11 suggest that the modus of formation 
of the pair of plasmoids characteristically observed by 
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Fic. 14. Suggested plasma configuration which could explain the 
time-exposure photograph of the trajectory of plasma shown in 
Fig. 12. The camera is focused on the center line. A mechanical 
rotation w of the configuration as the configuration is translated 
across the field with a velocity » can presumably give the time- 
exposure photograph shown in Fig. 12. 
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probes (see, e.g., Fig. 9) is something like that dia- 
gramed in Fig. 13. 

The shape of the plasmoids projected with the source 
orientation used in the photograph of Fig. 12 has not 
yet been photographed with a short time exposure 
with the Kerr cell. However, the time-exposure picture 
of Fig. 12 suggests that the plasma configuration is that 
shown in Fig. 14. The camera is focused at the center- 


(b) 


Fic. 15. Trajectories of plasmoids fired simultaneously at one 
another across a magnetic field at a pressure of 10-' mm Hg with a 
separation distance of 10 cm. (a) H=2000 gauss, peak current is 
1500 amperes, the impact parameter is small. (b) H = 4000 gauss, 
peak current is 2700 amperes, the impact parameter is larger than 
in (a). 


line in Fig. 14, and hence it is assumed that the two 
crossed-over trajectories correspond to the two limbs 
of the elongated torus as it rotates while moving to the 
right. The crossover point of the two luminous trajec- 
tories photographed in Fig. 12 is moved nearer the 
source as the magnetic field is increased. If the hypoth- 
esis set forth in Fig. 14 is correct, it could be concluded 
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(c) 

Fic. 16. Trajectories of plasmoids fired simultaneously at one 
another across a magnetic field at a pressure of 10™° mm of Hg 
with a separation distance of 10 cm. The impact parameter has 
been changed in sign compared with Fig. 15. (a) H =4000 gauss, 
peak current is 2700 amperes. (b) H=2000 gauss, peak current 
is 1500 amperes. (c) H = 4000 gauss, peak current is 2700 amperes. 
Here the plasmoids collide and break into fragments. 
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Fic. 17. Two plasmoids fired at one another across a magnetic 
field (into picture) of 4000 gauss at a pressure of 2.5X 107 mm of 
Hg. The peak current in the source is 2700 amperes. 


that the rotational speed w increases with increasing 
dc magnetic field. 


INTERACTION OF PLASMOIDS WITH ONE ANOTHER 


Rather interesting and unexpected effects are pro- 
duced when two plasmoids are projected at one another 
across a magnetic field. For example, the photograph, 
Fig. 15(a), of the trajectories of two plasmoids shows an 
interaction that looks (at first sight) like an elastic 
collision of two billiard balls in the center-of-mass 
system. Figure 15(b) shows another such interaction 
with a larger impact parameter, and Fig. 16 shows the 
results of the same experimental setup with the impact 
parameter changed in sign (i.e., the plasmoids pass on 
the left instead of on the right). More striking effects 
(see Fig. 17) can be obtained when two plasmoids are 
fired at one another when the pressure in the vacuum 
chamber is raised to about 10 mm of Hg. These 
effects become even more spectacular when four 
sources, instead of two, are employed (e.g., Fig. 18). 

A photograph of the same process displayed in Fig. 
18, but taken in the light of H, through the use of a 
filter is shown in Fig. 19. A spectrogram taken of the 
light coming from the process photographed in Fig. 19 
shows that the only lines in the spectrogram are those 
of Ti, Tit, and H (i.e., D). The residual gas in the vac- 
uum chamber was presumably a combination of air and 
deuterium. There may have been some pump-oil vapor, 
although the system was trapped with liquid nitrogen. 


EXPLANATION OF INTERACTION EFFECTS 
OF PLASMOIDS 


In spite of the fact that there has recently been 
considerable theoretical interest in the interaction of 
plasmas and magnetic fields, there had been no theo- 
retical predictions concerning the existence of plasmoids 
and such effects as the deflected trajectories shown in 
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Fic. 18. Trajectories of four plasmoids fired simultaneously 
across a magnetic field of 4000 gauss. (a) Peak current is 2500 
amperes, pressure is 2.5X10~* mm Hg. The arc current loop pro- 
duces a magnetic field which bucks the de field. H is into the 
picture. (b) Peak current is 1200 amperes, pressure is 1.210% 
mm Hg. The arc current loop produces a magnetic field which 
bucks the dc field. H is out of the picture. (c) Peak current is 


BOSTICK 


Figs. 15 and 16 and the spiral trajectories shown in 
Figs. 17 and 18. 

We are, therefore, obliged to bring forward, a 
posteriori, a mechanism which will explain, at least 
qualitatively, these peculiar effects: The tight confine- 
ment of the plasmoid in the x and y directions (see 
Fig. 8) can be understood in terms of the diamagnetic 
depression produced in the magnetic field (see Fig. 6, 
third trace). The electric field observed in the laboratory 
system (see Figs. 6 and 7) can be understood in terms 
of E=—vXH/c. The apparent hollow structure (see 
Figs. 5, 7, and 8) can perhaps be understood in terms of 
an angular rotation or spin of the plasmoid, where 
centipetal effects produce the concentration of ion 
density at the periphery. However, this effect and its 
explanation calls for concerted experimental and theo- 
retical effort before any firm conclusions can be drawn. 
The orbits in the laboratory system of the individual 
positive ions and electrons can be understood in terms of 
the polarization electric field (=E) produced by the 
plasma moving across H with a speed v [see Fig. 20(a) ]. 
With a fairly good vacuum (10-° to 10-*§ mm Hg) in 
the chamber, it is to be expected that practically no 
collisions between ions or electrons and residual gas 
atoms occur, and that practically no photoionization of 
the residual gas by the recombination photons will 
occur. However, at a pressure of about 10 mm of Hg 
(presumably mostly air and deuterium, with some 
pump-oil vapor) we can expect some photoionization 
throughout the chamber. We would not, however, ex- 
pect an appreciable effect from collisions between the 
ions and electrons projected by the source and the 
residual gas atoms, because the mean free path for these 
collisions is still many times the dimensions of the 
vacuum chamber, and many times the Larmor radii of 
both positive ions and electrons. 

The electrons produced by the photoionization can 
conceivably give rise to currents drived by the vector 
E=—vXH/c. These currents will of course act like an 
electromagnetic brake, reducing v and E progressively. 
This progressive reduction in E can conceivably [see 
Fig. 20(b) | give rise to a deflection of v into a spiral 
trajectory. The increased integrated illumination from 
the center of the photographs in Figs. 17 and 18 is 
evidence of a diminution in v in conjunction with a 
spiraling of v. The fact that v spirals instead of execut- 
ing a circle can be understood by realizing that as v 
decreases there will be more photoionization in a given 
region. The increased photoionization will increase the 
braking action and will further reduce v. Thus the 
process of reduction in v is expected to be regenerative, 
and a spiral can conceivably result. 

The interaction of plasmoids in the manner shown in 
Figs. 15 and 16 can now perhaps also be understood in 
terms of the mechanism depicted in Fig. 20, where in 


1000 amperes, pressure is 2.2 10~* mm Hg. The arc current loop 
produces a magnetic field which aids the de field. H is out of the 
picture. 
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this case the presence of one plasmoid can produce con- 
duction electrons in the presence of the other (and 
vice versa). The deflecting mechanism is then operative 
in some cases over a relatively limited length of trajec- 
tory [e.g., Fig. 15(a) ]. 

Plasmoids are an example of a large-amplitude, 
magnetohydrodynamic phenomenon in a compressible 
medium. They apparently form naturally, and though 
they have only a transient existence (due to recombina- 
tion loss and increasing resistivity), they nevertheless 
must represent a higher entropy state than a completely 
homogenized ensemble of magnetic field and plasma. 
The spontaneous tendency of an ionized gas in a mag- 
netic field to undergo magnetohydrodynamic oscilla- 
tions** is, therefore, very likely an example of this 


Fic. 19. Photograph similar to those of Fig. 18 except that by 
means of a filter, only the light of Ha (i.e., Da) was used. The 
deuterium in the plasma comes from the electrodes of the arc, 
which are constructed of deuterium-loaded titanium. The sources 
were fired 20 times in order to get enough integrated light for this 
picture. 


natural tendency to form plasmoids. However, the 
presence of conduction electrons that are stationary in 
the laboratory system can brake (lower) the speed of 
plasmoids, and can therefore conceivably damp the 
spontaneous magnetohydrodynamic oscillations in an 
ionized gas in a magnetic field. 

It is possible to apply the knowledge gained concern- 
ing the nature of plasmoids to a hypothesized process 
of galaxy formation already advanced,‘ where gravita- 
tional contraction of ionized plasma across a magnetic 
field can lead to Taylor instability with resulting jets 
which should be accelerated toward the center of the 
gravitational attraction. These Taylor-instability jets 
may be expected to become plasmoids just as the four 


2 W. H. Bostick and M. A. Levine, Phys. Rev. 97, 13-21 (1955). 
3 W. H. Bostick and M. A. Levine, Phys. Rev. 87, 671 (1952). 
‘W. H. Bostick, Phys. Rev. 100, 1007-1008 (1955). 
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Fic. 20. Orbits of individual ions and electrons in the laboratory 
system as they move across the field H with a velocity v. (a) The 
case where there is a good vacuum and v and E are constant. (b) 
The case where v and £ are decreasing with time. Presumably 
this is the case that can be produced with a poor vacuum. 


plasma guns in Fig. 16 generate four plasmoids that 
proceed roughly radially inward. The spiralling toward 
the center by the proposed Taylor-instability plasmoids 
in the galaxy is to be expected as they approach the 
higher atomic density in the center and as they react 
on one another. The initial peripheral component of 
velocity of the Taylor-instability jets in the galaxy can 
conceivably be acquired by a process that is just the 
reverse of that diagrammed in Fig. 20(b): With the 
Taylor-instability jets the velocity (and hence E) will be 
expected to be initially increasing with a consequent 
deflection in the proper peripheral direction. An initial 
deflection (of the proper sign) of a plasmoid in a mag- 
netic field is, in fact, observed to occur at the plasma 
gun itself. However, a program of quantitative measure- 
ments on this effect is required in order to analyze the 
phenomenon more accurately. 
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The general theory of magnetohydrodynamic waves in an ideal conducting fluid embedded in a uniform 
field of magnetic induction, and the application of the theory to the systematic analysis of the various 
modes of propagation in incompressible and compressible fluids have been presented by the author in two 
earlier papers. The techniques developed there have now been extended to the study of homogeneous plane 
waves in an unbounded conducting solid. It is found that, in the presence of a uniform static magnetic field, 
the elastic medium sustains five distinct modes of propagation as already pointed out by Knopoff. The first 
two modes are pure shear waves, one of which is a slightly attenuated shear mode with phase velocity 
modified anisotropically by magnetoelastic coupling, whereas the companion shear mode is highly attenuated 
and exhibits a propagation constant which is essentially that of an electromagnetic wave of the same fre- 
quency. The remaining three modes are shear-com pression waves of which one mode exhibits a phase velocity 
intermediate between the phase velocity of shear and compressional waves, the second mode has a phase 
velocity exceeding that of compressional waves, and the third shear-compression mode is again highly 
attenuated with the propagation characteristics of an electromagnetic wave. 





1, INTRODUCTION 


HE advent of magnetohydrodynamics, which 
dates from Alfvén’s classical paper,’ has led to 
the re-examination of various physical phenomena in 
which a moving conducting medium interacts with a 
magnetic field. As an example of magnetoelastic inter- 
actions on a geophysical scale, we have Cagniard’s 
recent suggestion? that the observed change in the 
velocities of seismic waves in going from the mantle to 
the core of the earth, as well as the fact that only one 
mode seems capable of traversing the core, could be 
explained not on the basis of widely different elastic 
properties for the mantle and the core, as in the current 
theory which assumes a fluid core, but on the basis of 
magnetoelastic interactions in the presence of the earth’s 
interior magnetic field. He then argues that the only 
seismic wave capable of traversing the core is a shear 
mode with particle velocity lying in the plane of the 
magnetic field and the wave normal, implying that the 
other two normal modes are attenuated beyond detec- 
tion in traversing the core. 

Another example of magnetoelastic interactions, this 
time of laboratory scale, is found in a paper by Robey* 
in which he reports on the dispersive effect of a mag- 
netic field on the phase velocity of longitudinal or 
compressional waves in a conducting plate of uniform 
cross section. More recently, Knopoff* has presented a 
paper dealing with the interaction between elastic 
waves and a magnetic field in electrical conductors and 
has examined more closely the geophysical implications 

* This research was supoorted by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

¢ Presented at the 1955 Winter Meeting of the American 
Physical Society, at the University of Southern California, 
December 29, 1955, [A. Bafios, Jr., Phys. Rev. 100, 1801(A) 
(1955). 

1H. Alfvén, Arkiv Mat. Astron. Fysik B29, No. 2 (1942). 

?L. Cagniard, Compt. rend. 234, 1706 (1952). 

3D. H. Robey, J. Acoust. Soc. Am. 25, 603 (1953). See also, 


R. A. Alpher and R. J. Rubin, J. Acoust. Soc. Am. 26, 452 (1954). 
*L. Knopoff, J. Geophys. Research 60, 441 (1955). 


of the theory, having reached the conclusion that mag- 
netoelastic interactions are not a significant mechanism 
in the earth’s core. Thus, in order to throw more light 
on these and related questions, we present in this paper 
a systematic study of the characteristics of propagation 
of magnetoelastic plane waves. 

In two earlier papers by the author,®® hereinafter 
referred to as I and II, respectively, we presented the 
general theory of magnetohydrodynamic waves in an 
ideal conducting fluid embedded in a uniform static 
magnetic field, and then we proceeded to apply the 
general theory to the systematic study of the various 
modes of propagation in incompressible and com- 
pressible fluids. The techniques employed in these two 
papers have now been extended to the study of homo- 
geneous magnetoelastic plane waves in an unbounded 
conducting solid which is fully characterized by its 
Lamé moduli and by the rigorously constant macro- 
scopic parameters u, ¢, and o. It is found that, in the 
presence of a uniform static magnetic field, the medium 
sustains five distinct modes of propagation as already 
pointed out by Knopoff.‘ The first two modes are pure 
shear waves, one of which is a slightly attenuated shear 
mode with phase velocity modified anisotropically by 
magnetoelastic interaction, whereas the companion 
shear mode is highly attenuated and exhibits essentially 
the propagation characteristics of an electromagnetic 
wave of the same frequency. The remaining three modes 
are shear-compression waves, except when the propaga- 
tion takes place along certain preferred directions which 
are discussed here. The three modes in question can be 
characterized briefly by pointing out that one mode 
exhibits a phase velocity intermediate between the 
phase velocities of shear and compressional waves, the 
second mode has a phase velocity which exceeds that of 
compressional waves, and the last mode is again a highly 


6 steaks Bafios, Jr., Phys. Rev. 97, 1435 (1955). 


Bafios, Jr., Proc. Roy. Soc. (London) A233, 350-367 
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attenuated wave with propagation characteristics 
almost identical to those of an electromagnetic wave in 
the medium. 

To apply the techniques mentioned earlier, we first 
refer to the linearized hydromagnetic wave equation 
(I-66) which, as written, applies quite generallly to 
incompressible and compressible fluids as well as to 
elastic conducting solids, depending merely on the 
definition of the vector F. In the present instance, for 
time-harmonic magnetoelastic waves in a homogeneous 
and isotropic solid conductor, we have 


iwF =o*pv+p(V,2—V2)VV-v+pV2V*v, (1) 


where v is the particle velocity, w is the angular fre- 
quency of time-harmonic oscillations, p is the density 
of the medium, and where 


V>=CA+2u)/p]! and V.=(u/p)! (2) 


are the phase velocities of compressional and shear 
waves, respectively, for an elastic solid characterized 
by its Lamé moduli A and uz. 

In order to analyze (I-66), it proves convenient to 
reduce it to three scalar equations by taking its z 
component, its divergence, and the z component of its 
curl. In this way, after substituting for F the explicit 
form (1), we obtain 


k?(V?+k.2)0,.= — (k2—k,”) (0/02) (V-v), (3) 


{(V+k.)[ (ke kp?) (0/02?) 
+(V+k,?)(ky?—1a(V?+k,’)) J 
+ho(V+k,)(V+k,?)}(V-v)=0, (4) 


{(V?-+22)[k2—ia(V+k,?) ]+k2(V?+k,") 
—k2(1—1ib) V2} [é.-(VXv)]=0, (5) 


where ka, k., kp, and k, are the wave numbers associated 
respectively with Alfvén’s phase velocity, with the 
velocity of light, and with the compressional and shear 
phase velocities of the medium, 


ka=w/Va=w(up)'/Bo, k-=w(ue)}, 


kp=w/ Vy 


k,e=w/ Vii (6) 


and where we have introduced the dimensionless param- 
eters 


and b=we/c, (7) 


which vanish in the limit of infinite conductivity. Here 
a is a measure of magnetoelastic coupling, while d is the 
ratio of the displacement to the conduction currents in 
the medium. The present set of scalar equations (3), 
(4), and (5) reduce to (II-7), (II-8), and (II-4), respec- 
tively, which refer to a compressible fluid, by merely 
putting V,=0 and by identifying the velocity of com- 
pressional waves V, with the velocity of sound in the 
fluid. Thus, we note that the family of magneto- 
acoustic modes discussed in II can be regarded as the 
limiting form of the present magnetoelastic modes as 
the velocity of shear waves is made to vanish. 


a= wp, /c Be? 


PLANE WAVES 


z 
. 








"% 


Fic. 1. Velocity vectors characterizing 
the five magnetoelastic modes. 


2. MAGNETOELASTIC PLANE WAVES 


In accordance with Sec. I-3, we take the uniform 
magnetic field parallel to the z axis, By>=é,Bo, and we 
assume that the Cartesian components of all field 
vectors exhibit the common space-time dependence 


v(r,)=exp{i(k-r—at)}, (V+H)y=0, (8) 


where k is the vector propagation constant. Referring to 
Fig. 1, we choose k as 


k=nk=¢,k,+6,h,; 


where @ is the angle between the wave normal and the 
direction of the applied field (0<@< 4m), and where 
k, and k, represent, respectively, the transverse and 
longitudinal wave numbers. 

Next, we introduce the elementary vector wave 
functions whose amplitudes are depicted in Fig. 1 and 
which are defined by 


Vi=é,0, Vo=nXvi= (nXé,)vy, and vg=nrwy, (10) 


in which y is given by (8) and % is an arbitrary velocity 
amplitude which in the present linearized theory is 
assumed small in comparison with Alfvén’s phase velo- 
city V,. All three velocity vectors (10) are solutions of 
the vector Helmholtz equation, (V*+?)v=0, and in 
addition exhibit the following properties: 


k-v,=0, é,: (kX v1) =kow sind, 1=0, 
k-v2=0, @,-(kKXv2)=0, 
k-v3= kw, @,- (kX v3)=0, 
Our present problem involves the computation, for a 
given direction 6, of the wave numbers & corresponding 
to all possible modes of propagation, as well as the 
identification of the corresponding velocity wave func- 


tions as suitable linear combinations of the elementary 
forms (10). 


n= é, cosd+é,; sind, (9) 


(11) 


V22= Uy sind, 
V23= Vow cosé. 
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The first set of magnetoelastic modes, which is devoid 
of compressional oscillations, belongs to the class of 
velocity modes in accordance with the nomenclature 
adopted in II. The set is generated by selecting the 
particle velocity 


v=Vi, (12) 


which, according to (11), automatically satisfies (3) and 
(4) since it is solenoidal and exhibits no z component. 
Then, to satisfy (5), assuming for the moment that 
6>0, we need only equate the bracket to zero after 
replacing V by ik for plane waves. In this manner we 
obtain the quadratic in k*: 


(k2-+k,? cos*)k?—k.2(ke-t+ke) 
= — ial (#?—k2)(#!—k.2)—i(b/a)(1—ib)k2k2], (13) 


which has two roots and, therefore, yields two distinct 
modes. 

In the case of infinite conductivity (a=0), the right- 
hand side vanishes and (13) yields only one mode, the 
first normal mode, which is a pure shear wave modified 
anisotropically by magnetoelastic interaction. The 
companion mode which ensues from (13) only when the 
conductivity is finite is a strongly attenuated pure shear 
wave propagating with the characteristics of an electro- 
magnetic wave slightly modified by magnetoelastic 
interaction. 

The second set of magnetoelastic modes, which is 
characterized by the simultaneous presence of shear and 
compressional oscillations, belongs to the class of pres- 
sure modes as described in Sec. II-4 for compressible 
fluids. The set is generated by selecting from (10) the 
particular linear combination 


V= V3 COSP— Ve Sing, (14) 


which is illustrated in Fig. I]-12 and in which ¢ is a 
convenient angular parameter that measures the rela- 
tive amounts of solenoidal and irrotational components 
of velocity needed to obtain a solution of the original 
hydromagnetic wave equation. Thus, according to (11), 
we see that (5) is automatically satisfied, while (3) 
yields an equation which determines ¢ in terms of k, 
namely 


tand tand= k,?(k’—k,”)/k,?(k’—k,”) ; (15) 


and, to comply with (4), we merely equate the bracket 
to zero after replacing V by ik. In this way we obtain 
the cubic in &’: 


(B—k2){ (kok, kot (ke) [ks ia(k—k,2)) 
+k(i—k,2)(K—k2)=0, (16) 


which has three roots and, therefore, yields three dis- 
tinct modes. 

When the conductivity is infinite, we have a=0 and 
(16) becomes a quadratic in &* with two distinct roots 
corresponding to the two additional normal modes which 
characterize the set of plane homogeneous magneto- 
elastic modes in a medium of infinite conductivity. One 
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such mode is described by the fact that its phase 
velocity is intermediate between the phase velocities of 
shear and compressional waves, while the other mode is 
distinguished by the fact that its phase velocity exceeds 
the phase velocity of compressional waves in the 
medium. The third shear-compression mode which only 
ensues from (16) when the conductivity is finite is a 
highly attenuated wave propagating with the character- 
istics of an electromagnetic wave modified anisotropic- 
ally by magnetoelastic interaction. 


3. SHEAR MODES 


Rather than attempting to describe from (13) and 
(16) the characteristics of all five modes listed above, 
which become quite involved in the general case, we 
prefer to consider at once some special cases of physical 
interest. In particular, we shall assume from now on that 
the electric displacement current can be altogether 
neglected in comparison with the conduction current in 
the medium, which we effect by merely putting e=0 in 
(13) and (16). 

When the conductivity is infinite we have from (7) 
a=0 and b=0. In this case, (13) yields the first normal 
mode which is characterized by the purely transverse 
velocity vector 


Vi=vi= 2,0, k=kh, (OS ki <hk,), (17) 


where y is given by (8) with wave number k=; as 
deduced from (13) after putting ,=0 and a=0, namely 


kv=k2k2/(ka+k,? cos’). (18) 


Putting ki=w/U,, where U;, is the phase velocity of the 
first normal mode, we obtain from (18) 


U?=V7+V.? cos, (19) 
which corresponds to a pure shear mode with phase 
velocity modified anisotropically by magnetoelastic 
interaction. If we let V,—0, the mode in question be- 
haves like an Alfvén wave or velocity mode in magneto- 
hydrodynamics. 

If the conductivity is finite, yet so large that a1, 
we can regard the right-hand side of (13) as a small 
perturbation. In this way we obtain to first order of 
small quantities, instead of (18), the first root of the 


quadratic 
iak,' cos*é 


pcre gerccce! MS 
(k.’+k, cos*é)? 


kk, 
k= | 1 
k’+k,” cos’é 


which corresponds to the first normal mode (slightly 
attenuated). The second root that ensues from (13) can 
be written as 


k,? cos’ 
bail 1+ |} 
ke? ( 


iak,* cos’ 


k.’+k,? cos’6)? | @1) 





which is frankly dominated by the factor iwuo; that is, 
the propagation constant &,; is virtually the propaga- 
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tion constant of an electromagnetic wave penetrating 
into the metal as governed by its own skin depth. Such 
modes are often referred to in the literature as “skin” 
waves. Thus, the companion pure shear mode associated 
with the first normal mode when the conductivity is 
finite is a highly attenuated modified “skin” wave. It is 
to be noted further that, as 6-42 in (20) and (21), we 
obtain exactly k’=k,? and k,i=iwyo, indicating that the 
first normal mode has degenerated into a pure elastic 
(shear) wave, while the companion mode has become 
a pure electromagnetic wave. This result is a simple 
consequence of the fact that, when the wave normal is 
at right angles to the direction of the externally applied 
field (@= 47), the particle oscillations for this pair of 
modes become parallel to the magnetic field and, hence, 
there is no magnetoelastic interaction. 

Finally, we consider the case in which a>1 which, 
according to (7), corresponds to weak magnetoelastic 
coupling arising from a vanishingly small magnetic 
field. In this case we return to (13) after multiplying 
both sides by i/a and seeking the expansion of the roots 
in reciprocal powers of a. Thus, we obtain the pair of 
roots 


koi? = two (23) 


eet 
a(iwpo— k,”) 


which correspond respectively to the first normal mode 
and to its companion highly attenuated “skin” wave. 
Hence, in the case of weak magnetoelastic coupling, the 
first normal mode is governed essentially by the shear 
velocity in the medium, whereas the companion mode 
is governed by the electromagnetic properties of the 
elastic conductor. 


4. SHEAR-COMPRESSION MODES 


First we examine the case of infinite conductivity in 
the absence of electric displacement current. Thus, 
putting k,=0 and a=0 in (16), we obtain the quadratic 
in k*, 

RL (ke— ky*)ke+ (k°—k,”)k,? | 


+ha?(k’—k,)(k’?—k,?)=0, (24) 


which yields two roots, k= k2 and k=k;, corresponding 
to the two remaining normal modes which, according to 
(14), are characterized by the velocity vectors 


V.= v2 cos@+v3 sind, k=ke (Rp<ke<hks); 
V3= — ve sind+ v3 cosd, k= ks (OC ks kp), 


(25) 
(26) 


where the angular parameter ¢ (0<¢< }n) is deter- 
mined from (15) either by inserting k= ks, 


tand tand=k,?(k,?—k3?)/k,? (ks? —k:;’), (27) 
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or else by putting k= ke and replacing ¢ by (@—}7), 
tané coto=k,?(ko’— k,”)/k,7(k2— ke”), (28) 


which are equivalent expressions leading to an identity 
readily verified by using the original quadratic (24). 

The situation for all three normal modes, (17), (25), 
and (26), is illustrated in Fig. 1 in which the angle ¢ 
appears as the angle of rotation about the y axis which 
the elementary vector wave functions v2 and v3 must 
undergo in order to generate the corresponding normal 
modes Vz and V3. In the figure the vector k denotes the 
direction of the wave normal at a given angle @ for all 
three normal modes; that is, k stands for k;, ke, or ks, 
all of which have the same direction but, of course, 
different magnitudes in accordance with (17), (25), or 
(26). 

The determination of the roots of (24) is a matter of 
elementary algebra, but the resulting expressions are 
much too involved to be of practical use. Instead, we 
prefer to examine graphically the behavior of the two 
roots ky and k; as the magnetic field varies from zero to 
infinity for fixed values of the angle @ (0<@< 3). To 
this end we first reduce the number of independent 
parameters by restricting our attention to an ideal 
elastic solid satisfying Cauchy’s relations,’ according to 
which Poisson’s ratio becomes c=}. In this case the 
Lamé moduli become equal to each other, A=u, and 
according to (2) we have a material for which k,?= 3,’. 
Furthermore, we define the dimensionless parameter‘ 


r=k2(ke—k,2)/kek;?, (29) 


which becomes in the present instance r= 2k,?/3k,” and 
which provides a measure of the magnetic field since 
k, depends on the magnetic field in accordance with (6). 
Next, we plot in Fig. 2 as functions of logr, the dimen- 
sionless roots x2=hk2?/k,? and «;=k;*/k,’ as deduced 
numerically from (24) for vaious values fo the angle @. 
Thus, we see that the two families of curves for the two 
normal modes (25) and (26) are distinct, O< ks < k, and 
ky<koSk,, except at the common point 6=0 and r=1 
where the two modes become degenerate, k2=k3= Rp. 
It is seen that, for very weak magnetic fields (Bo—0), 
we have independently of the direction of propagation 
kok, and k;—>k,, indicating that in this limit the two 
normal modes become respectively a pure shear mode 
and a pure compressional wave. On the other hand, for 
very strong magnetic fields (By), we note that 
k;—0 independently of the direction of propagation, 
whereas ky approaches a limit which depends on the 
direction of propagation. 

The behavior of the angular parameter ¢ as a function 
of logr can likewise be obtained numerically from either 
(27) or (28). In this manner we obtain the parametric 

7A, E. H. Love, A Treatise on the Mathematical Theory of 
Elasticity (Dover Publications, New York, 1944), fourth edition, 
p. 104, item 70(d). 

5 It is clear that, when r=1, we have k.?=k,?k,?/(k,?—k,*) or 
V2=V,?—V,?, which fixes the value of Alfvér’s phase velocity 
V, in relation to the elastic phase velocities V, and V>. 
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Fic. 2. Dispersive effect of the magnetic field upon the propa- 
gation constants of the two normal shear-compression modes. 





family of curves depicted in Fig. 3 corresponding to 
specific values of 6. Particular attention should be paid 
to the curve @=0 which behaves discontinuously as r 
goes through 1, when both normal modes become de- 
generate. We note that, for r>1, all values of ¢ are less 
than 37 for all @ and, in fact, tend to vanish as By—0, 
indicating again that in this limit one mode becomes a 
pure shear wave and the other a pure compressional 
wave, whatever the direction of propagation, 

Next, we consider the behavior of shear-compression 
modes when the conductivity is finite but «<1. In this 
case we return to the cubic (16) and, after putting 
k.=0, we expand the three roots to first order in a. We 
note that the two normal modes (25) and (26) now be- 
come slightly attenuated. Thus, putting ke=62+iae 
(axX<B2) and k3=83+ia3 (asx<B3), we observe that, to 
first order of small quantities, the phase constants 82 and 
8; are still given by the two roots of (24), whereas the 
corresponding attenuation factors az and a; can be 


deduced from (6283): 
a(k,?—8;") (B:’—k,”) 


2a2 





stele eee —— +, 
Be (B2’—B;") (ka +k,’ cos’é+k,* sin’) Brook, 


2a3 a(k,’—B3")(k,’—B;") 
—~ 0, (31) 
Bs (8? — B37) (k2+k,? cos*é+k,’ sin’@) Bsk, 


(30) 





where the limiting forms correspond to the case in which 
one mode becomes a pure shear wave while the other 
becomes a pure compressional wave (By—0). The com- 
panion mode which ensues from (16) only when the 
conductivity is finite is a highly attenuated “skin” wave 
with propagation constant 





k2 cos*@+k,* me] 


ke? =~ iol + 
ke? 


| ia(k,* cos*@+-k,* sin’) (32) 
1— VE 
(k.’+k,? cos*6+-k,? sin’)? 





which should be compared with (21). We see from (32) 
that, for this mode, the propagation characteristics are 
dominated by the electromagnetic properties of the 
medium as modified anisotropically by magnetoelastic 
interaction. 

The angular parameters corresponding to the three 
shear-compression modes discussed above are deter- 
mined as follows: We note that, for the slightly atten- 
uated normal modes VY, and V3, as defined by (25) and 
(26), the corresponding value of ¢ is still given by (27) 
or by (28) upon inserting the exact complex root 
k3=63+ia; or k2=62+ia2, respectively, which merely 
leads to complex values of the angular parameter with 
relatively small imaginary part. For the companion 
highly attenuated mode, we note that its velocity vector 
V.2 is of the form (14) with k=&,2 as given by (32) and 
with an angular parameter ¢=¢,2 which we deduce 
from (15), upon inserting k=k2, and noting that 
|ke2|>>B2, to obtain approximately 


tand tand.2~k,?/k,’, (33) 


from which it is readily established that (6+¢,2) > 34 
as illustrated in Fig. 1. 

Finally, we consider the behavior of the three shear- 
compression modes in the case of weak magnetoelastic 
coupling (a@>1), which in a sense exhibits more clearly 
the individual character of each mode. Thus, we return 
to (16) and, after putting &,=0, we multiply both sides 
of the equation by i/a to yield the cubic in k?: 


(k°— k,?) (k’— ky’) (R?— topo) 


= (i/a)k’L(k.? cos’@+k,’ sin’) k’—k,?k,7]. (34) 


First, upon letting a , we deduce from this equation 
the three roots k=k,, k=k,, and k=iwyuo, which corre- 
spond respectively to the uncoupled shear, compression, 
and electromagnetic waves. Thus, regarding the right- 
hand side of (34) as a small perturbation and expanding 
the three roots to first order in a~', we obtain first a 
modified shear wave corresponding to the second normal 

mode (25), 
ik,” cos’é 
bimh31-————_, (35) 

a(iwpo— k,”) 

















logr —— 


Fic. 3. Dependence of the angular parameter ¢ 
on the magnetic field. 
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which turns out to be identical to (22); then a modified 
compressional wave corresponding to the third normal 
mode (26), 


(36) 


ik,? sin? | 


k= tel 1— 
a(iwuo—k,*) 


and lastly a modified “skin” wave which corresponds to 
the companion mode (32), 


(k,? cos*0-+k,? sin*O)wuo+ik,?k,? 





; (37) 


koe iauo| 1— 
a(iwpo— k,) (ipo — ky”) 


The corresponding angular parameters are readily 
deduced from (15) upon introducing the respective 
wave numbers. In this manner we establish that, for the 
two normal modes (35) and (36), their common angular 
parameter @¢, as defined by (25) and (26), is given by 


kZk,? sin@ cosé 


gp arerearesp (heh : (38) 
a 8 Pp 


tand~ 


in which we have assumed that wuo>>k,’. It is interesting 
to observe that, according to (38), ¢=0 whenever 6=0 
or = $2, which is also illustrated in Fig. 3. Thus, when 
6=0 the direction of propagation is parallel to the 
magnetic field and, in this case, k3=» indicating a pure 
elastic (compressional) wave, while k2 as given by (35) 
corresponds to a shear wave modified slightly by the 
electromagnetic properties of the medium. Conversely, 
when @=}7, the direction of propagation is at right 
angles to the magnetic field and, this time, ko=k, 
indicating a pure elastic shear wave, whereas k; as 
given by (36) corresponds to a compressional wave 
slightly modified by the electromagnetic properties of 
the medium. Finally, the companion highly attenuated 
mode (37) exhibits in this case an angular parameter 
$2 Which is still given by (33) if we assume that 
wuo>k,?, 


5. DISCUSSION 


It now becomes of interest to examine some typical 
numerical results in the light of the foregoing theory. 
For the purpose, let us imagine an unbounded, homo- 
geneous and isotropic, conducting solid with the elastic 
and electromagnetic properties of copper. According to 
Knopoff’s measurements,’ copper exhibits the phase 
velocities V ,= 4.68 km/sec for compressional waves and 
V,=2.26 km/sec for shear waves and a density p= 8.90 


*L. Knopoff (private communication). 
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10° kg/meter*. If we assume that the medium is 
subjected to a uniform static field of magnetic induction 
Bo=1 weber/meter® (10000 gauss), we compute for 
Alfvén’s phase velocity (6) the value V.=9.46 meters/ 
sec. Finally, making use of (29) we compute the param- 
eter r= 1.77105, which reflects quite clearly the fact 
that, in this instance, V2<(V,?—V,”). 

This fact means, according to Eq. (19) and to Figs. 2 
and 3, that in the case of infinite conductivity the three 
normal elastic modes are but slightly modified by 
magnetoelastic interactions independently of the fre- 
quency (provided, of course, we adhere to a purely 
macroscopic theory). Then, in the case of finite con- 
ductivity, taking c=5.8X10’ mhos/meter for copper, 
we compute for the coupling parameter (7) the values 
a=9.6X10~ for a frequency of 1 cps (seismic waves) 
and a= 96 for a frequency of 10° cps (laboratory experi- 
ments). In either case, we find from the equations given 
here that the normal magnetoelastic modes are but 
slightly attenuated, whatever the frequency, in the 
presence of finite conductivity. For example, if the 
frequency is 10° cps, we find from (36) a fractional 
change in phase velocity (U;—V,)/V,~0.51X10-* 
accompanied by an attenuation factor a3~0.27X 10-7 
meter~!, with similar results for the other two normal 
modes, which gives an idea of the smallness of magneto- 
elastic interactions at all frequencies and under all 
physically realizable magnetic fields. 

In consequence, returning to the laboratory experi- 
ment reported by Robey,’ we find that the observed 
increase of 1.4% in the resonant frequency of his com- 
posite crystal which vibrates essentially in a longitudinal 
or compressional mode, as brought about by a transverse 
magnetic field, seems to be due to other causes than 
magnetoelastic interactions. Finally, in the case of 
seismic waves which attain velocities of the order of 
10 km/sec, and for which the interior of the earth 
exhibits an Alfvén’s phase velocity that cannot exceed 
10 meters/sec under any conceivable circumstances, 
we conclude with Knopoff* that magnetoelastic inter- 
actions cannot be a significant phenomenon in the in- 
terior of the earth as far as seismic waves are concerned 
and that, therefore, Cagniard’s suggestion? seems to be 
without foundation. 


ACKNOWLEDGMENTS 


In conclusion, the author wishes to thank Professor 
David S. Saxon and Professor Leon Knopoff, of the 
Physics Department and Institute of Geophysics, 
respectively, for several illuminating discussions and 
much valuable criticism. 





PHYSICAL REVIEW VOLUME 


104, 


NUMBER 2 OCTOBER 15, 1956 


Growing Electric Space-Charge Waves 


J. R. Prerce anp L. R. WALKER 


Bell Telephone Laboratories, 


Murray Hill, New Jersey 


(Received June 26, 1956) 


Some familiar aspects of the theory of growing space-charge waves are restated as a comment on recent 


criticism of this theory by J. H. Piddington. 





T has been recently asserted by Piddington! that 
most of the work done in the last few years on the 
propagation of small disturbances in drifting ion streams 
is invalid. In particular, the proposed explanation for 
the operation of several amplifying devices is said to be 
illusory. Piddington’s position appears to be that the 
familiar treatment rests upon “substitution analysis” ; 
that the growing waves sometimes encountered in the 
analysis are “ephemeral” and cannot be described by a 
process involving genuine energy transfer between ions 
and field; and, finally, since it is necessary to look 
elsewhere for an explanation of the growth observed, 
that this may lie in the trapping of electrons in moving 
potential minima. It seems to be desirable to comment 
on these claims by reiterating some pertinent aspects 
of the usual theory. 

For the purposes of the present discussion it will be 
sufficient to suppose that the dc properties of the ion 
streams are uniform in space and time and that all 
velocities are in the same (z) direction. Temporarily, 
it will be assumed that one is dealing with a finite 
number of discrete streams; later some remarks will be 
made about the more subtle case of continuous velocity 
distributions. The basic nonlinear equations are the 
equations of motion, the equation of continuity and an 
equation relating the fields to the driving currents. For 
small disturbances it is agreed that one may linearize 
these equations, obtaining a set of linear partial differ- 
ential equations, which in the present case have con- 
stant coefficients. In any physically interesting case 
these equations are complemented by definite boundary 
conditions and one has then a sensibly posed mathe- 
matical problem to solve. 

One adequate method for the solution of many such 
problems is that of Laplace transforms.?-> Another is 
by superposition of particular solutions ofthe differ- 
ential equations. Clearly, these solutions, for any specific 
problem, may be drawn from the class of solutions of 
the form expj(w!+Tz), where w and I are, in general, 
complex and satisfy a relation of the form, f(w,l')=0, 
determined solely by the differential equations.* This 


1 J. H. Piddington, Phys. Rev. 101, 14 (1954). 

2 J. R. Pierce, Proc. Inst. Radio Engrs. 40, 1675 (1952). 

3M. Scotto and P. Parzen, J. Appl. Phys. 27, 375 (1956). 

*L. R. Walker, J. Appl. Phys. 24, 854 (1953). 

*R. Q. Twiss, Phys. Rev. 88, 1392 (1952). This paper discusses 
the shortcomings of substitution methods and the importance of 
boundary conditions. 

® There will be some degenerate cases arising from multiple 
roots of f(w,!)=0 where the solution becomes, for example, 


relation between w and I’, the dispersion relation, is 
obviously significant for the problem on hand since it 
describes an intrinsic property of the ion streams and 
may, of itself, give some valuable information. But no 
definitive conclusions can be drawn from it alone about 
any specific problem, since only the boundary conditions 
can say what part of the w-I spectrum is excited and 
to what extent. 

A simple, typical example of a problem soluble by 
either of these methods is that of two beams of electrons 
in free space having different dc velocities (both of the 
same sign) which pass through a pair of closely spaced 
grids to which a small ac voltage is applied.”:* One may 
examine the ac signal level on the mixed beams at any 
point downstream. This is found to increase roughly 
exponentially with distance as, in fact, it does in prac- 
tice. Examination of the solution shows that it consists 
in part of a term of the form, expj(wf+TI'z), for which 
ImI' <0. It is this term which causes the solution to 
increase with z and one may call this a “growing” wave. 
The analysis of traveling-wave tube operation, which 
involves a single beam velocity and an external circuit, 
also gives a solution containing such a growing wave.’ 
Clearly, where one growing wave is present, there will 
be approximately exponential gain at large distances 
where this term dominates the solution. Such a growing 
wave is not, however, necessary for gain. In the case 
of the backward-wave amplifier such a term does not 
exist and the observable gain is attributable to the 
interference of waves of uniform amplitude.‘ 

In another class of problems such as the backward- 
wave oscillator, one is concerned with the time stability 
of a given ion flow subject to fixed boundary condi- 
tions.*!? Here the boundary conditions are all spatial 
and the criterion of stability is the presence or absence 
in the solution of a term which has a complex frequency. 
The equations being real, complex frequencies occur in 
pairs, one of which means growth. The irrelevance of 


zexpj(wt+I'sz). See J. R. Pierce, J. Appl. Phys. 15, 721 (1944); 
J. Appl. Phys. 21, 1063 (1950). 

7A. V. Haeff, Phys. Rev. 74, 1532 (1948); Proc. Inst. Radio 
Engrs. 37, 4 (1949). 

8 J. R. Pierce and W. B. Hebenstreit, Bell System Tech. J. 28, 
33 (1949). 

9J. R. Pierce, Traveling Wave Tubes (D. Van Nostrand Com- 
pany, Inc., New York, 1950). 

10 See reference 9, Chap. XT. 

"R. Kompfner and N. T. Williams, Proc. Inst. Radio Engrs. 
41, 602 (1953). 

12 See the references in 6. 
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GROWING ELECTRIC SPACE-CHARGE 


the dispersion equation to the nature of the complete 
solution in certain problems is illustrated by the flow 
of a single ion stream between short-circuited grids. 
Here all space charge waves are unattenuated at real 
frequencies or, in the language of the dispersion relation, 
I is real when w is; nevertheless complex frequencies 
arise for the system as a whole when the boundaries 
are included. 

The power flow and energy storage of ac modulated 
beams is sufficiently well understood®™ for a fairly 
clear picture to be formed of the processes which lead 
to spatially growing waves of the types encountered in 
multiple-stream flow and in traveling-wave tubes. 
A fast space-charge wave (an unattenuated wave 
moving faster than the electrons) or an electromagnetic 
circuit-wave stores positive ac energy; to increase the 
signal level ac energy must be fed in. A slow space 
charge wave, in which the electrons move faster than 
the wave, has a negative energy storage and negative 
power flow; if ac energy is extracted the amplitude 
increases. If two such waves now interact by means of 
some mutual coupling of sufficient strength a pair of 
mixed waves arises, one growing and one decreasing 
exponentially with distance. The total power flow for 
each of these new waves is zero since it is at the same 
time independent of position and proportional to 
exp[ 2ImI']. It may be considered then that in the 
growing wave the negative power flow component is 
continually transferring energy to the positive flow 
component.'® 

In the case of increasing waves of this type, which 
are due to coupling between a negative-energy un- 
attenuated wave and a nearly synchronous positive 
energy unattenuated wave, it is possible to see from 
the dispersion equation that the increasing wave can 
result in amplification. If the group velocity of each of 
the waves, when uncoupled, is in the direction of elec- 
tron flow, as it is in the cases discussed above, then we 
may argue that we can excite both of the unattenuated 
waves so that they will travel away from the point of 
excitation in the direction of electron flow. If we then 
introduce coupling between the two unattenuated waves 
beyond the point of excitation, we will find that we have 

13W. H. Louisell and J. R. Pierce, Proc. Inst. Radio Engrs. 
43, 425-427 (1955). 

ML. R. Walker, J. Appl. Phys. 26, 1031 (1955); J. Appl. Phys. 

me 


25, 615 (1954). 
16 J. R. Pierce, Bell System Tech. J. 33, 1343 (1954). 
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excited a mixed wave which grows in the direction of 
electron flow. In general, a wave which decays in the 
direction of electron flow will also be excited in this 
procedure. 

When the velocity distribution of the ion stream has 
a continuous range, new features arise in the discussion 
of propagation. Objections have sometimes been raised 
to the linearizing procedure here, because of the possi- 
bility that waves may occur whose velocity is exactly 
that of some ion stream. There would then be no signal 
level small enough for linearization to be valid. How- 
ever, the theory is actually self-consistent in its linear 
form because if it ever predicts real propagation con- 
stants at real frequencies the resultant wave velocity 
automatically lies outside the continuous part of the 
velocity distribution. This particular point is not 
raised by Piddington. 

In the case of discrete velocities it is known that the 

dispersion relation yields for real frequencies twice as 
many solutions for I as there are streams. It might, 
therefore, be supposed that in the case of a continuous 
distribution there would be an infinite number of roots 
of the dispersion equation. This is not the case; there 
are only a finite number of collective modes of propaga- 
tion and this number may be zero.'* Approximations to 
the dispersion equation such as Piddington uses in dis- 
cussing the Maxwellian ion cloud, which are based upon 
an expansion in moments of the velocity distribution 
function, may alter the number of collective modes 
found. Examination of the complete solution of a 
problem with boundary conditions shows that the part 
of the ac term in the distribution function which is not 
accounted for by the collective terms consists of a 
superposition of disturbances moving with the velocities 
of the individual streams. These are, in effect, convected 
disturbances. Clearly the dispersion equation in this 
problem provides an inadequate description of the 
motion. 
& The nonlinear trapping process which Piddington has 
put forward as a possible mechanism for growing waves 
can have very little relevance for observed amplifica- 
tion. At low levels the electrons in a double beam tube, 
for example, have velocities relative to the wave great 
enough to enable them to over-ride any existing potential 
trough arising from the wave. 


16L. R. Walker, J. Appl. Phys. 25, 131 (1954). 
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In this paper, higher order terms in expansions made to obtain the field emission current formula are 
retained. Analytic expressions for first-order correction terms to the current formula are derived. 





I. INTRODUCTION 


N a recent extension of the Fowler-Nordheim 
theory!” to finite temperatures,’ based on the free 
electron and image force barrier model, an approxi- 
mate expression for the current emitted from a metal 
as a function of temperature and applied electric field 
was obtained. The values of field and temperature at 
which the formula for the current applies were estab- 
lished, but a quantitative discussion of the approxi- 
mations involved was not made. 

In the present paper, higher order terms in expansions 
made to obtain the current formula are retained. 
Analytic expressions for first-order corrections to the 
current formula are derived. The calculations are valid 
at all fields and at somewhat elevated temperatures. 
The results provide an estimate of the size of the higher 
order corrections to the current formula. In the zero- 
temperature limit (Fowler-Nordheim region), the 
correction to the current formula amounts to five or ten 
percent of the total current. 


Il. THE CORRECTION TERMS 


The starting point for the calculations is the following 
expression for the current density: 


kT p* In{1+exp[—(W—9)/kT]}dW 
j(F,T.)=— ° 
1+exp[ (4/3) v2F-ty-40(y) ] 


2r? J_.. 





The notation used here is the same as used by Murphy 
and Good*; their paper will be referred to as I. Equa- 
tion (1) above is Eq. (I-20) with the integration range 
and integrand modified in a way appropriate to the 
field emission process. The usual approximation is to 
discard the 1 compared to the exponential in the 

*Now at the Institute for Atomic Research and Physics 
Department, Iowa State College, Ames, Iowa. 

1L. W. Nordheim, Proc. Roy. Soc. (London) A121, 626 (1928). 

?R. H. Fowler and L. W. Nordheim, Proc. Roy. Soc. (London) 
A119, 173 (1928). 

3E. L. Murphy and R. H. Good, Jr., Phys. Rev. 102, 1464 
(1956). 


denominator and to expand the denominator exponent 
about the Fermi energy ¢. If these two processes are 
extended to the next order, one obtains the following 
first-order approximation for the current: 


stp” 
=f [i— f(W—gyr—e ter 7 
2x? J _.0 
Ke rte) In(1+e-W-DkT)dW. (2) 


This is the same expansion as in I, based on Eqs. (I-36) 
and (I-37), but with terms of one higher order retained. 
The zero-order approximation jo is found by replacing 
the square brackets in Eq. (2) by unity and is given in 
Eqs. (I-54) and (I-55). 

The integrals in Eq. (2) can be evaluated in terms of 
elementary functions. The*result is 


ji/ jo= 1 —2c* f{ 14-43 (wckT)? 
+ackT cot(xckT)+[mckT cot (xckT) P} 
—te~ sec(rckT). (3) 


These correction terms are not valid within the entire 
field emission region defined in I; they apply at low 
temperatures but not above the ckT =} line. An exact 
determination of the limits of the region of appli- 
cability has not been made. At zero temperature, in 
which case jo reduces to the Fowler-Nordheim expres- 
sion, the correction becomes 


(j1/ jo) rao=1—6c7 f—je* 


=) 


where the approximation of Eq. (I-65) is used to 
simplify the result. The arguments of », ¢ are F4/9. 

The correction ranges from 3 to 16% at fields of 
2107 to 10107 volts/cm, 4.5 ev work function, and 
zero temperature. With these fields and work function, 
the corrections are the same at 300°K. 
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It is shown that ions of the noble gases in metastable excited states may be detected by their greater 
ability, with respect to the normal ion, to eject electrons from an atomically clean metal surface. The meta- 
stable ions are produced by a single electron impact with the parent normal atom. The ratio of cross sections 
for formation of the metastable and normal ions for argon, krypton, and xenon has been determined as a 
function of bombarding electron energy. At its maximum this ratio is about 0.02. The metastable ion must 
be observed over the “background” of normal ions in this method of detection, which is its inherent limi- 
tation. The relative number of helium ions formed in the 2 #S;/2 metastable state is below the detection 
sensitivity. It has been necessary to consider the nature of the interaction of a metastable ion with a metal 
surface, and an argument is given which indicates that the electron yield for the metastable singly-charged 
ion should be approximately equal to that measured for the doubly-charged ion. 





I. INTRODUCTION 


HE formation by electron impact of metastable 
ions! of the noble gases and the interaction of such 
ions with atomically clean metal surfaces are discussed 
in this paper. During the course of studies?* of Auger- 
type neutralization and de-excitation of ions at metal 
surfaces, it was discovered that the ion beam in some 
instances contained a measurable fraction of ions in 
metastable excited states. These ions are produced by 
electron impact and are detected by their greater 
ability, with respect to unexcited ions, to eject electrons 
from the metal (Sec. III). The work reported here 
evaluates electron ejection from clean metals as a means 
of detection of metastable ions in other experiments in 
which they play a part (Sec. VIII). 

Metastable ions have been observed in this work in 
argon, krypton, and xenon. Metastable states of suf- 
ficient lifetime do not exist in Net. The failure to 
observe ions in the 2 2.512. state of Het is connected with 
the magnitudes both of the cross section for formation 
of the excited ion and the electron yield when this ion 
is neutralized and de-excited at a metal surface, relative 
to these quantities for the unexcited ion (Sec. VIII). 

It has been shown (Sec. V) that the metastable ions 
are formed in a primary process involving a single 
electron impact with a noble gas atom. The dependence 
of cross section on electron energy can be derived from 
the data and the magnitude of the cross section deter- 
mined if the cross section for formation of the unexcited 
ions and the electron yield for metastable ions at the 
metal surface are known (Secs. IV and VII). Con- 
sideration of the processes by which a metastable 
singly-charged ion and a normal doubly-charged ion 
each releases electrons from a metal leads one to the 


1In this paper the term metastable ion is used to designate an 
ion which is in a metastable excited state. The term has also been 
applied to complex ions which fall apart into one or more atomic 
or molecular fragments during their flight through the apparatus. 
See Hipple, Fox, and Condon, Phys. Rev. 69, 347 (1946); J. A. 
Hipple, Phys. Rev. 71, 594 (1947); J. Phys. & Colloid Chem. 52, 
456 (1948). 

2H. D. Hagstrum, Phys. Rev. 96, 325 (1954). 

3H, D, Hagstrum, Phys. Rev. 96, 336 (1954). 


conclusion that the electron yields for these particles 
are very nearly equal (Sec. VI). 

It is evident that one cannot produce a beam of ions 
consisting of one type merely by m/e analysis of the 
beam, or, in lieu of that, by operation of the electron 
beam in the ion source at an energy just below the 
second ionization energy.‘ In either case it is necessary 
to keep the bombarding electron energy below the 
threshold for the formation of the metastable ions. 
Since this was not done in the work published for 
tungsten,” some correction is necessary. In the accom- 
panying paper,’ data are published for Auger ejection 
of electrons from tungsten which are free from the 
effects of metastable ions. 


II. NATURE OF EXPERIMENT AND APPARATUS 


The experimental study of the ejection of electrons 
from metals by ions has been carried out in apparatus 
which may be schematically represented as shown in 
Fig. 1.4 Here the ions are formed by electron impact in 
the parent gas in a magnetically collimated electron 
beam which passes through the apparatus at right angles 
to the initial direction of the ion beam (see ‘“‘source end” 
in Fig. 1). In each instrument the ion beam is finally 
focussed on a ribbon target situated in the center of a 
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Fic. 1. Schematic representation of the apparatus used. 
See text in Sec. IT. 


4See discussion of instruments I or II, and III in H. D. 
Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 

5H. D, Hagstrum, Phys. Rev, 103, 317 (1956), following 
paper, 
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spherical electron collector (see “target end” in Fig. 1). 
Between the source and target ends of the apparatus 
are lenses for focus and energy control of the ion beam. 
In one type of apparatus a mass analyzer is included and 
in another it is not. In the present work data have been 
taken with both types of instrument. The apparatus 
having a mass analyzer is instrument II of reference 4; 
that not having a mass analyzer is a newer instrument 
like instrument ITI of reference 4. This newer apparatus 
(instrument V) will not be discussed in detail here as it 
is planned to discuss it in a subsequent publication. 
There are two basic measurements made in the study 
of Auger ejection processes. One is the measurement of 
electron yield (7,1) in electrons per incident singly- 
charged ion as it depends upon the type of ion, its 
kinetic energy at the target surface, and the state of 
cleanliness of the target surface. The second measure- 
ment is that of the energy distribution of ejected 
electrons, No(£,), as a function of the same parameters. 
The first measurement is made with the ejected 
electrons accelerated slightly from target to collector 
(V sr being 2 volts negative), the second by retarding 
potentials between collector and target (V sr positive). 
In the author’s previous work, these measurements 
were made with the electron energy in the ion source 
just below the second ionization energy of the gas when 
an instrument without m/e analysis was used, and at 
any convenient energy when the ion beam was mass- 
analyzed. In the present work, the dependence of 1 
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Fic. 2. Observed electron yields for A+, Kr*+, and Xet ion 
beams of 100-ev energy incident on atomically clean molybdenum 
plotted as functions of bombarding electron energy in the ion 
source. First and second ionization energies (Ej, and Ej, respec- 
tively) are indicated. The arrows above each curve indicate the 
thresholds for formation of metastable ions (see Table I). The 
instrument used provided m/e analysis of the ion beam. 
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and No(Z,) on bombarding electron energy in the ion 
source is also studied. 

The bombarding electron beam in the source is 
obtained thermionically from a filament (A in Fig. 1) 
and is accelerated through slits in electrodes B and C 
into the ionization chamber inside the electrode D. 
Electrodes C, D, and E are at the same potential. The 
total acceleration of the beam is thus given by the 
voltage, Vac, between electrodes A and C, electrode B 
being placed at that intermediate potential which 
results in greatest beam intensity. 

The experiment was conducted under the same con- 
ditions of vacuum, gas purity, and target cleanliness 
as the most recent of the author’s previous work.? With 
liquid nitrogen on the traps, the background pressure 
was of the order of 3X 10—"° mm Hg; with solid CO2 and 
acetone on the traps (when A, Kr, and Xe were studied) 
the pressure was near 8X10-* mm Hg. Monolayer 
adsorption time, using the target as adsorber, was 
monitored throughout the experiment. Measurements 
of yield were always made within 60 seconds after the 
target heating current was shut off after a flash. It has 
been demonstrated by the observation of the variation 
of yi versus time after flash that the target was clean 
to within a few percent of a monolayer when measure- 
ments reported here were made.” 
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Fic. 3. Observed electron yields for A*, Kr*+, and Xe* ion 
beams of 40-ev energy incident on atomically clean tungsten 
plotted as functions of bombarding electron energy in the ion 
source. The arrows above each curve indicate the thresholds for 
formation of metastable ions (see Table I). As the instrument used 
for these measurements did not provide m/e analysis, there is a 
small admixture of doubly-charged ions in the beam at energies 
greater than E;2. The two sets of data shown for Xe*+ were taken 
at pressures in the ion source differing by a factor of 28. 
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Fic. 4. Energy distri- 
bution functions of 
electrons ejected from 
molybdenum by a beam 
of singly-charged xenon 
ions. (a) No(Ex) for a 
bombarding __ electron 
energy (Vac) of 35 ev 
near the maximum of 
the yobs curve for Xe* of 
Fig. 2. This distribution 
includes electrons ejec- 
ted by the metastable 


Ww 








3 








Ww 


ion Xe*™ as well as the 
normal ion Xe*. (b) 


No(Ex) for bombarding 
electron energy of 22 ev, 
that is, just below the 
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As the bombarding electron energy is reduced toward 
the first ionization energy, Ej, the intensity of the ion 
beam is reduced by virtue of the diminishing ionization 
cross section and eventually becomes too low for ac- 
curate measurement. For this reason, the data given 
here are all for values of Vac>Ej1+5 volts. 


Ill. DETECTION OF THE METASTABLE IONS 


Before describing the method of detecting the 
metastable ions, it is instructive to consider what one 
would expect if they were mot present. Since both 
electron yield, y,:, and the energy distribution, No(E;), 
are quantities defined per incident ion, one would 
expect each to be independent of the means of formation 
of the ion beam and its intensity. In particular, y;1 and 
No would be expected to be independent of Vac at 
energies sufficiently above E;, to produce a beam of 
manageable intensity. With m/e analysis this should 
extend to any energy, without such analysis to the 
second ionization energy, Ee. 

The presence of the metastable ions in the ion beam 
is most strikingly seen in a plot of observed electron 
yield yovs as a function of the energy of the bombarding 
electrons in the ion source. Figures 2 and 3 are plots of 
such data for each of the singly-charged ions of argon, 
krypton, and xenon incident on clean molybdenum and 
tungsten, respectively. Here ors is seen not to be 
independent of electron energy in the source as one 
would expect if only normal ions were present. Yobs is 
constant only up to those energies above which meta- 
stable ions can be formed, above which yobs increases 
with bombarding electron energy, passes through a 
broad maximum, and then decreases. As we shall see, 
this can only result from a change in the composition 


E, IN ev 


of the beam above the threshold (Sec. IV). Below the 
threshold, yobs must equal 7,1. 

If one looks at the energy distribution of ejected 
electrons as a function of bombarding electron energy, 
one sees a picture consistent with the variation of Yobs. 
In Fig. 4, typical Vo(£;,) functions for Xet+ on molyb- 
denum are plotted for two values of bombarding elec- 
tron energy, Vac. In Fig. 4(a) is shown No(E,) for 
Vac=35 volts, that is, near the maximum deviation of 
Yovs from yi1. The No(#,) function has a tail at the high- 
energy end which extends considerably beyond the 
approximate upper limit E;1—2¢ (¢ is the work func- 
tion of the metal) for electrons ejected in the process 
of Auger neutralization.® This tail is never greater than 
4 to 5% of the maximum of the No(£,) distribution. 
Earlier measurements were not taken at sufficiently 
small increments of V sr nor were they extended far 
enough beyond £;—2g¢ to establish the effect con- 
clusively. In Fig. 4(b) is shown No(E,) for Vac=22 
volts, that is, just below the threshold for formation of 
the metastable ions. Here we see that the tail has 
disappeared and that the distribution function is “well 
behaved” in the sense that it is what one should expect 
for simple Auger neutralization of the normal ion.® 
This behavior of No(E;,) is further evidence that yobs 
for Vac less than the metastable threshold is equal to 
yi and that above the threshold another beam con- 
stituent capable of ejecting more and faster electrons 
from the target has appeared. In Fig. 2(c) the difference 
between the distributions of Fig. 2(a) and Fig. 2(b) are 
plotted. The significance of this distribution is discussed 
further in Sec. VI. 

* The reader is referred to reference 3 for a discussion of the 


Auger processes for unexcited, singly-charged ions incident on 
clean metal surfaces. 
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TABLE I. Energy levels in the noble gases.* 








He 





Ne 


A 








Ground state of atom 1S; 0 1S9; 


Ground state of singly-charged ion 2Sim; 24.58 


Metastable states of ion 2S12; 65.38 


Ground state of doubly-charged ion 78.98 3P,; 


0 


*P3/2°; 21.56 


1$0; 0 

2P 372°; 15.76 
*D12; 32.16 
4Fy/0; 33.38 


§Fy2; 33.45 
2F rj; 34.25 


1$9; 0 
2P 372°; 14.00 


4D 7/2; 28.90 
4F 5/2; 29.62 
§Frj2; 29.86 
2F ry; 30.32 


1S9; 0 
2P 172°; 12.13 


{Dr2; 23.96 
4F 3/2; 24.38 
‘Fy; 24.45 
2F 19; 26.37 


62.63 °P,; 43.38 5P,; 38.56 *P,; 33.34 








* Energies are given in electron volts. Data taken from C. E. Moore, Atomic Energy Levels, National Bureau of Standards, Circular No. 467 (U. S. 
Government Printing Office, Washington, D. C., 1949), Vol. I (He, Ne, A); Vol. II (1952) (Kr); H. H. Landolt and R. Bornstein, Tables (Springer-Verlag, 


Berlin, 1950), Vol. 1, Part 1 (Xe). 


At, Krt, and Xet each possess four metastable 
states, *Dzj2, 4Fs/2, *F 72, *F 72 (see Table I). These 
states are metastable with respect to the ground state 
of the ion (?P3/2° for A+ and Krt, *Py2° for Xe+) by 
virtue of the selection rule on AJ, and with respect to 
all lower lying excited states by virtue of Laporte’s 
rule. Quadrupole and magnetic dipole radiations have 
transition probabilities in the range 1 to 10~ sec” 
compared to 10® to 10® sec for dipole radiation.’ 
Unless multiple quantum transitions are important, the 
metastable states in A+, Kr+, and Xe* should thus have 
lifetimes greater than 1 sec. The longest transit time 
through the experimental apparatus used here is about 
30 psec. 

In Ne* there are no metastable states like those in 
the heavier noble gas ions. The *P—?P° intercombi- 
nation lines near 21 900 cm™ are of intensity } to } that 
of the most intense line of the Ne 1 spectrum reported 
by Boyce.® We note in Fig. 5 that no deviation of obs 
from a constant value (7,1) is observed for Ne+. Neither 
is any such deviation observed for Het+ even though a 
metastable state (2 S12) does exist in Het. As has been 
said, failure to observe this state results (1) because the 
metastable ion in helium is formed with somewhat lower 
probability than are metastable ions in the heavier noble 
gases, and (2) because the electron yield for the meta- 
stable ion Het relative to that for the normal ion Het 
is smaller than is this ratio for the heavier ions. Further 
discussion of these points and numerical estimates are 
given in Sec. VIII. The estimates of Novick, Lipworth, 
and Yergin® indicate that the lifetime of He+™(2 21/2) 
is sufficiently long for the present experiment and 
cannot account for the failure to observe the metastable 


™See E. U. Condon and G. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1935). Quad- 
rupole and magnetic dipole radiations are discussed on page 283 
and lifetimes with respect to dipole radiation are listed in Table 5° 
on page 136. 

8 J. C. Boyce, Phys. Rev. 46, 378 (1934). 

® Novick, Lipworth, and Yergin, Phys. Rev. 100, 1153 (1955). 
Of the times listed in their Table IT, only the natural decay and 
Stark quenching times are of interest here. No stronger Stark 
quenching is expected in the present work than in these Lamb-shift 
experiments. 


ion here.!® In the cases of A+”, Krt+™, and Xet™ it is 
possible that the decay mechanisms involving two 
quanta discussed by Breit and Teller" for Het+™ will 
reduce the metastable lifetime below the values esti- 
mated for quadrupole and magnetic dipole radiation. 
This is unimportant here as it is an experimental fact 
that the metastable ions are sufficiently long-lived to be 
observed in the present experiment. 


IV. RELATION OF THE OBSERVED YIELD (‘Yors) 
TO ION BEAM COMPOSITION 


We discuss now the relation of the observed yield 
(Yobs) to the composition of the beam and to the cross 
section for formation of the metastable ions. We have 
already indicated that, since the beam is composed 
entirely of singly-charged ions, the increase in 7Yobs seen 
in Figs. 2 and 3 can result only from an increase in the 
relative proportion in the beam of a type of singly- 
charged ion which has greater ability than the normal 
ion to release electrons from the target. The only such 
particle is an ion in a metastable excited state. Let us 
denote the fraction of the beam which is thus excited 
as fim. We shall not distinguish the several metastable 
levels in this discussion. If y;, and yim are the total 
electron yields for normal and excited ions, respectively, 
we expect ops to be given by the relation 


Yobs > (1— fim) Vir fim im: (1) 


From (1), assuming no loss of metastability by Stark 
quenching in the ion beam, we obtain the fraction fim, 
which is related to the ratio of the cross sections, thus 


fim=Qim/ (Qi t+Qim) = (Yors—¥i1)/(Yim—Yar). (2) 


Here ();1 is the cross section for formation of the normal 
ion, Qim that for the metastable ion. If, as we expect, 


 R. Novick (private communication) has given the lifetime of 
the 225,/2. state, considering coupling to the P1/2 state and neg- 
lecting that to the P3/2 state, to be 1.4X10-*/E* sec (£ in volts/ 
cm). Use of E near 10 volts/cm gives a lifetime of 100 usec to be 
compared with the maximum transit time through the apparatus 
of 30 ysec. Collision quenching is negligible at the pressures 
obtaining in this experiment. 

1G. Breit and E. Teller, Astrophys. J. 91, 215 (1940). 
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QimK Qi, 
Sim im/ Qi (Yors— ¥i1)/ (Yim—i1)- (3) 


Since (Yim—‘i1) is a constant for any given combination 
of ion and metal target, we expect Qim to be propor- 
tional to the deviation of yous from yi if Qi: may be 
taken as constant over a range of bombarding electron 
energies. (Yobs— 7:1) in Figs. 2 and 3 does have the form 
expected for a cross section as a function of bombarding 
electron energy. We shall see that the data taken for a 
molybdenum target and a tungsten target give the same 
value of fim. 


V. PRIMARY NATURE OF THE FORMATION 
PROCESS 


It has been possible to demonstrate that the meta- 
stable ions are formed as primary products of a single 
electron impact with the parent noble gas ion. In Fig. 
3 two sets of data for yors vs bombarding electron energy 
are given for Xet+. These were taken at pressures in the 
ionization chamber differing by a factor of 28 as judged 
from pressure measurements in the target chamber of 
the apparatus. Although absolute pressures in the ion 
source cannot be specified accurately, they are approxi- 
mately 2.8X10~* and 1.0X10-° mm Hg for the two 
curves. The fact that (yoos—7i1) is the same in the two 
cases indicates that the process giving rise to the 
metastable ion is unimolecular. 

Yobs for Xet+ on molybdenum was also measured as a 
function of density in the bombarding electron beam. 
The best measure of electron beam density is the ion 
beam intensity at constant pressure since variation of 
filament temperature does not maintain a constant 
density across the beam. In Fig. 6, yobs is plotted against 
ion beam current. Electron beam energy (Vac) was 35 
ev corresponding to the maximum deviation of Yobs 
from yj (Fig. 2). The fact that yors, and thus Qim, is 
independent of electron density in the bombarding beam 
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Fic. 5. Plots of observed electron yield for Het and Ne* ion 
beams of 40-ev energy incident upon atomically clean molybdenum 
as functions of bombarding electron energy in the ion source. 
First and second ionization energies are indicated. The arrow 
above the He* curve indicates the threshold energy for formation 
of He*™(225;) at 65.39 ev, The instrument used provided m/e 
analysis of the ion beam. 
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over nearly two orders of magnitude can only mean that 
the formation of the Xe+™ involves only a single electron 
impact. 


VI. ELECTRON YIELD (yin) FOR THE 
METASTABLE ION 


Equation (2) of Sec. IV relates the fraction fi» of 
metastable ions present in the beam to the three yield 
parameters, Yobs, Yi1, ANd Yim. Yobs is the measured total 
yield for the beam which consists of a mixture of normal 
and metastable ions. y;1 is the yield parameter for 
normal ions only and is obtained as the constant value 
of Yops below the threshold for formation of metastable 
ions. Yim, the yield of electrons ejected per metastable 
ion striking the target, is unobtainable in this experi- 
ment. However, a value for it is needed if fim or Qim is 
to be determined. It is the purpose of this section to 
estimate yim by showing that it should be very nearly 
equal to the measured yield for doubly-charged ions, 
Yi2- 

The argument for the approximate equality of Yim 
and ¥;2 rests upon the proposition that a doubly-charged 
ion, on approaching a metal surface sufficiently slowly, 
will be partially neutralized to an excited state of the 
singly-charged ion before any Auger-type process can 
occur. If such a resonance transition occurs first then 
subsequent Auger-type processes in which electrons are 
released will be very similar to those which would occur 
if the particle incident on the surface were initially a 
metastable singly-charged ion. 

An energy level diagram which depicts the situation 
for xenon and tungsten is shown in Fig. 7. Potential 
energy of a test electron is plotted vertically, the energy 
of a free electron at rest an infinite distance from the 
metal being taken as zero. The metal is shown at the 
left, the stippled region indicating the allowed energy 
band lying between the energies —¢ and —e. The 
atomic particle lies at a distance s from the metal 
surface. The energy levels for the xenon particle are 
those of an electron moving about the doubly-charged 
Xe** ion core. These are thus the ground and excited 
levels of Xe+. The two lowest lying excited levels are 
shown as dashed lines, the ground state and the four 
metastable levels as full lines. In the stippled region 


9 
w 
°o 





R ION 


Yoss 'N 
° 
nN 
w 


ELECTRONS P 























| 
+ 
| 
| 
| 
| 


9 
ty 





6 810 20 40 
x1o7'! 


0.2 04 06 1 2 4 
1ON BEAM CURRENT IN AMPERES 


Fic. 6. Variation of yor. as a function of electron beam intensity. 
The plot is made against ion beam current as the best measure of 
bombarding electron beam intensity. The curve was taken at an 
electron beam energy of 35 ev (Vac) at which (Yote—vi) is 
maximum _(Fig. 2). 
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Fic. 7. Energy level diagram indicating resonance transitions of 
electrons which can occur between the metal tungsten and the 
singly-charged ion Xe*. Resonance transitions which neutralize 
Xe** to Xe** can occur at energy levels between a and b. Reso- 
nance transitions which ionize Xe** can occur only at levels above 
b. Metastable levels are indicated by full lines, lowest excited 
levels by dashed lines, and the region of excited levels in Xe* by 
stippling. The conduction band in tungsten is also indicated by 
stippling. Energy level shifts when the ion is near the metal surface 
have been neglected in drawing this diagram. 


there is a rather high density of excited, nonmetastable 
levels. 

If the particle approaching the metal surface is Xe**, 
none of the levels of Xe* in Fig. 7 are filled. The propo- 
sition stated above then says that the first electronic 
process to occur as Xe** approaches the surface is a 
resonance tunneling from the filled band in the metal 
into an excited level in the atomic ion. Such transitions 
can occur for energies lying between the levels a and b 
indicated in the figure. The excited electron in the 
singly-charged ion thus formed may fill one of the 
metastable levels but is more likely to occupy one of 
the higher excited levels to which the tunneling process 
is more probable. However, the energy level of the 
excited ion, Xe++, can differ from that of a metastable 
ion, Xe+™, by no more than about 4 volts out of a total 
excitation energy of about 12 volts above the ground 
state of the singly-charged ion for xenon (Table I). 

Auger-type processes take place closer to the metal 
surface than the resonance tunneling and involve de- 
excitation and neutralization which take the particle 
Xe** to the ground state of the parent atom, Xe. Since 
these processes for the excited ion, Xe**, formed from 
Xe*+ by resonance tunneling should be the same as 
those occurring if the particle were initially a metastable 
ion, Xe*™, we conclude that yin=yi2. Even though the 
specific nature of these processes is immaterial to the 
present argument, it can be stated that in all probability 
they consist of Auger de-excitation of Xe** to Xe* 
followed by Auger neutralization of Xe* to Xe. Further 


discussion of these matters will be included in a paper 
on Auger ejection from molybdenum to be published 
soon. 

We conclude that the probability of a resonance 
transition is greater at a given distance from the metal 
than that of an Auger-type process for the doubly- 
charged ion because this appears strongly to be the case 
for singly-charged ions. As discussed in Sec. XI of 
reference 3, both theory and experiment bear out the 
conclusion that resonance transitions from the metal 
into excited states of the neutral atom or from such 
states into the metal to produce the singly-charged ion 
are more probable than are the Auger-type processes 
when the atomic particle is at a given distance from the 
metal surface. 

Confirmation of the picture presented above is ob- 
tained by comparing the energy distributions, No(Z:), 
of electrons ejected by Xe+™ and by Xe**. The first of 
these is obtained as the difference between Ny functions 
measured with and without metastable ions present in 
the beam. This difference function for Xe+™ on molyb- 
denum is plotted in Fig. 4(c) and as the curve labeled 
(Xe+™~+Xer?) in Fig. 8. Since each particle in the beam 
is a singly-charged ion which is thought to be finally 
neutralized in the process of Auger neutralization taking 
Xet to Xe, the difference function should give the 
energy distribution of only those electrons released in 
the de-excitation of the metastable ion to the ground 
state of the singly-charged ion. The corresponding 
function for Xe+*, representing the electrons released 
when Xet+* goes to Xe*, is obtained as the measured 
No function for Xe*+* ions minus that for Xet ions, 
This second difference function is plotted as the curve 
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Fic. 8. Energy distribution functions for electrons ejected from 
molybdenum in the various stages involved in the neutralization 
and de-excitation of the metastable ion and the doubly-charged 
ion of xenon. The curve labeled Xe+—>Xe is that measured for 
Xe* ions and corresponds to the final stage for each of the above 
processes. The curve labeled (Xe*"—Xet) is the curve of Fig. 
2(c) normalized to the same area as the (Xe++—>Xet) curve. The 
curve labeled (Xe++—>Xe*) is the No distribution measured for 
Xe*+ ions minus the (Xet—>Xe) curve. 
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labeled (Xe++—Xet) in Fig. 8. For comparison the 
No function for Xet, labeled (Xet—>Xe), is also shown. 
The (Xe+™—Xet) curve has been normalized to the 
same area as that under the (Xe+*+—Xe*) curve. 

We note that the curves for (Xe++—Xet) and 
(Xe+™—>Xet) in Fig. 8 are quite similar, indicating that 
similar Auger processes are involved. This lends support 
to the view that in each case the electrons are ejected in 
an Auger process which de-excites an excited ion to the 
ground state of the ion. 

The maximum kinetic energy of electrons ejected by 
Auger de-excitation of the lowest Xe*™ level should be 
very close to the value Emn—g. For Xe+ and molyb- 
denum, Esm—g=11.83—4.27=7.56 ev. This value 
should be reduced only very little if the van der Waals’ 
forces are taken into account and increased by about 2 
ev by virtue of energy level shifts and the Heisenberg 
principle. We note that the upper limit of the Xet™ 
curve in Fig. 8 does lie somewhat above the value of 
Em— ¢. We also note that there are faster electrons in 
the distribution for Xe+*+ in Fig. 8 than in that for 
Xe+™. This is perhaps evidence that a least some of the 
electrons from the metal which partially neutralize the 
arriving Xe*++ ions, tunnel into excited levels which are 
higher than the metastable levels. E.— ¢ for the highest 
possible excited level is equal to Eizg—Ey—2¢, which 
for Xe and molybdenum is 21.08—8.54= 12.54 ev. 

Finally, the reasonableness of the contention that 
Yim i2 is shown by a calculation based on the theory 
of Auger de-excitation previously published.* One can 
calculate a value for the electron yield (yim—~yi1) 
resulting from Auger de-excitation of the xenon meta- 
stable ion to the normal ion. This yields (yim—vyi1) 
=(.22, which may be compared with the experimental 
values for (yi2—7i1) of 0.21 for tungsten and 0.23 for 
molybdenum (Table II). The theoretical value may be 
expected to be quite accurate because the electron 
energy distribution for the process Xet™—Xet lies in 
the same energy range as that for the process Het+—He 
to the data for which the theory was originally fitted. 


TABLE II. Comparison of various yield parameters for 
tungsten and molybdenum targets (40 ev ions). 








A Kr Xe 


0.049 0.013 
0.065 0.021 


0.30 0.22 
0.34 0.25 


0.004 
0.004 





W 0.095 
Mo 0.118 


WwW 0.40 
Mo 0.41 


WwW 0.005 
Mo 0.005 


0.004 


Yobe— Vi” 0.005 








® These data are taken from published work on tungsten, references 2 
and 5, and from work soon to be published for molybdenum. 

> This quantity is a function of bombarding electron energy and is given 
here for Vac =Eiz from Figs. 2 and 3. 
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Fic. 9. Plots of fraction fim=Qim/Qj: as a function of bom- 
barding electron energy determined from the measured curves of 
Figs. 2 and 3 as described in the text. 


VII. CROSS SECTION FOR FORMATION OF 
METASTABLE IONS BY ELECTRON IMPACT 


If we now take yim=yYi2, we are in a position to 
calculate fim by Eq. (2) of Sec. IV. In order to determine 
the absolute magnitude of Qin, however, we must know 
both yim and Qj. Since Qj: has been determined only 
for At of the gases A, Kr, and Xe, we shall leave the 
cross-sectional data here in the form of fim. The yi2 
values used are listed in Table II. Curves of fim vs bom- 
barding electron energy, determined from the obs 
curves of Figs. 2 and 3, are plotted in Fig. 9. Very little 
difference was found between the data taken for molyb- 
denum and tungsten. Note the equality of Asts—Ai 
values for tungsten and molybdenum listed in Table II. 
This is as it should be for, although fim is expressible in 
terms of electron yields from a specific metal surface, 
the value of fim must be independent of the surface 
used. 

We note that fim near its maximum is about 2% for 
each of the three gases. For A, this can be translated 
into a value for Qim since Qj: has been measured. Data 
on Qj: are summarized by Massey and Burhop.” The 
cross-sectional data are obtained by combining the 
measurements of Bleakney® with those of Smith." 
Bleakney’s data on At show that Q,: has a maximum 
at 50-ev electron energy. At 30 ev, Qj: is down only to 
70%, and at 70 ev to 95% of its maximum value. Thus 
Qi: for argon is quite constant over the electron energy 
range for which fim is plotted in Fig. 9. If we take Qu 
to be constant over the range of Fig. 9 at its maximum 
value of 3.2 10~'* cm’, we find for argon 


Qim(A) = 3.2 10 finn. (4) 


It is of interest to note from Fig. 9 that the form of 
the cross section as a function of electron energy 
presents a broader maximum for a process of simul- 
taneous excitation and ionization than is found for the 


22H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
cmeee Phenomena (Clarendon Press, Oxford, 1952), Table I on 
p. 

4 W. Bleakney, Phys. Rev. 36, 1303 (1930). 

“4 P, T. Smith, Phys. Rev. 36, 1293 (1930). 
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TABLE III. Figure of merit for detection of metastable ions 
by Auger ejection in the presence of normal ions. 








Atm 
2.42 


He*™ 


1.62 


Ion 





(Yim— a1) /Ya1 * 4.25 








* It has been assumed that yim =7yi2, and the measured yiz and yi values 
from the molybdenum work to be published elsewhere have been used. 


process of excitation alone.'® The curves observed here 
are sharper, however, than the excitation and ionization 
function obtained for He*+™(22Sy2) by Novick, Lip- 
worth, and Yergin® (their Fig. 15). 

Lamb and Skinner'® have estimated by the so-called 
sudden approximation method the cross-section Qim for 
the 2*S12 state of Het. They obtain the ratio of Qim 
to Oy: of 0.01 [their equation (32) ]. It is interesting that 
this is close to the 0.02 figure obtained in this work for 
the same ratio in A, Kr, and Xe. It must be remembered, 
however, that fim=0.02 includes population of the 
metastable levels by transitions from higher lying 
nonmetastable states. Thus it should be larger than a 
value representing only transitions directly from the 
ground state to the metastable levels. Lamb and Skinner 
have also estimated Qj2/Qi: by the same methods and 
obtain a ratio of 0.011 to be compared with Bleakney 
and Smith’s'? measured value of 0.005. Although this is 
excellent agreement, it may indicate that the theoretical 
estimate of Qim/Q,1 is somewhat high. This has a bearing 
on the failure to detect He*™ in the present work. These 
matters are discussed further in the next section. 


VIII. AUGER EJECTION AS A MEANS OF 
DETECTING METASTABLE IONS 


We discuss finally the use of Auger ejection as a 
means of detecting metastable ions. The method de- 
pends upon the fact that the metastable ion ejects more 
electrons and of different kinetic energy than those 
ejected by the singly-charged ion. The method as used 
here has the serious disadvantage, however, that there 
is present the “background” of electrons ejected by the 
normal ion. The success of the method depends on the 
ability to detect the change in electron yield caused by 
the appearance of the metastable ion against this 
background. Thus it must depend on the magnitude of 


16 See, for example, the work of R. Dorrestein, Physica 9, 433, 
447 (1942). This and other work on excitation functions are 
summarized in Chap. II of Massey and Burhop." 

16 W. E. Lamb, Jr., and M. Skinner, Phys. Rev. 78, 539 (1950). 
Appendix II. 

17 W. Bleakney and L. G. Smith, Phys. Rev. 49, 402 (1936). 
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the parameter (Yobs—7¥i1)/Yii. From Eq. (2), taking 
Yim=7i2, we obtain 


(Yoos— ¥i1)/Vi1= fim(Yim— Ya Va1- (5) 


As expected, this depends on the fraction of metastable 
ions in the beam and on a factor (yim—~yi1)/yia which 
depends solely on the characteristics of the means of 
detecting the presence of the metastable ions. The 
factor (yim—7Ya1)/ya may thus be taken as a sort of 
figure of merit of the detecting means. Values of 
(Yim—7i)/ya have been calculated for the metastable, 
singly-charged ions of the noble gases taking Yim=7iz. 
These are tabulated in Table III. We note that the 
figure of merit increases toward the heavier noble gases. 
This is principally the result of the reduction of yj1, 
which, in turn, results from the lower values for Ej. 
We may conclude in general that the method of de- 
tecting metastable ions by Auger ejection is more 
successful the smaller 7,1, that is, the less important the 
ejection of electrons by the normal ion becomes. A 
metastable ion is detectable if (yors—vi1)/yin is greater 
than the minimum detectable change in observed yield. 
In the present work, this is of the order of 2%. In the 
case of argon (see Figs. 2 and 3), a 5% change in Yobs 
is readily detectable. 

We are now in a position to say why the He*™(2 ?S1/2) 
ion was not observed in the present work. Using Lamb 
and Skinner’s cross-section ratio Qim/Qi discussed in 
the last section, we calculate from Eqs. (3) and (5), 
using the figure of merit given for He in Table ITI, that 


=0.016. (6) 


(Yobs ot va) 
Ya 


ae 25)) 


This is just about at the limit of sensitivity of the 
method. In any event, the failure to observe 
Het™(2 S12) in the present experiment may be used 
to set an upper limit on Qj/Qia for this state in Het 
of about 0.01, the value estimated by Lamb and 
Skinner. 
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Auger Ejection of Electrons from Tungsten by Noble Gas Ions 
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Previously published data on Auger ejection from tungsten include the effect of a two percent admixture 
of metastable ions in the ion beam for A, Kr, and Xe. Data on yield and kinetic energy distribution of 
electrons ejected by the normal singly-charged ion only are presented in this paper. 
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OB results of a study of electron ejection from 
atomically clean tungsten have already been TUNGSTEN 
published.'? During the course of this publication it dha arte 
was found that the ion beam in the case of At, Krt, 
and Xe* contained a very small fraction (about 2%) of 
ions which were excited in metastable states. The 
detection of these ions and related problems are dis- 
cussed extensively in the accompanying paper.’ It is 
the purpose here merely to present data on tungsten 
which have been obtained with an ion beam which is 
entirely in the ground state. These data include electron 
yield (y;) as a function of ion kinetic energy (Fig. 1), 
and energy distributions of the ejected electrons (Figs. 
2 and 3). Figures 1 and 3 replace Figs. 4 and 7 of 
reference 1, respectively. The differences between these 
figures occur only in the data for A, Kr, and Xe and are 
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Fic, 2. Energy distribution functions for electrons ejected from 
atomically clean tungsten by singly-charged ions of 10-ev incident 
kinetic energy, all of which are in the ground state. The vertical 
lines on the abscissa scale indicate the energies E;—2¢. 
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Fic. 1. Total electron yield versus ion kinetic energy for singly- 
charged ions of the noble gases incident on atomically clean 
tungsten. Ions are all in the ground state. ELECTRON ENERGY, E,(€7), IN ev 





1H. D. Hagstrum, Phys. Rev. 96, 325 (1954). Fic. 3. Energy distribution functions for electrons ejected from 
2H. D. Hagstrum, Phys. Rev. 96, 336 (1954). : tungsten by 40-ev noble gas ions, all of which are unexcited. 
?H. D. Hagstrum, Phys. Rev. 103, 309 (1956), preceding paper. Vertical lines on the abscissa scale indicate the energies E;—2y, 
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small. Data were also taken for 10-ev ions, and these 
are shown in Fig. 2. Comparison of Figs. 2 and 3 shows 
clearly the anomalous behavior of Ne*+. At the lowest 
ion energies Ne+ is Auger-neutralized and the upper 
energy limit of the No function is approximately 
E;—2¢ as for the other ions. As ion energy increases, 
a portion of the Ne* ions are resonance-neutralized 
and de-excited in a process of Auger de-excitation 


PHYSICAL REVIEW VOLUME 


104, 


HOMER D. HAGSTRUM 


which has a higher yield (Fig. 1) and a larger kinetic 
energy maximum. Thus, for 40-ev ions (Fig. 3), the 
E;—2¢ limit is clearly violated in the case of neon. 
These and related matters have already been discussed 
extensively in Sec. XI of reference 2. 

The data presented here were taken under the same 
conditions of gas purity, vacuum conditions, and 
surface cleanliness of the target as in the previous work.! 
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Magnetic Susceptibility of eaMnSt 
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The magnetic susceptibility of a powder sample of aMnS was measured from 90°K to 800°K by an 
absolute Gouy method. The Néel temperature was found to be 154°K. There was no evidence of thermal 
hysteresis and the susceptibility was independent of field strength over a range of fields between 2000 and 
3000 oersteds. Two sets of Weiss-Curie constants fitted the data above the Néel temperature. Between the 
Néel temperature and 300°K, values of @=490°K and Cy =4.40 were calculated. Above 400°K, the respec- 
tive values were 380°K and 3.90. It is suggested that the persistence of short-range ordering effects to 
temperatures well above the Néel temperature affects the value of these constants and that the values 


above 400°K are probably more representative. 


INTRODUCTION 


HE magnetic properties of aMnS (manganous 
sulfide, green, NaCl structure) have been studied 
by several investigators. Mehmed and Haraldsen' de- 
termined the susceptibility at several fixed temperatures 
between 90°K and 478°K. Bhatnagar® made a similar 
study between room temperature and 510°K. Squire* 
established that aMnS was antiferromagnetic with a 
Néel temperature of about 145°K. A subsequent investi- 
gation by Bizette* indicated a Néel temperature of 
165°K. Anderson’ observed two anomalies in the specific 
heat, one at 139°K and the other at 145°K, which have 
been correlated with the antiferromagnetic transition. 
Serres* measured the susceptibility from room tempera- 
ture to 773°K. 

For an antiferromagnetic substance the relationship, 
xu=Cwu/(T+6), where 6>0, describes the molar sus- 
ceptibility above the Néel temperature; so, from the 
data in this temperature region, it is possible to calcu- 
late the values of @ and Cy. Values obtained by the 
various investigators are given in Table I. Other 
members of the manganese chalkogenide series have 


t Supported in part by a Frederick Gardner Cottrell grant from 
The Research Corporation. 

* Now at Trinity College, Hartford, Connecticut. 

1 F, Mehmed and H. Haraldsen, Z. anorg. u. allgem. Chem. 235, 
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2S. S. Bhatnagar, J. Indian Chem. Soc. 16, 313 (1939). 

3C. F. Squire, Phys. Rev. 56, 922 (1939). 

*H. Bizette, Ann. phys. (12), 1, 295 (1946). 

5 C. T. Anderson, J. Am. Chem. Soc. 53, 476 (1931). 
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been investigated and found to be antiferromagnetic. 
MnSe and MnTe are somewhat unusual in that they 
show some thermal hysteresis effects in the vicinity of 
the Néel temperature.”~* In addition, field-dependent 
effects have been observed with MnSe.*: So far, no 
such unorthodox behavior has been noted in the case 
of MnS. 

The purpose of this investigation was to make sus- 
ceptibility measurements on a sample of MnS of known 
composition by an absolute method at several field 
strengths and over a wide enough temperature range to 
permit location of the Néel temperature and calcula- 


TABLE I. Comparison of data obtained by different 
investigators for aMnS. 








Néel tem- 
perature 
(°K) 


Tempera- 
’ ture range 
Investigator (°K) 6(°K) Cu 





Mehmed and Haraldsen* 90-477 
Serres 293-773 
Bhatnagare 307-510 
Bizetted 90-300 
Squire® 90-300 
Banewicz and Lindsay 90-400 

400-800 


165 
145 
154 








® See reference 1. 
> See reference 6. 
© See reference 2. 
4 See reference 4. 
© See reference 3. 


7H. Bizette and B. Tsai, Compt. rend. 212, 75 (1941). 

8 R. Lindsay, Phys. Rev. 84, 569 (1951). 

® Uchida, Kondoh, and Fukuoka, J. Phys. Soc. Japan 11, 27 
(1956). 

10H. Haraldsen and W. Klemm, Z. anorg. u. allgem. Chem. 220, 
183 (1934). 
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tions of the constants @ and Cy. It was also desired to 
investigate the possible existence of any thermal 
hysteresis effects such as are shown by MnSe and 
MnTe. 


EXPERIMENTAL 


The aMnS powder was obtained as a precipitate from 
a solution of manganese chloride when ammonia and 
hydrogen sulfide were added. The pH was controlled at 
9.6 during the reaction. The resulting sulfide was dried 
and then heated in a vacuum to 1000°C to remove 
excess sulfur. The final particle size was estimated to 
be about 10 microns. Chemical analyses of the sample 
were made before and after the susceptibility runs. The 
manganese sulfide prepared by this method seemed to 
have a great affinity for water. It was found that the 
water taken up was driven off slowly starting at tem- 
peratures around 70°C and then more rapidly at tem- 
peratures above 400°C. The starting sample at low 
temperatures contained about 3% water. During the 
high-temperature measurements, this water was given 
up slowly. From the observed loss in weight of the 
sample and the analysis of the starting material, cor- 
rections to the susceptibility were made. The composi- 
tion of the dried sample with respect to manganese 
and sulfur was 63.19% and 35.79% respectively as 
compared to the theoretical percentages of 63.15 and 
35.85. 

The manganese content of the sample was obtained 
by determining the weight of manganese sulfate formed 
by treating the sample with excess sulfuric acid and 
then heating to constant weight at about 475°C." The 
sulfur content was obtained by oxidizing the sulfide to 
sulfate by fusion with sodium carbonate and potassium 
nitrate and then determining the sulfate by precipita- 
tion as barium sulfate. 

The magnetic susceptibility measurements were made 
by an absolute Gouy method” with the sample suspen- 
sion and balance enclosed so that the atmosphere 
within could be controlled. An analytical balance was 
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Fic. 1. The susceptibility of aMnS in the vicinity 
of the Néel temperature. 
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Fic. 2. The susceptibility of aMnS as a function of tempera- 
ture. Points shown are averages obtained at two or more field 
strengths. 


converted into an electrodynamic balance by replacing 
one balance pan with a solenoid. The solenoid inter- 
acted with a permanent Alnico cylindrical bar magnet 
fixed to the base of the balance case. The body force 
was determined by measuring the current in the solenoid 
required to maintain the system in balance. It was 
possible to add and subtract calibrated weights to and 
from the balance by means of a special attachment to 
the balance case and thus to obtain current vs force 
calibrations during the runs without disturbing the 
sealed system. With this arrangement we could detect 
changes in body force of +0.03 mg. Measurements of 
the mass of the sample, the length of the sample, and 
the magnetic field strengths provided the necessary 
additional data from which to calculate an absolute 
value for the magnetic susceptibility. Corrections were 
made for the diamagnetic susceptibility of the quartz 
tube which contained the sample. 

For temperatures below room temperature, the 
sample was suspended within a double-walled silvered 
Pyrex glass tube which was attached to the main 
balance case by a vacuum-tight seal. The space between 
the double walls was connected to another vacuum 
system. By injecting liquid nitrogen into a Dewar flask 
surrounding the double-walled tube and then regulating 
the inner vacuum, it was possible to obtain good tem- 
perature control. Temperatures were measured by two 
copper constantan thermocouples located at the ex- 
tremities of the sample. Thermal equilibrium within 
the system was insured by maintaining a pressure of 
about one-half atmosphere of helium gas in the main 
balance enclosure. 

For the high-temperature measurements, the sample 
was surrounded by a quartz tube. A bifilar winding of 
No. 22 Nichrome wire was used as the heating element. 
Temperatures were measured with a chromel alumel 
thermocouple. 


RESULTS 


The data obtained are shown in Figs. 1 and 2 and 
Table II. In Fig. 1, the points shown are those obtained 
both on heating and cooling and at three field strengths. 
We conclude there is no apparent thermal hysteresis 
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TABLE II. Values of x and 1/x used to calculate 6 and Cy. 








T°K 1/xM 
206 
222 
232 


xm X10 


6360 
6228 
6125 
5957 
5596 
5328 
5027 
4779 
4502 
4037 
3749 
3466 
3205 





160.6 
163.3 
167.9 
178.7 
187.7 
198.9 
209.2 
222.1 
247.7 
266.7 
288.5 
312.0 








and no detectable dependence of susceptibility on field 
strength within the limit of experimental precision. 
The break in the susceptibility curve occurs fairly 
sharply at 154°K, and we feel this represents the tem- 
perature at which the effective antiferromagnetic order- 
ing occurs. In Fig. 2, the x vs T relationship for the 
entire temperature range is shown. No apparent de- 
pendence on field strength was noted. In Table IT are 
tabulated the values of x from which the constants @ 
and Cy were calculated. In determining xy, account 
was taken of the intrinsic diamagnetic susceptibility of 
the anion and cation. Values of 38X10~* and 20X 10-° 
per gram ion for S~ and Mn** respectively were 
used." In calculating 6 and Cy, it was found that 
two sets of constants appeared to fit the experimental 
data. In the range from the Néel temperature up to 
400°K, values of €2=490°K and Cy=4.40 were found, 
whereas for temperatures above 400°K the values were 
6=380°K and Cy=3.90. These values are included in 
Table I along with similar results by other investigators 
listed for comparison. 


DISCUSSION 


The results of the low-temperature investigations 
indicate that aMnS does not display the unorthodox 
thermal hysteresis behavior of MnSe and MnTe. There 
is no detectable field-dependent susceptibility in the 
range 2000 to 3000 oersteds. Another point of interest 
is the comparison of these results with those obtained 
by others. The apparent Néel temperature is satisfying 
in that it falls between the two previously reported 
values. The susceptibility peak shows no anomalies 
corresponding to the double hump in the specific heat 


13 W. Klemm, Z. anorg. u. allgem. Chem. 244, 377 (1940). 
4 W. R. Angus, Proc. Roy. Soc. (London) A136, 569 (1932). 
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curve. It is seen by reference to Table I that there is 
considerable variation in the values of 6 and Cy ob- 
tained by other investigators. The difference between 
values in the low- and high-temperature range might be 
due to the persistence of short-range ordering effects to 
temperatures considerably above the actual Néel tem- 
perature. Wangsness,'* on the basis of antiferromagnetic 
resonance experiments, has suggested that such a per- 
sistence occurs. It is conceivable that representative 
values of @ and Cy can only be found at the higher tem- 
peratures and that only the data above 400°K should 
be considered for comparison. Unfortunately, even then 
the agreement is not satisfactory. Therefore, even small 
differences in chemical composition might be significant. 
The samples used by Mehmed and Haraldsen and also 
Bhatnagar were reported to be very close to stoichio- 
metric perfection, yet considerable differences exist 
between these data. The number of lattice defects as 
influenced by previous heat treatment might also be a 
factor which has an important bearing on the observed 
magnetic behavior. 

It is also possible that differences in particle size 
might be responsible for the variations in results on 
MnS obtained by various workers. A dependence of 
susceptibility on particle size has already been noted 
for NiO.'* In the region above room temperature there 
seemed to be a tendency for our susceptibility values to 
decrease somewhat (1~%) following prolonged expo- 
sure to high temperatures. It is interesting to speculate 
that this decrease might be due to an enlargement of 
particle size resulting from a partial sintering at the 
higher temperatures. 

It will be noted that the value of the permanent 
magnetic moment, yz, of 5.61 Bohr magnetons obtained 
in the high-temperature region in this work lies some- 
what below the theoretical value of 5.92 corresponding 
to a spin of 5/2 for the Mn** ion. If such a value is 
truly representative, then it indicates that the number 
of unpaired electrons is actually less than 5. Perhaps 
this is due to hybridization which takes place because 
of the partially covalent character of the bond. 
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The presence in a semiconductor of both signs of current carriers makes it possible to disturb the spatial 
distribution of these carriers appreciably without giving rise to electrical space charge. As a result, the inter- 
action of particles with acoustic waves leads to certain effects which, at least at low frequencies, are peculiar 
to semiconductors; these include a (complex) addition to the elastic modulus and the “‘acoustoelectric effect.” 





I. INTRODUCTION 


HE concept of a “deformation potential” has 

proved very fruitful in discussing the motion of 
electrons and holes in a crystal in the presence of 
acoustic deformations of the crystal. Stated in its 
simplest form, which is in fact applicable to low-energy 
electrons and holes whose bands have a “simple” 
structure, the assumption is that such a particle has a 
potential energy V; proportional to the dilatation of 
the crystal: 


Vr=— 6,4, (1) 


where 6, is a constant and A the dilatation. This inter- 
action leads not only to forces exerted on particles by 
acoustic waves, but also in certain cases to radiation of 
acoustic waves by particles. The word “acousto- 
dynamics” has been coined for the description of the 
motion of this field-particle system. 

The theory of the effect of conduction electrons on 
acoustic propagation has been studied by a number of 
people,!~ all of whom, however, directed their attention 
to metals rather than semiconductors. The peculiar 
feature of semiconductors is that, with both signs of 
carriers present, it is possible to produce appreciable 
spatial “bunching” of carriers without concomitant 
space charge. Since the effects to be described here 
depend on such bunching, they would be very much 
smaller for metals at frequencies well below the dielec- 
tric relaxation frequency (as presently attainable ultra- 
sonic frequencies are). 

The “acoustoelectric effect” is a related phenomenon 
which was named and first discussed by Parmenter®; 
the term refers to the appearance of a dc electric current 
when an acoustic wave is passing through a conducting 
medium. Parmenter’s treatment seems deficient in two 
respects. First, he applies a Boltzmann factor to find 
the distribution of electrons among states which are 
not eigenstates of energy. In fact, the situation under 
discussion is not an equilibrium situation but a “steady 
state,’ which has to be treated by a transport equation 
or some equivalent formalism which contains transition 


1A, Akhieser, J. Phys. (U.S.S.R.) 1, 289 (1939). 
2 W. P. Mason, Phys. Rev. 97, 557 (1955). 

3R. W. Morse, Phys. Rev. 97, 1716 (1955). 

4C. Kittel, Acta Metallurgica 3, 295 (1955). 

5 A. B. Pippard, Phil. Mag. 46, 1104 (1955). 
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rates. Second, he uses a one-electron approximation, 
and thus does not consider the space-charge forces 
which strongly resist the bunching of electrons (see 
previous paragraph). This leads him to predict an 
acoustoelectric effect in metals, where it may in fact 
be expected to vanish.* 

In the present paper, we shall treat all phenomena 
classically; moreover, since attainable acoustic wave- 
lengths are much larger than carrier mean free paths 
(and the periods much longer than mean free times), 
we can describe the net particle currents 7 in the usual 
macroscopic way as being composed of a drift term and 
a diffusion term: 


j=D(F/KT—V)n, (2) 


where » is the particle density, F the force applied to 
the particles, KT the termal energy, and D the diffusion 
constant. The single constant D thus incorporates the 
result of solving the appropriate transport equation for 
the rate at which transitions occur. Equation (2), 
together with the equation of continuity, will allow us 
to calculate the redistribution of carriers which takes 
place when an external force field, in the form of an 
acoustic wave, is applied. 

To avoid space-charge difficulties, we shall have to 
consider not only the deformation potential force 
—VV,, but also the force exerted by electric fields 
resulting from the redistribution of charges. Here we 
shall avail ourselves of a good (and common) approxi- 
mation which is valid when the period of the waves is 
much longer than the dielectric relaxation time and 
their wavelength much larger than a Debye length, and 
which states that charge neutrality is maintained 
exactly, the electric fields necessary for this purpose 
being set up automatically and instantaneously. For 
small sinusoidal disturbances we can further state that 
this induced electrostatic potential is proportional to 
the deformation potential of the applied acoustic wave 
(the proportionality constant being in general complex). 

The change in the acoustic propagation properties of 
the medium can be thought of as the continual addition 


* Note added in proof.—A calculation of the acoustoelectric 
effect similar to the one given here has also been made by T, 
Holstein (unpublished). In addition, Van Den Beukel [Appl. 
Sci. Research, B5, 459 (1956)] has calculated the effect, but 
without taking into account the spatial redistribution of 
carriers, 
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to the original wave of a wave which is radiated by the 
redistributed carriers. To solve this problem, we shall 
first formulate the field equations of acoustodynamics, 
ie., the acoustic field equations in the presence of 
sources which are coupled to it by the deformatioa 
potential, Eq. (1). This derivation will be followed by 
a discussion of the carrier bunching which takes place 
in the presence of an acoustic wave. In fact, the problem 
will be generalized somewhat by the inclusion of an 
applied constant longitudinal electric field, since the 
dependence of the results on this applied field are rather 
interesting. We shall next derive the acoustodynamic 
effect on the acoustic propagation properties, and con- 
clude with a brief discussion of the acoustoelectric 
effect. 


II. FIELD EQUATIONS 


We assume that the deformation potential is cor- 
rectly given by Eq. (1), and that the crystal is isotropic. 
Also, in writing the Hamiltonian density of the field 
we shall omit the shear energy. This omission will not 
lead to any difficulty as long as there are no boundaries 
which can couple compressional waves to shear waves, 
and in the problems which we shall solve the boundaries 
will all be perpendicular to the propagation vector of 
the waves. 

In terms of the displacement R, the density of the 
crystal u, and the sound velocity c, it is convenient to 
define 


w=dR/dt, (3) 
Q=.'R, (4) 
=cV-Q. (5) 


w and Q can be regarded as canonically conjugate 
field quantities. The set YW, is what we shall regard as 
the “field strengths”; note that W? and both have 
dimensions of energy density. 

The interaction energy between field and particles 
can now be written 


U1=—Ligqr, (6) 


where #; is the value of @ at the position of the ith 
particle, and gq; is the deformation potential of that 
particle divided by yic. We shall refer to g; as the 
acoustic charge of the particle. If we choose to think of 
the particles as a continuous distribution, U; becomes 
an integral containing the acoustic charge density p. 

The Hamiltonian density for the field which includes 
the interaction is 


H=}34"+30(V-Q)—cpV-Q, (7) 


from which the following field equations for W and & 
can be derived: 


ow /dt=cVb—cVp, 
06/di=cV-®. 


(8a) 
(8b) 
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Equivalently, if we define a new field quantity 
#'=$—p, (9) 
we can introduce a potential II such that 
wW=VI, 
$' = (1/c) dll /dt, (10b) 
VII — (1/c*)d*I1/dP = (1/c)dp/dt. (11) 


With these equations we are in a position to calculate 
the field radiated by an arbitrary acoustic charge 
distribution. 


(10a) 


III. BUNCHING OF CARRIERS IN A 
COMPRESSIONAL WAVE 


We consider a semiconducting body which is trav- 
ersed by a plane compressional wave, 


b=Poe*(e-eh) | 


(12) 


moving in the positive x direction. In addition, a 
longitudinal constant electric field is applied such as to 
give electrons a drift velocity Bc in the positive x 
direction. Let n, p be the concentrations of electrons 
and holes, respectively, and } the ratio of their mobili- 
ties; we can then write for the particle current densities 


i +(= 0 (b+ Py On 
_™ ere Pl nP cy i. 13 
a ; ms , aati Ox (13a) 


+ ()-08 . 
foe —N rac o™ 


Dx dp 
rete 
> ) 


Ox 


where gn, gp are the acoustic charges of an electron and 

a hole, e the electric charges, and y,® is the induced 

electrostatic potential discussed in the introduction. 
The continuity equations take the form 


on Oj, 1 q ® 
—+ +[n— (14 anion |- 
Ot Ox Tf 1+s KT 


dp Ajp 1 sq ® 
44 | pp 14 =) |-o. (14b) 
of Oxf Ff 1+s KT 


(14a) 


where s= 10/ o is the ratio of equilibrium concentrations 
of electrons and holes, r is the lifetime, and g=qn+4qp. 
The last term expresses the first-order change in equi- 
librium concentrations due to the fact that in a field ® 
the energy gap is decreased by the amount g®. 

If we assume n— Ko, pP— po< po, and let 


N= No+mye* oe | 


p= pot prie* >, 


(15a) 
(15b) 


we obtain expressions for m, and ;; at this point we 
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can invoke charge neutrality, which implies that m= p1, 
and eliminate the unknown ,;. The result is 


mo gPo 
n= pi\=——_ —_M, 


1+s KT 


(16) 
where 
8 1+wo(1+58)/u*r(1+s) 
 L+w0(1-+58) /ar(1-+8)—i(Br—8) (1—s)an/(1-+5)0 
w= ke, 
w=0/D,, 
Bo= (1+5b)/(1—s). 


The factor M incorporates the dependence of the 
bunching on frequency, applied field (through 8), and 
properties of the material. We shall discuss this de- 
pendence for a few cases in connection with the resulting 
acoustic propagation properties. 





IV. ACOUSTIC PROPAGATION PROPERTIES 


From Eq. (16), we can immediately obtain the 
acoustic charge density : 


p= (qntitgppije™*"*! 
gro qo 


_ Me'*=-i+t, 


1+s5 KT 


(17) 


This can be inserted into Eq. (11), the solution of which, 
if we assume it harmonic in space, turns out to be 
linearly increasing in time; this radiated wave is then 
to be added to the original wave. Since, however, p is 
proportional to the acoustic amplitude, it will itself 
change as the wave changes, giving rise to a change 
with time which is exponential rather than linear. By 
carrying out the appropriate calculations, we find that 
the variation of the wave can be represented by the 
exponential 
exp[ikx—iw(1+e+in)¢], 

where 

e= — (¢’no/2KT) Re[M ]/(1+5), (18a) 


n= — (q’mo/2KT) Im[M ]/(1+s). (18b) 


Quantitatively, « is the fractional increase in phase 
velocity of the wave, and 7 the fractional increase in 
amplitude per radian of oscillation, or half the inverse 
negative “Q.” The meaning of Eqs. (18) will now be 
illustrated by some simple examples. 


A. Limiting Frequencies 


As w0 and as w>«, M1. We conclude that in 
both cases (a) the phase velocity of waves is decreased 
by a fractional amount q’mo/2KT(1+s); (b) the at- 
tenuation, as measured by the equivalent «O”, vanishes. 
However, (c) for w>~, the attenuation per said length 
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does not vanish, but approaches the constant value 
q’mo wo(Bo—8) 1—s 
KT c¢ (14s 
B. Extrinsic Material with Long Lifetime 


If we assume s1, sb1 (strongly p-type material) ; 
also k(D,r)*>>1 (diffusion length long compared to 
wavelength), we find 


M=[1—i(1—B)wo/w }'. 


We conclude that, as 6 is varied, (a) the phase velocity 
of waves is always decreased; the maximum effect 
occurs at 8=1 and is given by 


bc/c=Qno/2KT ; 


(b) the wave-carrier interaction endows the system with 
a finite Q; the maximum effect occurs at B=1+w/w» 
and is given by 

Q=F2KT/q’no. 


The fact that the attenuation is negative when 6>1 
is somewhat analogous to the amplifying action of an 
electromagnetic traveling-wave tube. 


C. Intrinsic Material 
By setting s=1, we obtain 
1+w;/w*r 
*pilbahiiesolaidio 
wi=3c?(1/D,+1/D,). 


where 


We conclude that the acoustic behavior of intrinsic 
material is unaffected by an applied electric field. 


V. ACOUSTOELECTRIC EFFECT 


The material of Sec. III enables us to calculate the 
acoustoelectric effect, i.e., the electric current which is 
caused by an acoustic wave. Because of the requirement 
of charge neutrality, no net ac electric current can be 
carried by the wave. However, there is a possibility of 
a nonvanishing dc current; from Eqs. (13) we see that 
it will appear in our perturbation calculations as a 
second-order effect in gb/KT. The actual calculation 
is performed by substituting (15) into (13), using the 
solution (16), and computing the time- reverage value 
of the middle term of (13). This yields the dc particle 
currents j, and j,; the net acoustoelectric current is 
then given by 


Toe= —¢(Ja— Jp)- 


Before this calculation can be done one has to re- 
consider Eqs. (14), since the recombination term there is 
only correct to first order and thus inadequate for a 
second-order calculation. However, rather than: en- 
cumber our arithmetic, we shall here assume that 7 is 
very large, so that the whole recombination term is 
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negligible. The result is 


enmoc f qPo\? 
eee 
(1+s)\KT 


uw (1—s)—B(1+5/b) 
1+(80—8)*[(1—s)/(1+s) P(wo/w)® 


The following conclusions are then easily verified. 

A. Extrinsic material, no applied field——If B=0, the 
direction of the current is that of minority carriers 
carried with the wave; that is, J,.<0 if s>1 and J,,.>0 
if s<1. If s1 (strongly p-type material), J. becomes 
simply proportional to m and independent of s, showing 
this to be a pure minority carrier effect. This may be 
understood from the following argument. The ac con- 
centrations of holes and electrons are equal; but if 
there are many more holes than electrons, the ac force 
which brings about this concentration is much smaller 
for the former than for the latter. Thus the second-order 
effect, which is a product of ac force and ac concen- 
tration, is much greater for the minority carriers. If 
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there are no minority carriers, the acoustoelectric effect 
vanishes. 

B. Intrinsic material, no applied field——It is equally 
easy to see that for intrinsic material (s=1) the effect 
vanishes. This is not surprising, since we know J,, to 
reverse sign when going from n-type to p-type material. 

C. Effect of applied field——The acoustoelectric effect 
can be thought of as a drag by the wave on the particles, 
and will depend on the relative velocity between the 
wave and those particles. The application of a field will 
pull one type of carrier against the wave, and the other 
type with it; it will thus increase one acoustoelectric 
particle current and decrease the other. Since, how- 
ever, the associated electric currents have opposite 
signs, the two effects on the net electric current will 
add. Thus, for example, Eq. (19) shows that even in 
intrinsic material an acoustoelectric current is to be 
expected if 8 does not vanish. 
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The Overhauser effect may be used in the spin multiplet of certain paramagnetic ions to obtain a negative 
absorption or stimulated emission at microwave frequencies. The use of nickel fluosilicate or gadolinium 
ethyl sulfate at liquid helium temperature is suggested to obtain a low noise microwave amplifier or 
frequency converter. The operation of a solid state maser based on this principle is discussed. 


OWNES and co-workers!” have shown that micro- 
wave amplification can be obtained by stimulated 
emission of radiation from systems in which a higher 
energy level is more densely populated than a lower one. 
In paramagnetic systems an inversion of the population 
of the spin levels may be obtained in a variety of ways. 
The “180° pulse” and the “adiabatic rapid passage” 
have been extensively applied in nuclear magnetic 
resonance. Combrisson and Honig? applied the fast 
passage technique to the two electron spin levels of a 
P donor in silicon, and obtained a noticeable power 
amplification. 

Attention is called to the usefulness of power satura- 
tion of one transition in a multiple energy level system 
to obtain a change of sign of the population difference 
between another pair of levels. A variation in level 

* Supported by the Joint Services. 

1 Gordon, Zeiger, and Townes, Phys. Rev. 99, 1264 (1955). 


2 Combrisson, Honig, and Townes, Compt. rend. 242, 2451 
(1956). 


populations obtained in this manner has been demon- 
strated by Pound.’ Such effects have since acquired wide 
recognition through the work of Overhauser.‘ 

Consider for example a system with three unequally 
spaced energy levels, E;>E,;>E;. Introduce the 
notation, 


hv3;= E;—E, hv3.= E3— E, 


Denote the transition probabilities between these spin 
levels under the influence of the thermal motion of the 
heat reservoir (lattice) by 


hv = E.— Ej. 


W13> W31 exp(— hv3:/kT), 
W223 > W32 exp(— hv32/kT). 


Wi2> W221 exp(—hyve:/kT), 


The w’s correspond to the inverse of spin lattice 
relaxation times. Denote the transition probability 
caused by a large saturating field H(v3:) of frequency 


3R. V. Pound, Phys. Rev. 79, 685 (1950). 
4A. W. Overhauser, Phys. Rev. 92, 411 (1953). 
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vsi by W3. Let a relatively small signal of frequency 
v32 Cause transitions between levels two and three 
at a rate W 32. The numbers of spins occupying the three 
levels 1, 2, and m3, satisfy the conservation law 


Nyt+No+n3= N. 
For hv32/kT<1 the populations obey the equations®: 


dn3 N hv3; N hyv3o 
atm) (mm —— —) 
dt 3 kT ae 


+W 31(mi— 3) +W g2(n2—ns), 


dnz N hyve N hy 
<= (mm t— =) +10 (m—m——— 
dt 3 kT 3 kT J (1) 


+W 32(m3—me), 


dn, N hv3, N hyo 
<= w0( m— mt : =) 10a( m—mt— a 
dt kT 3 kT 


mee W 31(m1—13). 


In the steady state the left-hand sides are zero. If the 
saturating field at frequency vs; is very large, W3:>W 32 
and w’s, the solution is obtained 


1 AN —wWoegv3e+Woiver 
Ny — N2= N3— Nn2=- — ‘ 


3 kT Weg tWiet W 32 





This population difference will be positive, correspond- 
ing to negative absorption or stimulated emission at 
the frequency v3, if 

WeiV21 > W32V32. (3) 
If the opposite is true, stimulated emission will occur at 
the frequency v2:. The following discussion could easily 


be adapted to this situation. The power emitted by the 
magnetic specimen is 


NF v32 (we1¥21— W32V32) W 32 





(4) 


magn — 


3kT WostWiet W 92 


For a magnetic resonance line with a normalized re- 
sponse curve g(v) and g(¥max)=72, the transition 
probability at resonance is given by 


Wy=h” (2|M.|3)|?H.?(v32)T2. (5) 


For simplicity it has been assumed that the signal field 
H (v2) is uniform in the «x direction over the volume of 
the sample. A similar expression holds for W 31. 

For the moment we shall restrict ourselves to the 
important case that the signal excitation at frequency 
v3o is small, W32<we3+ws:. No saturation effects at 
this transition occur and a magnetic quality factor can 

5In case hv3;~kT, the Boltzmann exponential factors cannot 


be approximated by the linear terms. The algebra becomes more 
involved without changing the character of the effect. 


MASER 


be defined by 


| 4 Prmagn 
—1/Q magn = rea (6) 


vo3(H?(v32))wI e 
Qmagn iS negative for stimulated emission, Pmagn>0. 
V. is the volume of the cavity, and (H*), represents a 
volume average over the cavity. The losses in the cavity, 
exclusive of the magnetic losses or gains in the sample, 
are described by the unloaded quality factor Qo. The 
external losses from the coupling to a wave guide or 


coaxial line are described by Q.. Introduce the voltage 
standing wave ratio 8 for the cavity tuned to resonance, 


B= (Q-/Qo)+ (Qe/Qmagn)- 


The ratio of reflected to incident power is 


There is a power gain or amplification, when 8 is 
negative or, —Qmagn > Qo. Oscillation will occur when 


“= Ones > Or +051 = C:='. 


where Q, is the “loaded Q.” The amplitude of the 
oscillation will be limited by the saturation effect, 
embodied by the Wz in the denominator of Eq. (4). 
The absolute value of 1/Qmagn decreases as the power 
level increases. In the oscillating region the device will 
act as a microwave frequency converter. Power input is 
at the frequency v3, a smaller power output at the 
frequency v23. The balance of power is dissipated in the 
form of heat through the spin-lattice relaxation and 
through conduction losses in the cavity walls. For 
—QOmagn=Q1, B=—1, and the amplification factor 
would be infinite. The device will act as a stable c.w. 
amplifier at frequency 73, if 


Qo +O." > — Qmagn > Qo". (7) 


The choice of paramagnetic substance is largely 
dependent on the existance of suitable energy levels and 
the existence of matrix elements of the magnet moment 
operator between the various spin levels. The absorption 
and stimulated emission process depend directly on 
this operator, but the relaxation terms (w) also depend 
on the spin angular momentum operator via spin-orbit 
coupling terms. It is essential that all off-diagonal 
elements between the three spin levels under considera- 
tion be nonvanishing. This can be achieved by putting 
a paramagnetic salt with a crystalline field splitting 6 in 
a magnetic field, which makes an angle with the crystal- 
line field axis. The magnitude of the field is such that 
the Zeeman energy is comparable to the crystalline 
field splitting. In this case the states with magnetic 
quantum numbers m, are all scrambled. This situation 
is usually avoided to unravel paramagnetic resonance 
spectra, but occasionally “forbidden lines” have been 
observed, indicating mixing of the m, states. For our 
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purposes the mixing up of the spin states by Zeeman 
and crystalline field interactions of comparable mag- 
nitude is essential. The energy levels and matrix 
elements of the spin angular momentum operator can 
be obtained by a numerical solution of the deter- 
minantal problem of the spin Hamiltonian.* The num- 
ber of electron spin levels may be larger than three. 
One may choose the three levels between which the 
operation will take place. The analysis will be similar, 
but algebraically more complicated. One has a con- 
siderable amount of freedom by the choice of the ex- 
ternal dc magnetic field, to adjust the frequencies 3 
and »;; and to vary the values of the inverse relaxation 
times w. It is advisable—although perhaps not abso- 
lutely necessary—to operate at liquid helium tem- 
perature. This will give relatively long relaxation times 
(between 10-* and 10~ sec), and thus keep the power 
requirements for saturation down. The factor T in the 
denominator of Eq. (4) will also increase the emission 
at low temperature. Although the order of magnitude 
of the w’s is known through the work of Leiden school,’ 
there is only one instance where w’s have been meas- 
ured for some individual transitions.* Van Vleck’s® 
theory of paramagnetic relaxation should be extended 
to the geometries envisioned in this paper. If a Debye 
spectrum of the lattice vibrations is assumed, the 
relaxation times will increase with decreasing frequency 
at liquid helium temperature, where Raman processes 
are negligible. This implies that the condition (3) 
should be easily realizable when v32< v2. 

Important applications as a microwave amplifier 
could, e.g., be obtained for vs2.=1420 Mc/sec, corre- 
sponding to the interstellar hydrogen line, or to another 
relatively low microwave frequency used in radar 
systems. The frequency v3; could be chosen in the 
X band, v3,;=10" cps. To obtain well scrambled states 
with these frequency splittings one should have crystal- 
line field splittings between 0.03 cm™ and 0.3 cm“. 
Paramagnetic crystals which are suggested by these 
considerations are nickel fluosilicate and gadolinium 
ethyl sulfate." These crystals have the additional 
advantage that all magnetic ions have the same 
crystalline field and nuclear hyperfine splitting is absent, 
thus keeping the total number of possible transitions 
down. The use of magnetically dilute salts is indicated 
to reduce the line width, increase the value of 7» in 
Eq. (5) and to separate the individual resonance 
transitions. 

A single crystal 5% Ni 95% Zn Si F-61120 has a line 


® See, e.g., Bleaney and K. H. W. Stevens, Repts. Progr. in 

Phys. 16, 108 (1953). 
7See, e.g., C. J. Gorter, Paramagnetic Relaxation (Elsevier 
Publishing Company, Amsterdam, 1948). 
A. H. Eschenfelder and R. T. Weidner 92, 869 (1953). 

* J. 'H. Van Vleck, Phys. Rev. 57, 426 (1940). 

wR. P. Penrose and K. H. W. Stevens, Proc. Phys. Soc. 
(London) A63, 29 (1949). 

1 Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) 
A223, 15 (1954). 
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width of 50 oersted (T,= 1.2 10~ sec) and an average 
crystalline field splitting 5=0.12 cm for the Ni+* ions. 
With an effective spin value S=1 there are indeed three 
energy levels of importance. The spin lattice relaxation 
time is about 10~ sec at 2°K as measured in a saturation 
experiment by Meyer.” Further dilution does not de- 
crease the line width, as there is a distribution of 
crystalline fields in the diluted salt. 

A single crystal of 1% Gd 99% La (CsHsSO4)3-9H2O 
has an effective spin S=7/2. In zero field there are 
four doublets separated respectively by 6=0.113 cm“, 
0.083 cm™, and 0.046 cm~! as measured at 20°K. These 
splittings are practically independent of temperature. 
The line width is 7 oersteds due to the distribution of 
local fields arising from the proton magnetic moments. 
This width could be reduced by a factor three by using 
the deuterated salt. The relaxation time is not known, 
but should be about the same as in other Gd salts,’ 
which give T,;~10~ sec at 2°K. 

In the absence of detailed calculations for the re- 
laxation mechanism, we shall take w;.=w13=ws32= 10! 
sec”! for the nickel salt and equal to 10? sec~! for the 
gadolinium salt. The matrix elements (2|M,|3), etc., 
can be calculated exactly by solving the spin deter- 
minant. For the purpose of judging the operation of the 
maser using these salts, we shall take the off-diagonal 
elements of magnetic moment operator simply equal to 
gBo, where g=2 is the Landé spin factor and fp is the 
Bohr magneton. For the higher spin value of the Gd*++ 
some elements will be larger but this effect is offset by 
the distribution of the ions over eight rather than three 
spin levels. Take T=2°K and Qo=10', which is readily 
obtained in a cavity of pure metal at this temperature. 
A coaxial cavity may be used which has a fundamental 
mode resonating at the frequency v3.=1.42X10* cps 
and a higher mode resonating at v3:~ 10" cps. Take the 
volume of the cavity V=60 cm* and H,?=6(H")y. If 
these values are substituted in Eqs. (4)—(6), the con- 
dition (7) for amplification is satisfied if VN >3X 10'* for 
nickel fluosilicate and V>3X10" for gadolinium ethyl 
sulfate (V>10" for the deuterated salt). The minimum 
required number of Ni** ions are contained in 0.02 cm® 
of the diluted nickel salt. The gadolinium salt, diluted 
to 1% Gd, contains the required number in about the 
same volume. The critical volume is only 0.006 cm? for 
the deuterated salt. Crystals of appreciably larger size 
can still be fitted conveniently in the cavity. A c.w. 
amplifier or frequency converter should therefore be 
realizable with these substances. A larger amount of 
power can be handled by these crystals than by the 
P impurities in silicon which have a very long relaxation 
time, and require an intermittant operation, and where 
it is harder to get the required number of spins in the 
cavity. 

So far we have assumed that the width corresponds 
to the inverse of a true transverse relaxation time 7». 


” J. W. Meyer, Lincoln Laboratory Report 1955 (unpublished). 
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Actually the width 1/7,* is due to an internal in- 
homogeneity broadening with normalized distribution 
h(v) and h(vmax)*T2* in both cases. The response 
curve for a single magnetic ion is probably very narrow 
indeed, g(¥max)= T2~7T1, and T,=10~ should be used 
in Eq. (5) rather than 7,*= 1.2 10~* sec. The response 
to a weak threshold signal at v3: now originates, how- 
ever, from a small fraction of the magnetic ions. If 
vH (v32)<1/T,~104 cps, then only T,*/T, of the ions 
contribute to the stimulated emission and the net 
result is the same as calculated above. In most applica- 
tions the incoming signal will be’so weak that this 
situation will apply, even with a power amplification of 
30 or 40 db. 

For use as an oscillator or high level amplifier with a 
field H(v32) in the cavity larger than 1/y71, one has 
essentially complete saturation (W32>wes+w,3) in 
Eq. (4) for those magnetic ions lying in a width 27Ap 
=H (v32) in the distribution /(v). One has then for the 
power emitted instead of Eqs. (4) and (5) 


hv39 


ph wares ronan rH on) Ty". (8) 


Prnagn= 


The power is proportional to the amplitude of the radio 
frequency field rather than its square. This effect has 
been discussed in more detail by Portis." It will limit 
the oscillation or amplification to an amplitude which 
can be calculated by using Eq. (8) in conjunction with 
Eqs. (6) and (7). 

The driving field H(vs:) will necessarily have to 
satisfy the condition yH(vs1)>wa=T;"' to obtain 
saturation between levels 1 and 3. The power absorbed 
in the crystal will be proportional to the amplitude 
H (v3), and is in order of magnitude given by 


hv, 3 


Pars» NV wiyyH (v3) T2*. (9) 


n 


This equation looses its validity if yH(vs1)>72*". In 
this case the whole line would be saturated, but 
such excessive power levels will not be used. For 
Ty" <yH(v3:)<T.*", the effective band width of the 
amplifier is determined by H(v3:). It is about 0.5 
Mc/sec for H(v3:)=0.2 oersted. The power dissipated 
in a specimen of fluosilicate ten times the critical size is 


13 A. M. Portis, Phys. Rev. 91, 1071 (1953). 
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0.5 milliwatt under these circumstances. For the 
gadolinium salt, also ten times the critical size, either 
deuterated or not, the dissipation is only 0.005 milli- 
watt. There should be no difficulty in carrying this 
amount out of the paramagnetic crystal without 
excessive heating. The power dissipation in the walls 
under these conditions will be 5 milliwatts. Liquid 
helium will boil off at the rate of only 0.01 cc/min due 
to heating in the cavity. Since helium is superfluid at 
2°K, troublesome vapor bubbles in the cavity are 
eliminated. 

The noise power generated in this type of amplifier 
should be very low. The cavity with the paramagnetic 
salt can be represented by two resonant coupled circuits 
as discussed by Bloembergen and Pound." Noise 
generators are associated with the losses in the cavity 
walls, kept at 2°K, and with the paramagnetic spin 
abosrption which is described by an effective spin 
temperature, associated with the distribution of the 
spin population. The absolute value of this effective 
temperature also has the order of magnitude of 1°K. 
The input is from an antenna, which sees essentailly 
the radiation temperature of interstellar space. Re- 
flected power is channeled by a circulating nonreciprocal 
element!® into a heterodyne receiver, or, if necessary, 
into a second stage Maser cavity. The circulator makes 
the connection: antenna—maser cavity—heterodyne 
receiver—dummy load—antenna. If the antenna is not 
well matched, the dummy load may be a matched 
termination kept at liquid helium temperature to pre- 
vent extra power from entering the cavity. The input 
arm of the cavity at frequency v3; will be beyond cutoff 
for the frequency v3. The coaxial line passing the signal 
at v3. between cavity and circulator will contain a 
rejection filter at frequency v3; to prevent overloading 
and noise mixing at the mixer crystal of the super 
heterodyne receiver. 

It may be concluded that the realization of a low- 
noise c.w. microwave amplifier by saturation of a spin 
level system at a higher frequency seems promising. 
The device should be particularly suited for detection 
of weak signals at relatively long wavelength, e.g., the 
21-cm interstellar hydrogen radiation. It may also be 
operated as a microwave frequency converter, capable 
of handling milliwatt power. More detailed calculations 
and design of the cavity are in progress. 


4 N. Bloembergen and R. V. Pound, Phys. Rev. 95, 8 (1954). 
46 C, L. Hogan, Bell System Tech. J. 31, 1 (1952). 
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Neutron diffraction patterns have been obtained for polycrystalline MnFe20, at 300°K and 4.2°K. The 
fraction of tetrahedral sites occupied by Mn** has been found to be 0.81+0.03, indicating that MnFe20, 
has very nearly the normal spinel structure. The value 0.3846+-0.0003 has been assigned to the space group 
parameter «u. The observed magnetic scattering is consistent with the Néel model and with the measured 


saturation moment. 





INTRODUCTION 


HE distribution of metal ions between tetrahedral 
and octahedral sites in MnFe2O, has long been of 
interest in connection with the general understanding 
of magnetic interactions in spinels and more particu- 
larly in connection with the Néel theory of ferrimag- 
netism.!* Since Mn*? and Fet* have the same electronic 
configurations it is impossible, on the basis of saturation 
magnetization measurements, to choose between al- 
ternative distributions. X-ray diffraction techniques are 
likewise incapable of satisfactorily distinguishing be- 
tween these two species and hence are unsuited to a 
determination of the cation distribution. 

Verwey and Heilmann* have examined the unit cell 
dimensions of spinels having the general formula 
XYO,4 where X represents divalent Ni, Cu, Zn, Mg, 
Co, Fe, Mn, Cd, and Y represents trivalent Cr and Fe. 
They point out that the lattice parameter, ao, increases 
by an amount equal to 0.04 to 0.06 A in going from the 
Cr** spinel structure to the Fe** spinel structure, except 
in the case of Zn*® and Cd** which are known from 
x-ray data to be normal spinels and for which the 
increase in do is 0.12 A. Since CuFe:0, and MgFe.0, 
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Fic. 1. Neutron diffraction pattern of MnFe.0, 
at room temperature. 





* Research carried out under the auspices of the U. S. Atomic 


Energy Commission. 
1L. Néel, Ann. phys. 3, 139 (1948). 
?E. W. Gorter, Philips Research Repts. 9, 295-365, 403-443 
— thesis, University of — June, 1954. 
W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 
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were known at the time to be substantially inverted, 
the authors concluded that MnFe20, as well as the 
ferrites of Fet®, Cot*, and Nit? were probably also 
inverted. 

From the point of view of the determination of the 
ionic distribution, MnFe.O, constitutes a particularly 
favorable case for neutron diffraction. The nuclear 
scattering amplitudes of Mn and Fe differ in magnitude, 
by a factor of about 2.5 and possess, in addition, oppo- 
site signs. The sensitivity of the effective scattering 
amplitudes of the two kinds of crystallographic sites to 
changes in population is thus greatly enhanced. In 
addition to the “chemical” information provided by 
the neutron diffraction pattern, the coherent magnetic 
scattering arising from the alignment of electronic 
magnetic moments determines the average moment to 
be associated with each kind of crystallographic site. 
The magnitude and relative orientation of the individual 
moments can be compared directly with the predictions 
of the Néel theory. 


EXPERIMENTAL 


Three separate preparations of MnFe2O, listed in 
Table I were examined during the course of this in- 
vestigation. Despite the very different firing conditions, 
only minor quantitative variations were observed in 
the neutron diffraction patterns. Hence, all the follow- 
ing discussion will be restricted to sample C unless 
otherwise noted. An analysis by Dr. R. W. Stoenner of 
Brookhaven National Laboratory showed 23.36 percent 
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Fic. 2. Neutron diffraction pattern of MnFe,0, at 
liquid helium temperature. 
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NEUTRON DIFFRACTION 


STUDY OF Mn FERRITE 


TABLE I. Data summary for various preparations of manganese ferrite. 








Sample 


Source 


Firing conditions 


x 
Fraction of A 
sites occupied 
ug (4.2°K) 8 


“u oxygen 
space group 
parameter 





A 


Dr. V. C. Wilson 
G. E. Research Laboratory 


Dr. L. G. van Uitert 
Bell Telephone Laboratories 


Dr. C. J. Kriessman 
Remington-Rand 


4 hours-1200°C 
N» atmosphere 


6 hours-1300°C 
2000 ml/min Nz 
5 ml/min O: 


4.6 0.79 


4.6 0.82 


slow cooling in Nz 


24 hours-1400°C 
air atmosphere 
water quench 


0.385 


0.386 








manganese and 48.65% iron compared with the 
stoichiometric composition of 23.82% manganese and 
48.44% iron. The saturation magnetization was meas- 
ured at 300°K, 77°K, and 4.2°K using a ballistic 
method and values of 3.27, 4.47, and 4.60 Bohr mag- 
netons respectively were obtained. The unit cell edge, 
a, was found to be 8.517 angstroms for this prepara- 
tion. 

All the neutron diffraction patterns were made on 
325 mesh powders using a wavelength of 1.064 A. The 
high angle measurements, using sample A, were made 
on a flat glass-walled cell of dimensions } X23 X4 inches. 
All the other data were obtained using a double- 
jacketed vacuum cryostat similar to that described by 
Erickson.‘ The samples were contained in an aluminum 
cylinder, 23 inches long and 1 inch inside diameter. The 
patterns are shown in Figs. 1, 2, and 3. 


Method of Analysis 


A complete interpretation of the neutron diffraction 
pattern of MnFe,O, involves a determination of both 
the “chemical” and “‘magnetic’’ structures. The chemi- 
cal structure gives rise to the purely nuclear scattering 
part of the diffraction pattern and is characterized by 
two parameters, « and u. The x parameter gives the 
fraction of tetrahedral or A sites occupied by Mn? 
and hence describes the metal ion distribution. The 
other parameter, u, fixes the oxygen positions in the 
spinel structure and a deviation from the value 0.375 
implies a distortion from cubic close packing of the 
oxygen ions. The magnetic structure gives rise to addi- 
tional scattering which is superimposed on the nuclear 
scattering. This additional scattering depends on the 
magnetic moments to be associated with individual 
lattice sites, their orientation relative to each other 
and also on the magnetic form factor. 

Several methods are available for separating the 
magnetic and nuclear contributions to the diffraction 
peaks. Application of an external magnetic field directed 
parallel to the scattering vector removes the magnetic 


4R. A. Erickson, Phys. Rev. 90, 779 (1953). 


component provided the field is uniform and sufficiently 
high to saturate the sample in the desired direction. 
A second procedure is to raise the temperature of the 
sample above the magnetic Curie point. This is useful 
for inert materials or where provision can be made to 
prevent chemical change. In the present instance it 
was found most convenient to isolate the nuclear 
contribution by making use of diffraction data taken 
at high angles where the magnetic contributions are 
sufficiently diminished by the form factor dependence 
of the magnetic scattering amplitude. At a value of 
4(sin@)/X equal to 5, for example, the square of the 
magnetic structure factor has already decreased to 
about 10 percent of its value for the forward direction. 
The high angle diffraction pattern shown in Fig. 3 is 
produced almost entirely by the nuclear scattering. 
Intensities and resolution are sufficiently good to pro- 
vide useful qualitative information for the analysis. 
Preliminary values for the structural parameters, x 
and u, were obtained by trial and error calculations, 
using the outer peak intensities. With these values the 
nuclear contributions to the inner peaks were calculated. 
The magnetic scattering intensities, obtained by sub- 
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Fic. 3. High angle neutron diffraction pattern of 
MnFe,Q, with improved resolution. 
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Fic. 4. Graphical determination of « and x parameters 
characterizing chemical structure. 


traction of the calculated approximate nuclear con- 
tributions, agreed qualitatively with those computed 
from the Néel model and the observed moment. In 
addition, the (311), (400), (511), (333), and (440) 
peaks were found to be almost entirely nuclear in 
origin. These intensities were corrected for small mag- 
netic contaminations by applying the Néel model and 
were then used for a final refinement of the structural 
parameters, x and uw. This determination was made 
graphically by first constructing plots of calculated 
intensity ratios as a function of the degree of inversion, 
x, for various values of the oxygen parameter, u. The 
observed ratio for a given pair of reflections was then 
entered on the plot for the corresponding calculated 
ratio as a horizontal line. The intersections of this 
line with the curves computed for the given peak ratio 
and various values of the « parameter determine u as a 
function of the degree of inversion. This procedure 
results in a series of u vs x curves each consistent with 
an individual experimental intensity ratio, as shown 
in Fig. 4, where the ordinate is given in terms of the 
more sensitive angular parameter, A°=360°u—135°. 
The curves have a common intersection simultaneously 
satisfying all the intensity requirements at +=0.81 
+0.03 and A=3.45°+0.1° (or u=0.3846+0.0003). 

Table I presents a summary of the results obtained 
for all three preparations of manganese ferrite. The 
values for the fraction of tetrahedral sites occupied by 
manganese are seen to cluster around 0.80, indicating 
that manganese ferrite is more nearly normal than 
inverted. 

The coherent magnetic contribution to the diffraction 
pattern was obtained by subtracting the computed 
nuclear part from the observed pattern. The first six 
magnetic peak intensities thus obtained were fitted by 
adjusting two parameters; namely, the average mag- 
netic scattering amplitudes for octahedral and for 
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TaBLeE II. Comparison of calculated and observed 
intensities for MnFe20,. 
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tetrahedral sites. The macroscopic saturation moment 
can be computed from these individual moments accord- 
ing to the formula = 2yug+ua, in which wa and ws have 
opposite signs. In the case of sample C of Table I, for 
which extensive measurements were made, the satura- 
tion moments deduced from the diffraction data were 
3.23u4g+0.3 and 4.60ug+0.2 at 300°K and 4.2°K, re- 
spectively. These compare very favorably with the 
corresponding values obtained by magnetic measure- 
ments on the same sample of 3.27ug (300°K) and 
4.60ug (4.2°K). The individual moments for A and 
B sites at 300°K were |u| =4.33u, and |us| =3.78y,, 
while at 4.2°K the values |us|=|yus|=4.60ug were 
obtained. There is thus an indication that the A and 
B sites are saturated to different extents at room 
temperature. The moments on A and B sites were 
found to be oppositely directed, as expected from the 
Néel model. 

The over-all agreement between observed and calcu- 
lated intensities for sample C is shown in Table II and 
is seen to be quite satisfactory. The magnetic con- 
tributions were calculated using the zinc ferrite form 
factor.5 The internal consistency obtained in this way 
was somewhat better than that which could be gotten 
using the form factor previously deduced for nickel 
ferrite and magnesium ferrite. This may be related to 
the fact that manganese ferrite is more nearly normal 
than inverted. In computing the nuclear contributions, 
the oxygen parameter and the degree of inversion were 
taken to be the same at both 300°K and 4.2°K. 


DISCUSSION 


The saturation moment of MnFe,O, has been meas- 
ured by several workers, all but one of whom report 
values below 5ug per molecule.? Since both Mn** and 
Fe** are in S states with spin 5/2, the Néel model would 
predict a value of 5ug independent of the cation dis- 
tribution. Various explanations have been offered to 


5 Brockhouse, Corliss, and Hastings, Phys. Rev. 98, 1721 (1955). 
® Corliss, Hastings, and Brockman, Phys. Rev. 90, 1013 (1953). 
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account for this anomaly and it was hoped, at the 
outset, that the neutron diffraction results might decide 
which of these was correct. There are, however, a 
number of uncertainties which limit the accuracy of 
the method and rule out the possibility of a precise 
measurement of the individual moments of the ions 
on A and B sites. As has been noted, the nuclear and 
magnetic Bragg reflections are superimposed. Thus, 
any errors in the determination of the parameters 
which fix the chemical unit cell are reflected in the 
magnetic scattering pattern, which is obtained by dif- 
ference. Furthermore, the magnetic scattering has a 
form factor dependence which cannot be determined 
independently and must therefore be treated as a 
parameter in the analysis. In addition there are uncer- 
tainties in the stoichiometry. An over-all estimate of 
these errors rules out the possibility of deciding any 


STUDY OF Mn FERRITE 331 
subtle questions such as partial oxidation-reduction of 
Mn**-Fet® which would account for the anomalous 
moment. 


SUMMARY 


The neutron diffraction data are in good agreement 
with the Néel model of ferrimagnetism. The large 
difference in the coherent scattering amplitudes of 
iron and manganese enables one to fix the cation dis- 
tribution rather precisely. The observed magnetic 
scattering is consistent with the measured saturation 
magnetization at both room temperature and liquid 
helium temperature. 
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Scattering of Holes by Phonons in Germanium* 


H. Exrenreicu,t General Electric Research Laboratory, Schenectady, New York 
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The lattice scattering of holes within and between the two valence bands of germanium, degenerate at 
k=0, is calculated. Scattering by both acoustical and optical modes is considered. The electron-lattice 
interaction Hamiltonian is seen to be separable into two parts: the first, associated with acoustical modes, 
arises from vibrations of the unit cells as a whole and the other, associated with both acoustical and optical 
modes, arises from the relative motion of the two atoms in the unit cell of the germanium lattice. The matrix 
elements for scattering are expressible in terms of two constants, C; and C,, associated respectively with 
the two parts of the interaction Hamiltonian. The wave functions used to calculate the matrix elements are 
determined by k- p and spin-orbit perturbations and assume spherical surfaces of constant energy in k-space 
and a parabolic relation between energy and wave number. For the terms in C, the scattering is treated 
using both the deformable and rigid ion models. The angular distributions for scattering are such that 
heavy holes are scattered predominantly in the forward direction and light holes in the backward direction 
for the deformable ion model, whereas the opposite is true for the rigid ion model. The scattering resulting 
from transverse and longitudinal phonons is about equally important for deformable ions; for rigid ions 
scattering by transverse modes is less significant. The matrix elements depending on C, are obtained from 
the rigid ion model alone. The transition probabilities for scattering are presented in a form which can be 
applied readily to the transport properties of germanium. 

1. INTRODUCTION 300°K, for which the lattice vibrations are the dominant 
mechanism for scattering. This result is in disagreement 
with the theoretically predicted temperature depend- 
ence of T-1-5, obtained by assuming that conduction 
takes place in a single valence band whose wave func- 
tions and energy surfaces near the band edge, at k=0, 
have spherical symmetry.” 

Because of this disagreement, it is necessary to 
reconsider the problem of the lattice-scattering mobility 


HE temperature dependence of the lattice scat- 
tering mobility of holes in germanium has been 
determined experimentally' as about T~**, in a range 
of temperatures, extending roughly between 100°K and 


* Preliminary accounts of this material are given in the following 
references: H. Ehrenreich and A. W. Overhauser, Phys. Rev. 98, 
1533(A) (1955); H. Ehrenreich, Bull. Am. Phys. Soc. Ser. II, 1, 
48 (1956). 


+ This work was begun at Cornell University and is based in 
part on a section of a thesis submitted (by H.E.) in partial 
fulfillment of the requirements for the Ph.D. degree. 

1F, J. Morin, Phys. Rev. 93, 62 (1953); M. B. Prince, aig 
Rev. 92, 681 (1953); F. J. Morin and J. P. Maita, Phys. Rev. 94, 
1525 (1954). 


of holes in the light of the information concerning the 
valence band structure that is now available. The 


2F. Seitz, Phys. Rev. 73, 549 (1948); J. Bardeen and W. 
Shockley, Phys. Rev. 80, 72 (1950). 
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cyclotron resonance experiments,’ and the calculations 
of Herman,‘ have demonstrated that the model of the 
valence band used in earlier mobility calculations is too 
simple. It has been established that the upper band 
edge does occur at k=O, but that the energy surfaces 
are multiply sheeted in this region. Two bands with 
associated effective masses of 0.33 and 0.042 electron 
masses are degenerate at the center of the Brillouin 
zone. A third band, split off from the degenerate pair 
by spin-orbit coupling, is lower in energy by about 
0.3 ev. It is clear that both degenerate bands must 
take part in the conduction process. The third band 
however is energetically too far removed in germanium 
to contribute significantly. 

The electron-phonon interaction Hamiltonian em- 
ployed in the earlier calculations also requires general- 
ization. In addition to the expression used previously, 
two further terms arise that result from the fact that 
there are two atoms per unit cell. One of these terms 
is associated with optical modes and the other 
arises from acoustical modes as a result of small phase 
differences in the vibration of the two atoms of the 
unit cell. 

In this paper we shall derive expressions proportional 
to the differential cross sections for scattering of holes 
in the valence bands of germanium by acoustical and 
optical phonons. Section 2 is concerned with the calcu- 
lation of wave functions describing holes in the valence 
bands near k=0. The electron-phonon interaction 
Hamiltonian is developed in Sec. 3 and applied to the 
germanium lattice. In Sec. 4 the matrix elements and 
transition probabilities for lattice scattering are derived. 
The application of these results to the mobility will be 
deferred to a subsequent paper. 
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where i=1, 2, 3 denotes the three solutions of (2.3) and 
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4 
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N= (h?/m") ay (Eo— Eya)~*((€1| pz| sad){sad | py | €2) 
+(e1| p,| sad)(sar | pz| €2)). 


Equation (2.3) may be written more concisely as 


Sb; = w,b;. 


(2.5) 
The operator S is the Shockley matrix. 
* Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 


‘F. Herman, Phys. Rev. 93, 1214 (1954); Physica 20, 801 
(1954). 
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2. CALCULATION OF THE WAVE FUNCTIONS 


The theory of the energy surfaces in the valence 
bands of germanium and silicon has been treated by 
Dresselhaus, Kip, and Kittel’ and others.’ In this 
section, an extension of the arguments of reference 3 
will be used to obtain the correct wave functions at 
k=0 corresponding to these energy surfaces. 

When spin is neglected, the Schrédinger equation to 
be solved approximately is 


[Hot (h?k*/2m)+ (h/m)k-pjo.(r)=E(k)u(r), (2.1) 


where the periodic potential V(r) is included in the 
unperturbed Hamiltonian, Ho, and »(r) is the cell- 
periodic part of the wave function. 

The correct valence band wave functions |e), | 2), 
|¢;) at k=O belong to the symmetry group represen- 
tation I',;+ and satisfy the unperturbed Schrédinger 
equation Ho|e,)=Eo|e,) (s=1, 2, 3) exactly. The wave 
functions at k=0 belonging to other bands will be 
denoted | sad), the index s labeling the state belonging 
to the representation a in band \, and together with 
the |¢,) form a complete orthonormal set. 

The functions |e.) are degenerate at k=0. The 
perturbation (#/m)k-p removes the degeneracy in 
second order. Perturbation theory must be used to find 
the linear combinations 


vo(r) = bir| €1)+-di2| €2)+;s| €s), 


which give the wave function correctly in a small 
region about k=0. 

It was shown by Shockley® and by Dresselhaus, 
Kip, and Kittel’ for the diamond lattice, that the 
coefficients };1, b:2, bis; as well as the second-order energy 
correction w; are obtained as solutions of the eigenvalue 
equation 


(2.2) 


Nk.k, bia ba 
Nkyk. bee | =w;| Din} , 
Lk2+M (k2+hk,?) } bis bis 


(2.3) 





When spin is introduced, the degeneracy under 
consideration becomes sixfold. The extra factor of two 
arises from the two possible orientations of electron 
spin. Introduction of spin-orbit coupling reduces this 
degeneracy since the eigenvalues corresponding to 
different values of the total angular momentum j are 
split. A representation of the wave function in terms of 
the quantum numbers (/,s,7,m,) is diagonal in the spin- 
orbit interaction. It is desirable to change to this 
representation since we wish to include the spin-orbit 
perturbation in this treatment. It can be shown* that 
the quantities L, M, and N appearing in the Shockley 
matrix will remain unchanged under the unitary 


5 E. N. Adams, Chicago Midway Laboratories Report CML- 
TN-P8, September 1954 (unpublished) ; R. J. Elliott, Phys. Rev. 
96, 266 (1954). 

6 W. Shockley, Phys. Rev. 78, 173 (1950). 
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transformation to the new representation if spin-orbit 
splitting of the excited states is neglected. 
The Shockley matrix in the (¢,,m,) representation is 


symbolically 
S 0 
lo sh 


The column vector of the b’s in Eq. (2.3) is then 
replaced by a vector b having the six components 





$)} [ 0 0 
—1/v3 i/v3 0 
%)} |-1AN2) -if2 0 
3) 0 0 
—3 W/f/6 -i//6 0 
—3 0 0 0 


pe 
2 











or more concisely, 


V=BO@, (2.7) 


as the relationship between the wave functions in the 
(e,,m,) and the (/,s,7,m;) representation. 

The Shockley matrix in the new representation must 
now be expressed in terms of S and the unitary transfor- 
mation matrix B. It is easily shown that S’ is given by 


S'= B*SB, (2.8) 


where B is the transpose of the matrix B. 





1(L4+M)(k2-+k2)+Mk2 
_ |= (13) Nke(ketiky) 
~ | (1/2V3)(M—L)(k2—k,2)— (i/V3) kek, 


—1/v3 


V (2/3) 
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ba(t), bio(t), bi3(4), bald), bio( 4), bis(4) where t and 
4 denote positive and negative spin, respectively. 

The transformation to the (l,s,j,m;) representation 
is easily accomplished with the help of the well-known 
Clebsch-Gordan coefficients.’ The normalization and 
phase have been chosen in accordance with Condon and 
Shortley.’ Abbreviating the wave functions |/sjm,) by 
| jm;) we have, in matrix form, 


-1/v3 -i/3 0 

0 0 1/v3 
0 0 0 
1/6 —i/r/6 0 

0 0 / (2/3) 
1/v2 -i/22 0 


{ | 14) 
| €2t) 
| és) 
|ei4) 
| €24) 
les) 














The matrix S’ may be schematically written 
2) nm? 
(3) J 


(2.9) 


where o(3) and o($) are the submatrices associated, 
respectively, with j=} and j=$ alone. The calculation 
indicated by (2.8) gives for these submatrices: 


 fac+2me oo 
=| 0 cee “em 


and 


— (1/V3)Nk,(k2—iky) 
(1/6) (L+5M) (k?+hy?)+3(2L+M)k, 


0 


0 (1/2V3) (M—L) (k2—k,2)— (i/V3)NRaky 


(1/2V3)(M—L) (k2— ky?) + (i/v3)NRaky 0 


0 


(1/6) (L+5M) (k2+ky?)+3(2L+M)k? 


(1/v3)Nk.(ke-+iky) 


The surfaces of constant energy in k space are 
obtained using the approximation, discussed in reference 
3 and in more detail by Kane,’ that it is justifiable to 
neglect the off-diagonal blocks o(3,}) and (3,3). The 
secular determinants to be solved for w; are then, 


o(3)—Iw;=0, o(§)—I(witA)=0, = (2.12) 
where A denotes the spin-orbit splitting of the states 
j=} and j=} at k=0. 

The energies associated with the bands degenerate at 
k=0 are found to be 


Ey 2= ARF BR+C (kok +h ke +k2k,’) I}, 


where 


(2.13) 


A=h'/2m+}(L+2M), 
B=3(L—M), 
C=43[N?— (L—M)’]. 

9 E. O. Kane, Int. J. Phys. Chem. Solids (to be published). 


(2.14) 


(1/2v3) (M—L) (k2—k,2)+ (i/V3)Nkeky 
(1/V3) Nk, (k2—iky) 
3(L+M)(k2+ky)+Mk? 


(2.11) 








For the split-off band, 
E;= —A+AR*. 


The quantities A, |B|, and |C| are determined experi- 
mentally by the cyclotron resonance experiments.’ The 
minus solution in Eq. (2.13) should be associated with 
band 1, having the lighter mass m,~0.042m and the 
positive sign, with band 2, having the heavier mass 
m,~0.33m. The effect of a nonzero, positive C? is to 
warp the energy surfaces outward in the [111 ] direction 
for the holes of mass m2, but inward along the same 
direction for the holes of mass my. 

The wave functions x corresponding to bands 1 and 
2 are most simply expressed as linear combinations of 


7E. U. Condon and G. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, New York, 1951), second edition, 
Chap. 3, paragraph 14. 

8 Reference 7, Chap. 3, paragraph 3. 
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the | jm;) belonging to j=# as defined by Eq. (2.6). It 
is convenient to introduce the four-component wave 
function 

3 


_|l8 
|i 
E 


By an argument converse to that used to establish 
(2.8) a matrix A* which diagonalizes o($), that is, 
which has the property 


vy; (2.16) 


A*e(3)A= (2.17) 


0 
0 
0 


will also determine the correct linear combinations 


x= AY. (2.18) 





(c+id)e—* 
1 |i(c—id)e** 
Av? — (E\—a) 
i(E,—a)e~*(+) 


(E,—a) 


(c—id)e*® 


where 
A?= (E,—a)*+2+@, 
satisfies Eq. (2.17). In writing (2.20) use has been 


made of the easily verified identity (E,—a) = — (E,—b). 
The even more abbreviated form 


A=[ai;] 


will be used in the following section to represent the 
elements of this matrix. 

Explicit expressions for the wave functions to be used 
in calculating the matrix elements of the electron- 
phonon interaction are now easily obtained. By defi- 
nition 
Xui= Gin | ¥,3)t+a:2] §,4) +0139, —3) +a] 9, —3 

for i=1, 2, 3, 4. 
Using Eq. (2.6) we then obtain 
xXui= —2-4(| ext) +4| €2t)) aint (§)!| estar 

—6-4(| ex) +4] €24))aiet (9)*| esas 

+6-4(| e:t)—i| €2t))ais+2-4(| e1))—i| €eb))ais. (2.23) 
The coefficients a,;; contain the dependence on k. When 


writing final state wave functions, which depend on ’, 
we shall denote the expansion coefficients a;,;’. 


(2.21) 


(2.22) 


3. ELECTRON-PHONON INTERACTION 


Before proceeding to considerations of the interaction 
Hamiltonian for electrons and lattice vibrations, it may 
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Here x is given by 


where the first two elements refer to band 1 and the 
remaining ones to band 2. The components x,; depend 
on the direction, but not the magnitude of k. 

Before giving the explicit form of A, let us simplify 
the notation by introducing quantities a, 6, c, d, 0, 
such that 
a ce® = de** 0 
or? * 0 de‘* 
de-* 0 b —cei#|" 
0 de-** 


The definitions of these new symbols are obtained by 
direct comparison with Eq. (2.11). One can then verify 
that the matrix 


o(3)= (2.19) 


—_ ce~® a 


i(E,;—a)ee- 
(E:—a) 
i(c—id)e** 

— (c+id)e~*® 


—i(c+id)ei@ 
— (c—id)e* 
i(E\—a)ei(+) |’ 


— (E\—a) 


(2.20) 


be well to review some of the features that characterize 
the current carriers and phonons in p-type germanium. 
The holes in the valence bands of germanium lie in a 
small sphere surrounding the origin of the Brillouin 
zone in k space. The number of holes at room tempera- 
ture and below, for samples having fewer than 10” 
acceptors per cm’, is sufficiently small that Boltzmann 
statistics can be used to describe their distribution in 
energy. 

A phonon will scatter a hole by being either absorbed 
or emitted. When dispersion can be neglected, the 
conservation laws for energy and momentum show that 
either process can take place as long as the velocity of 
the hole is larger than the velocity of sound; however, 
only absorption can occur for hole velocities smaller 
than the sound velocity. Holes in the heavy mass band 
can undergo both processes for temperatures greater 
than about 1°K. The limiting temperature for light 
holes is about 10°K. It follows that holes in germanium 
can absorb or emit acoustical phonons throughout the 
lattice scattering range. The conservation principles 
show further that a hole can interact only with phonons 
of wave number g such that g< 2k. Taking k to be the 
wave number of a hole at room temperature, it is seen 
that the phonons that can interact with holes have g 
much smaller than the Debye wave number. This 
means that dispersion can be neglected for acoustical 
phonons. The dispersion curve for optical phonons, on 
the other hand, has zero slope in the region about q=0. 
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Hence the frequency of the optical phonons interacting 
with holes can be taken to be constant, independent of q. 

The energy of an acoustical phonon of polarization 
P and velocity up, is much smaller than that of a hole 
at room temperature if g< 2k. The phonon energy can 
be neglected therefore in an emission or absorption 
process, and the scattering considered as elastic. The 
number of acoustical phonons of wave number gq, 
polarization P, and velocity up, at a temperature T is 


(3.1) 


nqp= (ehuPalKT— 1)-\=s KT /hupg. 


Since n,p>>1, it follows that ngp~ngp+1. 

The frequency w of optical phonons near g=0 is 
independent of polarization in nonpolar crystals. De- 
fining the optical mode temperature © by the relation- 
ship hw= KQ, one finds the number of optical phonons 
of given polarization and wave number to be 


n= (e8/T—1)-, (3.2) 


Umklapp processes will be unimportant provided 
that k<K, where 27K is a reciprocal lattice vector. 
This condition is well satisfied for the magnitudes of k 
encountered in the lattice scattering range since 
2rK~10° cm“. Therefore, Umklapp processes need 
not be considered further. 

We shall now treat the electron-phonon interaction 
in a crystal having two atoms per unit cell. The index 
1=0, 1 will be used to label the atoms in the unit cell. 
Let the position of the nuclei with respect to a fixed 
origin be g;, where g is the index labeling the unit cell. 
The displacement of a point r will be written u(r). 

Either of two hypotheses has been commonly made 
concerning the displacements of various points in the 
unit cell during lattice vibrations. The first of these, 
introduced by Bloch,’ assumes the atoms to be com- 
pletely deformable while vibrating. The second physi- 
cally quite different hypothesis of Nordheim" supposes 
the atoms to be totally rigid and displaced as a whole. 
Concerning these hypotheses, Seitz? points out that it 
is not clear which of them is better for nonpolar crystals 
like germanium since the degree of polarizability of the 
electron cloud is uncertain. In the present paper we 
shall attempt to treat both the deformable-ion (DI) 
model and the rigid-ion (RI) model simultaneously by 
adopting the artifice of writing the displacement of a 
point r in the form ul g;+-(r—g,) | where is a param- 
eter having a value 0< <1. In the limits of »=0 and 1 
the displacements reduce to those given by the RI and 
DI models, respectively. For intervening values of », 
there is some displacement in all parts of the atomic 
cell, with the largest amount occurring at the point g). 
It seems reasonable to suppose that the actual physical 
situation will correspond to some value of 7 in this 
range, since one would expect the inner cores of the 


 F, Bloch, Z. Physik 52, 555 (1928). 
1 L. Nordheim, Ann. Physik 9, 607 (1931). 
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atom to be displaced rigidly, and the outer shells to be 
deformed. 

If we let U(r—g,) represent the potential at point r 
due to the atom centered at g; for the electron configur- 
ation with which the atom enters the crystal, then the 
crystal potential is 


V(r) =D,,1 U(r—8)). 
The interaction Hamiltonian for the electrons and 


lattice vibrations is 


Ht= > U(r—g,—u)— > U(r—$g)) 


gil gil 


~— ¥ ul gi+n(r—g,) ]-VU(r—g,). 


gil 


(3.3) 


(3.4) 


The higher order terms in the expansion will be unim- 
portant for small displacements. 

We proceed in the usual fashion” by Fourier 
analyzing u in terms of the normal modes of vibration 


u(r) =G po [aqp,e'0? exp (ib, 1)é.p(q) 


qa. Pi 


+d qpy'e—*** exp(—idyi)é,p*(q) ]. (3.5) 


The index u takes on values 1 and 2 for acoustical and 
optical modes, respectively. The number of unit cells 
of mass M (twice the atomic mass) in the crystal 
volume V is G*. The quantities a,p,' and a,p, are the 
creation and annihilation operators respectively and 
satisfy the commutation relation 


Lay P'y'yQqPy' | r; (A/2Mayp)6qq/Suy5 PP’. (3.6) 


The polarization vectors é,p(q) may be complex, as 
will be seen presently. They satisfy 


é.p*(q) *é@up:(q)=Spp. (3.7) 


Finally, e‘*#' is a phase factor that distinguishes 
between acoustical and optical modes, where 


Pul= 775 4212. (3.8) 


For infinite wavelength, the two atoms of the unit cell 
will then vibrate in phase for acoustical modes and r 
radians out of phase for optical modes. The phase 
difference that exists between the two atoms when 
q#0, is included in the polarization vector and will be 
discussed presently. It should be emphasized however 
that these terms, arising from nonvanishing phase 
differences between the atoms of a particular unit cell, 
will be treated here by means of the RI model only. 
The DI model is ambiguous for modes of this type, 
and in any case would require a more complex definition 
of dy: than (3.8). 

Since we shall want to consider the different vibra- 
tional branches and polarizations independently, we 

22 A. Sommerfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, Part 2, p. 509. 


3A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), second edition, p. 254. 
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introduce the notation 


ul g:+n(r—g:) ]= 2 url értn(r— 8) } 
H'= > Hyp. 


The wave functions of the electron-phonon system are 
Wii(t {tg pw }) = Weil) II o( My Py’); (3.10) 
»’,@’,P’ 


where ¥i;=G-!y::(r)e***** is a Bloch function corre- 
sponding to a hole having wave number & in band i. 
The normalized phonon wave function ¢(n, py) de- 
scribes ‘the field containing mp, phonons of polar- 
ization P’ and vibrational mode y’ having wave number 
q’, and satisfies the equations 


Gory! ¢(Mop,) = (h/2Ma,p)* (nop, +1)! ¢(n_p,+1), 


OoPuP (Nery) - (h/2Meyp)*(nery)*e(Mgry— 1). 


The matrix element corresponding to a transition 
from a state represented by the wave function 
Vij (t,nepy,{ng pyw}) toa state Vy s(t, mepyt1, {ny Pry}) 


‘pis 


or Wei(r, NqPy—l1, {ny Pw}), (qPu¥q w), is 


(3.11) 


(i, n¥1 | Hyp j, n)= freee, Nopy 1, {tq P*y}) 
X Ay pV (t,Merp,{tg py’})dr, 


where the upper sign corresponds to an absorption and 
the lower to an emission process. Evaluating H,p 
using Eq. (3.4), (3.5), and (3.9) and inserting this 
together with the wave function (3.10) into the pre- 
ceding expression, we find, with the help of Eq. (3.11), 
that 


(i, nF1|Hyp| j,n)=G > (Anyp’/2M a, p)! 
q 


x fuel exp(+1$,1)é.p (9,1): VU(r— $1) 


gil 
Xexp(+iq-g,) expl+ing: (r—$)) | Wujdr. (3.12) 


We have introduced n,p’ which equals m,p for absorp- 
tion and m,p+1 for emission. The asterisk in brackets 
signifies that the complex conjugate of e,p(q,/) is to be 
taken only for the emission process. 

It can be shown that if the solid is sufficiently large 
and the atomic potential of short range so that surface 
terms can be neglected, 


feet exp(+i¢,1)é,p™ (9,1): VU (r— $1) 
v 


git 


Xexp(+iq- g:) expling: (r— $1) ] Wesdr 


oe f xP LE exp(+idyi)é.r™ (ql) 
0,’ 


git 
-VU (r+) expl+i(n—1)q- (+81) ]]xesd7 


= bo qe up*(V'). (3.13) 
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The subscripts /’ or 0, /’ on the integral sign define the 
region of integration as either all of the /’th atomic 
cells in the crystal, or the /’th atomic cell which is 
part of the zeroth unit cell, respectively. It will be 
unnecessary for the present purposes to indicate the 
dependence of J,p*(/) on k, k’, i, 7, and gq explicitly. 

Thus, for acoustical modes where ngp is given by 
Eq. (3.1), we obtain 


Gi, w1| Hip| j, n)=(KT/2MG*up?)! 
XE go, wt q—e’LJip*(1)+Jip*(2)]. (3.14) 


The corresponding expression for optical modes, assum- 
ing n independent of g, is 


(i, nF 1| Hep| j, n)= (hn’/2MG*w)! 
XD 4o, xe q—e'LJ2p*(1)+JSep*(2)]. (3.15) 


The present treatment of the electron-phonon inter- 
action will take advantage of the predominance of long 
vibrational wavelengths. Accordingly the matrix ele- 
ments will be approximated by including only terms to 
lowest order in g. Following Born and Huang’s treat- 
ment of “long waves” “ we shall write the polarization 
vector in the form 


é,p(q,l) = ép(0)+igard,P()), 


where 24» is the edge of one of the two interpenetrating 
face-centered cubes which generate the diamond lattice. 
The vector 6,p() is real. The polarization vector (3.16) 
need satisfy Eq. (3.7) to first order in g only so that 
|e,p(q,l) |?= |ep(0)|*. The meaning of a complex polar- 
ization vector for finite wavelengths is simply that the 
particles no longer vibrate through their centers of 
mass, as is the case for g=0, but in an ellipse thus 
mixing polarizations slightly. The dependence of (3.16) 
on / reflects the existence of a phase difference in the 
vibration of the two atoms of the unit cell along 
similar ellipses. 

Let us now consider in detail the interaction of holes 
with acoustical phonons. Equation (3.14) can be simpli- 
fied, as is shown in the appendix, with the help of the 
notation introduced below. For the sake of simplicity, 
we shall assume that the atomic potential is large over 
a single cell only, so that U/(r—0,)=V(r) for values of 
r lying in the cell labeled 0,, and U(r—0,)=0 for 
points outside the cell. 

Introducing the symbols 


Aé,p= 6,p(1)— 61 p(2), 
a/dsp=ép(0)-V, 
8/05q= (q/q)-V, 

5rp=ép(0)-4/9, 


(3.16) 


(3.17) 


4M. Born and K. Huang, Dynamical Theory of Crystal Lattices 


(Clarendon Press, Oxford, 1954), paragraphs 26-27, 
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and the matrix elements 


(il Fi? | j)= (det/m) f (Axu-d#/Asp) (xus/8s,)dr, 


(i| Fal j= f sod eu¥ (ode, 


(i| F;?| P= af XK i*xejO1p* VV dr, 


1,0 


Gi|FeP|j)=a0 f xei*xuj(8V/dsp)dr, 
1 


,0 
we obtain to lowest order in g 


(i, nF1| Aip| j, m)=+i(KT/2up*pV)*[(i| Fi? | 7) 
+(1—n)dz(i| Fo| j)+G| Fs” | 9)], 


where the density p= MG*/V. 
The preceding expression for the matrix elements 
can be evaluated explicitly if @p(0) and 6,p are known. 
We shall use the general results of Born and Huang" 
as applied to the diamond lattice by Smith.’® This 
treatment considers interactions with nearest neighbors 
without approximation, and interactions with second 
neighbors assuming that the forces are central. In our 
notation, the equations of reference 15 giving ép(0) 

and Aé;p are 
ép(0) = (2aopwp*)S’é (0), 


(3.22) 


(3.23) 
and 
1 OG W 
ar=—(~) gz 0 qe} ép(0). (3.24) 
2q\a 
qv Qz O 


S’ is a matrix having the same structure as the Shockley 
matrix defined by Eq. (2.3), but with q replacing k 
and the following definitions for L, M and NV: 


L=at+8u, 
M=a—8?/a+4u, 
N=8(2—8/a)+8u. 
The quantities a, 8 and uw are functions of the elastic 
constants to be given explicitly in Sec. 4. 
Let us now consider the case of optical modes. In 


the approximation, used before, that U(r) is of suffici- 
ently short range, we have, to lowest order in gq, 


(3.25) 


Jape()=(—1)f xei* (OV /Osp) xx; T, (3.26) 


0,1 
and also that 
Jop*(1) =J2p*(2). 


Thus, Eq. (3.15) becomes 

(i, nF 1|Hep| j, n)= (2h'n'/pV K Oae?)Ki| Fa? | 7). (3.27) 
15 Helen M. J. Smith, Trans. Roy. Soc. (London) A241, 105 

(1948). 
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By applying symmetry arguments to Eqs. (3.18) 
through (3.21) we arrive at the following conclusions 
concerning transitions involving acoustical and optical 
phonons in the diamond lattice. From Eqs. (3.18) and 
(3.19) we observe that for a cubic lattice, without a 
basis, there is no coupling between current carriers and 
transverse phonons if the wave functions have s- 
symmetry. For carrier wave functions having p- 
symmetry, however, transverse phonons are effective 
in scattering. If we now consider the diamond lattice, 
the preceding statement still holds, but in addition the 
integrals (3.20) and (3.21) play a part in the transition 
amplitudes. Interestingly enough, however, these inte- 
grals vanish for carrier wave functions having s- 
symmetry. Thus, in a homopolar semiconductor having 
the diamond structure, it is impossible for optical modes 
to contribute to the same order in g if the band has 
s-symmetry and an extremum occurring at k=0. This 
suggests that a calculation of the temperature depend- 
ence of the mobility of n-type InSb, whose conduction 
band probably satisfies the preceding requirements, 
would yield an estimate of the polar character of this 
material, since our remarks concerning the effectiveness 
of optical modes do not apply to the electron-phonon 
interaction in polar materials. 

In p-type germanium the valence band structure at 
k=0 permits transitions due to all types of phonons 
within as well as between the two bands degenerate at 
this point. 


4. CALCULATION OF MATRIX ELEMENTS AND 
RELATED QUANTITIES 

This section will develop the explicit quantum- 
mechanical results needed to calculate the lattice scat- 
tering terms of the Boltzmann equation. In addition to 
the approximations already made, we shall need three 
further assumptions if tractable expressions for the 
matrix elements are to be obtained. They are: 


(1) The solid will be assumed elastically isotropic, so 
that longitudinal and transverse sound velocities will 
be independent of direction, but not necessarily equal 
to each other. The numerical values of the velocities to 
be taken as isotropic can be obtained from a suitably 
weighted average of the measured velocities over 
crystallographic directions. From these values it is 
possible to define average elastic constants @;; by the 


relations 
(4.1) 


The third elastic constant @1. is determined from the 
relationship which holds in an elastically isotropic 
medium, 


Cn=pur, Cas=pur’. 


(4.2) 


(2) The surfaces of constant hole energy in k-space 
will be taken to be spherical. This is achieved by 
defining a Shockley matrix involving averaged quanti- 
ties L, M, and N which satisfy N=L—M. In spirit, 
this approximation is the same as that involving the 


C11 — Cro = 2h ay. 
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elastic constants. In fact, Eq. (4.2) corresponds to 
precisely the same relationship, Y= L—M, among the 
quantities (3.25). This approximation is easily seen to 
be justified since the warping of the actual energy 
surfaces is small in comparison to the radius of the 
best sphere with which one can replace the actual 
energy surfaces in k space. The energy of the degenerate 
bands can thus be written E,=h?k?/2m,. The constants 
m, are interpreted as the effective masses belonging to 
bands 1 and 2, and will be given their experimental 
values: m;=0.042 and m.=0.33 electron masses. 

(3) In calculating F,? and F2, it will be assumed 
that €:, €2, €; transform like x, y, and 2, i.e., we shall 
replace €1, €2, and ¢; by functions X, Y, and Z given by 
X=xf(r), Y=yf(r), Z=2f(r), respectively. The func- 
tions f(r), for a particular atomic cell, depend only on 
the distance r from the center of that cell. Furthermore 
each atomic cell will be assumed spherical. In effect a 
Wigner-Seitz approximation is made in treating the 
atomic cell. This manner of treating the wave functions 
cannot be used in calculating the matrix elements 
involving F;” and F,”, since these latter quantities 
vanish in this approximation. 

The first step in calculating the matrix elements 
consists of finding the polarization vectors é@p. These 
are obtained by inserting approximation (1) into (3.23) 
and solving the resulting equation. Smith'® shows that 
coefficients a, 8, and yw are related to the elastic con- 
stants as follows: 


2aoCii=at 8u, 

2aplus=a—B"/at4uy, 

2ao¢12= 28—at4u. 
Use of (4.2) then shows that n= (6/2)(8/a—1) and 
from (3.25) it follows that N=Z—M. The secular 
equation obtained from (3.23) yields the relationship 
wp=upg between frequency and wave number. The 
solution for the eigenvectors is 


(4.3) 


| Qz | 
éx= (1/9) | dy , 
qe) 
| dy 
ém= (q.?+4q,7)* | —z |} 
| O 


Qrqz | 
ére=q'(q2"-+9,7)*| Que | 
— (q2°+4qy’) J 


In order to determine Aé,p (to be abbreviated Aép, 
since we do not need to consider Aézp in this treatment) 
from Eq. (3.25), one needs to know 8/a. This is obtained 
from Eqs. (4.3) which are quadratic in a and 8. The 
physically significant solutions give 

; Bo by + 2b t+3(Err24s)! 


= : (4.5) 
a Ey t+ 4O gat 4(Err2aa)! 


AND 
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One finds, if the x, y, z axes are taken along the cubic 
axes of the crystal, that 


Qu9z 
Adbir= (8/9) | 9292 |, 
924y_ 
— rz 
Qy9z , 
Qy’— qa 


qu(qz?— q2°— 9y’) 
Aébre= (6/2q*) (q2°+9y7)* | g2(q.’—92°— Gy’) | - 
2924v4z 
The quantities (i| F,?| 7) defined by Eq. (3.18) may 
be evaluated by expressing the operators (0/dsp) and 
(0/ds,) in terms of (0/dx), (0/dy) and (0/dz) with the 
help of Eq. (4.4) and by use of the wave functions 
(2.23). Of the matrix elements that arise in computing 
(i|F,?|7), only those of the following type do not 
vanish: 


Adri= (8/24)(q:"-+4,?) 


h= (h?/m)<e;| (0/dx) (d/dx) | €1)0; 
I2= (h?/m)(e,| (0/dy) (0/Ay) | €1)o, 
I3= (? ‘m)\e; | (0/dx) (d/dy) | €2)0. 


We have added a subscript 0 to indicate that the 
integral extends over a single unit cell rather than over 
all space. Furthermore, we have dropped the explicit 
dependence on the spins in the bra and ket vectors. 
We shall assume that the spins involved are always 
parallel, for only in this case are the quantities (4.7) 
nonvanishing. The matrix element (i| F,”| 7) can thus 
be expressed in terms of three quantities, which must 
be considered undetermined since explicit knowledge 
of the wave functions is lacking. In order, however, to 
reduce the number of constants for the present purpose, 
we shall make approximation (3). With this approxi- 
mation, it can be shown that 


Ih=I;, (4.8) 
273=1,—T To. (4.9) 


We shall express the integrals (4.7) in terms of the 
single constant J, from which we can henceforth omit 
the subscript. 

The matrix elements (i|F2| 7) can be expressed in 
terms of a single integral 


C2=(e1| V(r) | 1), (4.10) 


which will also be treated with the help of approxima- 
tion (3). This approximation, when considered in 
conjunction with (1) and (2), permits a choice of the 
x, y, 2, coordinate axes along some arbitrary direction 
in the crystal, and not just along the cubic axes. 
Therefore, if the matrix elements depend only on the 
angle of scattering, and not on the azimuthal angle, it 
is possible to choose some convenient initial direction 
of propagation for the hole that is to emit or absorb a 
phonon. 


(4.7) 
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The quantities (i|F3?| 7), (¢|F4?|7) can be written 
as functions of 


C3= (6/2)ao(e1 | OV, ‘dz | €2)1, o» C= (2/6)C3. (4.11) 


Since symmetry arguments, which depended on the 
condition that «, y, z coincide with the cubic axes of 
the crystal had to be used in obtaining the expressions 
(3.20) and (3.21) and since the quantities (4.11) vanish 
for spherical unit cells, it is necessary to retain the 
restriction on the orientation of the x, y, 2, axes in the 
treatment of the scattering terms resulting from the 
relative motions of the two atoms in a unit cell. In 
this case, the matrix elements for scattering will there- 
fore depend on the initial direction of propagation of 
the hole in question. 

In evaluating (i| F,"| 7) and (i|F2| 7), we may take 
the initial direction of propagation along the z axis so 
that k,=k,=0 and k,=k. 

The coefficients a;; in Eq. (2.21) determine the wave 
functions corresponding to the initial state. These 
coefficients may be evaluated with the help of the 
relationships 

c= (1/V3) NR. (k2+k,?)}, 
d= (1/2v3)N (k.’+k,?), 
E,—a= (1/6)N (??+3k,’), 
sind= —k,/(k2+k,’)}, 
cos = —k,/(k2+k,?)!, 
sing= — 2k,k,/(k.’+h,?), 


cos¢ = — (k2—k,?), (k2’+k,?), 


which are obtained by using approximations (1) and 
(2) and Eqs. (2.11) and (2.19). 

For this initial direction the quantities (4.12) simplify 
so that the matrix A of Eq. (2.21) for the initial wave 
functions, becomes 


1 | ; 
A=—} ; (4.13) 
v2|-—1 0 7 
1 00 —1, 


It is seen that a hole moving along the z direction in 
band 1 or 2 is described by a linear combination of the 
wave functions corresponding to mj=+} and mj; 
= +3, respectively. In forming the probability that a 
hole in a given band makes a transition to another 
state within that band or into the other band, we shall 
average over the initial degenerate states and sum over 
the final degenerate states. Instead of (4.13), one may 
take 

1 

0 

0 

0 0 0 


A= 


0 
0 
1 (4.14) 


0 
0 
0 
1 


and consider the elements of this matrix as giving the 
values of the a;; to be used in calculating the matrix 
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elements. The use of (4.14) corresponds only to a 
different choice of basis functions for treating the initial 
state. 

The same matrix (4.14) will be used to determine 
the initial state wave functions for calculating (i| F3”| 7) 
and (i|F4"| 7). It is thereby assumed that initially the 
hole is propagating along a [100] direction. In the 
application to transport theory we shall assume these 
results to be representative as well of the scattering 
obtained from other initial directions. 

The wave functions describing the final state of a 
hole propagating in the direction (k,’, ky’, k.’) depend 
on the a,;’ which can be obtained with the help of Eq. 
(4.12) if primes are added to the k,, ky, k.. In transport 
theory one is interested in the probabilities, propor- 
tional to the absolute squares of the matrix elements, 
for transitions within and between bands. 

The transition probability from band s to band r 
due to emission or absorption of an acoustical or optical 
phonon (u=1, 2) of polarization P, obtained by aver- 
aging over the initial degenerate states and summing 
over the final degenerate states, is proportional to 


W P(r, nF 1; 5, n) 
=h Yin Di, nF1| A, P| 7, n)|?. 


The notation 7(s), 7(7) means that we are to sum over 
the two degenerate states labeled by i and 7 belonging 
to bands r and s, respectively. It is seen from Eq. 
(2.17) that the values of i corresponding to r=1 and 2 
are 1, 2 and 3, 4, respectively, and similarly for the 7 
corresponding to s=1 and 2. Since |{i, m+1| Hyp| 7, m)\? 
for acoustical phonons is the same for emission and 
absorption, we can abbreviate the quantity defined by 
Eq. (4.15) as Wy? (r,s) for w=1. 

The total transition probability due to transverse 
phonons is equal to the sum of W,™ and W,7?, and 
will be written 


(4.15) 


W,7=W,"+W,". 


We can show with Eq. (3.18) that J= (2/5)C,, where 
C, is the kinetic energy at k=0 if we use the definition 


Ci= (#? 2m) f |gradya|*ar 


0 


C, can be considered as the coupling constant for 


acoustical modes. If we define 
Ga? (r,s) =} DL uw D ite) (i PF. 
Gas? (7,8) =} Din Dio ((t| Pa? | 7X7 | Fa? | 7) 
+(i| Fe? | 7Xj| Fa? |i))/CaCa, 
then, from (3.22) and (4.15) we have for acoustical 
modes 
W 1? (r,s) = (RT/2up’pV)[CYG1? (r,s) 
+ (1 —n)*6,pC?G2(r,s) +C°G3? (1,5) 
+ (1—9)6,pCiC2Gi2” (1,5) + C1C3Gis" (1,5) 
+ (1—n)6zpC2C3G23" (1,5) ]. 


)) " ca 
(4.16) 


(4.17) 
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In Eq. (4.17) the total contribution due to transverse 
modes has been written 


GT=G"+G"™. 
For optical modes, 


W.?(r, n241; 5, n)= (2h?n'/pV K Oac?)C G3" (r,s). (4.18) 


The results of these calculations will be presented by 
giving explicit expressions for the G,’(r,s) and the 
Gas’ (r,s). These expressions simplify considerably if 
one has introduced conservation of momentum and 
energy into the calculations since it is possible thereby 
to eliminate the explicit dependence on g. To distinguish 
between initial and final states in the two bands, we 
shall write the wave numbers as &, and k,’, the sub- 
scripts s and r denoting that the hole is in band s 
before and in band r after having interacted with the 
phonon. Since hupg<KT, for the temperature range 
where lattice scattering is the principal scattering 
mechanism, the equations giving conservation of energy 
for transitions between the bands by acoustical phonons 
are 

k,"=ak;’, 


ky?=a7k? 


(1-2), 


4.19 
(2-1), — 
where 


a= (m2/m,). (4.20) 


For scattering within a band 


k,"=k? (s=1, 2). (4.21) 


In the case of optical phonons it is not legitimate to 
neglect the energy of the phonon in comparison to that 
of the hole. The principle of conservation of energy is 
therefore 


(h?k,’?/2m,) = (h*k,?/2m,)+ KO, (4.22) 


the upper sign being associated with phonon absorption 
and the lower with emission. 
The conditions for conservation of momentum are 


k,’=k,+q (4.23) 
for both acoustical and optical photons. By introducing 
a polar coordinate system with the polar angle 8 
satisfying 

cos8=k,,'/k,’ (4.24) 
and the convenient symbol 


o=1+a—2a! coss (4.25) 


the dependence on g can be eliminated. 

If the matrix elements are to depend only on the 
angle of scattering, two further assumptions are neces- 
sary in treating those G,” and Gag? for which a or 8 
is 3, since they depend on the azimuthal angle even 
when the initial state is chosen along a [100] direction. 
We can eliminate the dependence on azimuthal angle 
in the G;” by grouping the quantities corresponding to 
the three polarizations together into a single scattering 
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term 


Gs? (7,8) = $1Gs" (r,s) +Gs" (r,s) +Gs"(r,5) ] 
=4G;(r,s) (4.26) 
depending on an averaged sound velocity 
= 4u7?+2ur’. (4.27) 


For the sake of convenience in the application to 
transport theory, we have divided this resultant scat- 
tering term equally among the three polarizations. 

We shall neglect those interference terms Gag? for 
which either a or 8 is 3. This means that we are ignoring 
the interference between the term 6,p and the other 
acoustical terms, and are thereby considering G3? as 
an independent scattering process. We shall estimate 
the effect of these neglected terms on the mobility in 
a subsequent paper. The results for the quantities 
G.” (r,s) and Gag’ (r,s) considered in this treatment are: 


G,"(1,1) = (4/25)[(29/18) — (11/6) cosB+2 cos®’B], 
Gy"(2,2) = (4/25)[ (1/2)+ (3/2) cos8+2 cos*s], 
Gy"(1,2) = (4/25) (7/4) + (7/30) — (a/c) 
— (a/o?) sin?B] sin’s. 
G,7 (1,1) =G,7 (2,2) = (1/25) sin’p, 
Gi" (1,2) = (4/25)[ (2/3) — { (a+1)/20} sin’B 
+ (a/o*) sin‘). 
G2(1,1) =G2(2,2) = (1/4) (1+-3 cos%s), 
G2(1,2) = (3/4) sin’. 
Gie(1,1) = (2/5)[ (7/6) —cos8-+ (5/2) cos*B], 
Gi2(2,2) = (2/5)[(1/2)+coss8+ (5/2) cos*s], 
Gy2(1,2) = (2/5) sin’6l(5/2)+ (1—a)/o]. 
G3(1,1)=G;(2,2) = (1/2) sin’B, 
G3(1,2) = (1/6) (1+3 cos’). 
G4" (r,s) = (1/2)Gs(r,5). (4.33) 
G4" (r,s) =G;(r,5). (4.34) 
It is a consequence of the dependence of the G’s on 
scattering angle only, and also of the hermiticity of 
the Hamiltonian matrix, that G.?(r,s)=G.?(s,r), if we 
take the left-hand side to refer to a transition from k, 
to k,’ and the right-hand side to a transition from k, 
to k,’, the initial directions in each case being taken 
along the z axis. 
To facilitate application of the preceding results to 
transport theory we shall define quantities W,?(r,s), 
such that the probability of a transition from band s 


to band r due to one of the scattering processes con- 
sidered here (denoted by the index 7), is 


(24/h)W," (1,5) pr, 
where p, is the density of states in band r. 


Since we have neglected the interference between 
terms in C, and C, we may write Eq. (4.17) in the form 


Wi? (r,8)=W1? (7,8) +Wa? (1,5), (4.36) 


(4.28) 


(4.29) 


(4.30) 


(4.31) 


(4.32) 


(4.35) 
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where 


WP (r,s) = (KT/2up*pV)[CPG,? (1,5) 
+ (1—9)CiC61,pGi2" (1,5) 
+ (1—n)°C 761 pGo(r,s)], (4.37) 

and 

Ws? (r,s) = (KT /2i*pV)CPG3? (1,5). 
In order to treat the DI and RI models simultaneously 
in the transport calculations, we shall introduce a 
parameter 


(4.38) 


f= (1—n)(C2/C)), (4.39) 


and also 


Gi? (7,5; n) =G,P (r,s) +561 pGi2? (1,5) 
+£751pGo(r,s), 


so that we may write more simply 


Wi? (r,s) =W? (r,s ; n) 
=Ci(KT/2up*pV) Gi" (1,55 0). 


We have here introduced explicitly the dependence on 
n. To obtain a consistent notation we shall also put 
W.P=W.?, and G,P= ‘ oP. 

We shall now examine the dependence of the W,” (r,s) 
on scattering angle. This is of interest, since the 
transition probabilities are related to W,’(r,s) through 
Eq. (4.35). It should be noted, however, that in 
discussing W,?(r,s) as a measure of the amount of 
scattering taking place, we are leaving p, out of con- 
sideration. This quantity bears considerable weight in 
determining the importance of a given scattering 
process, since the density of states is so different in the 
two bands. 

Let us first consider the effects of W,?(r,s) alone. 
This corresponds to the assumption that C;=C,=0, 
which would be the case if there were only one atom 
per unit cell. The terms involved are analogous to the 
expressions used to describe lattice-scattering in the 
theory of monovalent metals” for nondegenerate 
conduction bands whose wave functions have s sym- 
metry. In the present treatment these terms, besides 
taking into account the correct zeroth order wave 
functions for the germanium valence bands, have been 
dealt with somewhat more generally in that a quantity 
n has been introduced which gives the results for the 
RI and DI models in the limiting cases »=0 and 1 
respectively. 

In order to compare the two models one would like 
to have an explicit value for the ¢ of Eq. (4.39). A 
rough value of ¢ can be obtained by use of the virial 
theorem which relates the average potential energy C2 
to the kinetic energy C,. Thus, 


2C, = —Co. 


For purposes of comparison it is advantageous to 
express W,” in dimensionless units by taking the ratio 
of W,” to the expression for the absolute square of the 
matrix element obtained by Sommerfeld and Bethe.” 
Their calculation uses the DI model and shows that 


(4.40) 


(4.41) 


(4.42) 
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for a single nondegenerate s band the scattering is 
isotropic and the electrons are coupled only to the 


longitudinal phonons. The matrix element is 


(4.43) 


(k!| H®| k)= + (2/3)iCygb.p(hn’ /2pVw,)! 


and the quantity with which we wish to compare W” 
as given by (4.40) may be written 
W o= | (R’ | H*|k)|?= (2C,/3)?(KT/2pV uz?) 


(4.44) 


The results are shown in Figs. 1 and 2. In Fig. 1 the 
curves giving W,’(r,s) as a function of scattering angle 
8 computed from the DI model are shown for transitions 
due to longitudinal and transverse acoustical phonons 
within as well as between bands 1 and 2. One observes 
that longitudinal phonons influence scattering within a 
given band more than transverse phonons, whereas 
both types are equally important in the scattering 
between bands. Further, one notes that the light holes 
are predominantly scattered backwards, whereas the 
heavy holes are scattered forward. Figure 2 compares 
the results for longitudinal modes obtained from the 
DI and RI models. The two models give the same 
contribution for transverse modes. It is seen that the 
relative importance of longitudinal modes compared to 
transverse modes is much greater for the RI model. In 
addition, the angular dependence of the intraband 
scattering obtained from the RI model is opposite to 
that of the DI model: the light holes are now predomi- 
nantly scattered forward, and heavy holes backward. 

The probability for interband transitions is influenced 
heavily by the density of final states. Thus, in referring 
to Fig. 1, it should be remembered that the probability 
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Fic. 1. Matrix elements squared, in arbitrary units, versus 
scattering angle for scattering of holes by longitudinal (L) and 
transverse (7) phonons, according to the DI model, within and 
between bands 1 and 2. The horizontal line at 1 represents the 
spherically symmetric angular distribution for scattering of holes, 


having s-symmetric wave functions, by longitudinal photons. 
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Fic. 2. Matrix elements squared, in arbitrary units, versus 
scattering angle for scattering of holes by longitudinal phonons 
within and between bands 1 and 2 according to the DI and RI 
models. Solid curves correspond to the DI model and dashed curves 
to the RI model. The horizontal line has the same significance 
as in Fig. 1. 


of a transition, say, from band 1 to band 2 produced 
by a transverse phonon compared to that for a transition 
within band 1 produced by a longitudinal phonon is 
larger by a factor of 20 than one would suppose from 
the graph. Interband scattering therefore plays an 
important role in transport processes. 

Turning now to the angular dependence of the terms 
involving C; and C4, we see from Eqs. (4.18), (4.38) 
and (4.32)—(4.34) that it is the same for the terms 
W.? (r,s) and W3?(r,s). We note that the scattering is 
symmetric about 8=90°, and is maximum in the for- 
ward and backward directions for interband scattering 
and zero in these directions for intraband scattering. 
It should be noted that the angular distributions would 
be more complicated had we not chosen the initial 
state along a [100] direction. In each case, transverse 
modes are twice as effective as longitudinal modes. The 
relative importance of these terms and W,’(r,s) depends 
on the ratio (C4/C)). 

These results have been applied to the transport 
properties of p-type germanium. The calculation of the 
hole mobility is the subject of a subsequent paper. 
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APPENDIX 


We shall show how Eq. (3.15) may be simplified if 
the atomic potential is of sufficiently short range that 
V (r)=U(r) for r in the atomic cell 0}. 


AND 
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From Eggs. (3.8) and (3.13) it follows that 


Jar¥(1)+Jv*2)= f xxetLen(0): dX VU (r+) 
0 


git 


Xexp[+i(n—1)q- (+82) | Ixajd7 


tigay > xei*L > bip(l)-VU (r+ $2) 


V=120 9 p gi, 
Xexpl+i(n—1)q- (r+82) | ]xusdr. 


We shall not need to make the approximation concern- 
ing the range of U(r) in the first term in an expansion 
to lowest order in g only. Integrating this term by 
parts yields 

te) 
~* 2, 0@+60)—. 


0 gut OSp 


X {xeei*xuj expli(n—1)q: (r+) }}dr. 
The surface terms vanish because of the periodicity of 
the integrand. We carry out the indicated differentiation 
and then set exp[ +i(n—1)q- (r+:) ]=1, since further 
terms in the series will correspond to higher order 
terms in g. Using the following identity, proved by 
Sommerfeld and Bethe,” 


9 J V (1) (0/08 p) (xuri*xuj)dt 


0 


=+ (hig im) { (axw* ‘AS p) (Ox%j/OSq)dt 
0 


and Eq. (3.3), we find, without further approximation, 
that the first term becomes 


4. (itPa/m) f (xest/A50) Ox2, dS q)d7 
0 
+i(1—m)bz09 f xePxas¥ (ar 
0 


If the range of U(r) is limited in the way already 
described, then the second term becomes 


XK i*61p(1) ° VU (r)ett-Y0-ty, dr. 
0,1 


+1gdo + 
l=1,2 


We observe from the behavior of xx; and xx; for 
k=k’'~0 and V under the symmetry operation of the 
germanium lattice in which a nonprimitive translation 
ao(4,3,3) is followed by an inversion, that 


f x bie(l)-Wrudr=— f xn i*bip(1)- VV xujdr. 
0, 2 


0,1 


Then to lowest order in g, this term may be written 
+igaef xn Abi p: VV xx;d7. 
0,1 
Insertion of the definitions (3.18)—(3.21) yields 
Jyp*(1)+-Jip* (2) = ig ((i| Fr? | 9) 
+(1—n)6z@| Fo| j)+-@| Fs? | 7). 





PHYSICAL REVIEW VOLUME 


104, 


NUMBER 2 OCTOBER 15, 


High-Field Longitudinal Magnetoresistance of Germanium* 


H. P. Furtut AnD R. W. WANIEK 
Cyclotron Laboratory, Harvard University, Cambridge, Mussachusetts 


(Received July 12, 1956) 


The longitudinal magnetoresistance of germanium N10, Nis, Pioo, Pi, and P21 single crystals of 2 ohm 
cm resistivity has been measured to the point of saturation, by means of transient magnetic fields up to 
600 000 gauss. An N-type effective mass ratio of 17.2+-0.4 has been determined at 300°K. The magnitude 
and variation with field of the P-type magnetoresistances was found to be anomalous. 





I. INTRODUCTION 


i the limit of strong magnetic fields, the galvano- 
magnetic behavior of germanium assumes a simple 
form.!? When saturation values of the Hall coefficient 
and of the longitudinal and transverse magnetore- 
sistances can be attained, one derives direct information 
regarding carrier densities, effective mass ratios, and 
collision times. The requisite predominance of gyro- 
magnetic over collision frequency is achieved with about 
600 000 gauss at room temperature, and about 150 000 
gauss at liquid nitrogen temperature. 

In his classical paper on the magnetoresistances of 
metals,’ P. Kapitza gives transient-field measurements 
up to 300 000 gauss for a polycrystalline germanium of 
milliohm-cm resistivity. Of greater theoretical value are 
the measurements made by Pearson and Suhl* on single 
crystals of high purity in the 100 000 gauss Bitter dc 
magnet.° By means of a pulsed-field technique developed 
by the authors,® it has proved possible to extend these 
measurements to the point of complete saturation. 

The smallness of the present magnet and samples, 
and the pronounced peculiarities of metal-germanium 
contacts in high magnetic fields, have tended to impair 
the precision of Hall effect and transverse magneto- 
resistance measurements. Since the Hall effect has been 
found to saturate at rather low fields, this work appears 
more suitable for larger and weaker magnets. The 
longitudinal magnetoresistance lends itself well to 
measurement in a small high-field solenoid. 

It is noteworthy that single-turn magnets capable of 
producing multimegagauss fields,’ while an unnatural 
choice for experiments requiring a high degree of field 
homogeneity, are naturally suited to induce saturation 
effects. 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Present address: University of California Radiation Lab- 
oratory, Livermore, California. 
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2H. Brooks, Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1955), Vol. 7, p. 85. 

3 P. Kapitza, Proc. Roy. Soc. (London) 123, 292 (1929). 

4G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

5 F, Bitter, Rev. Sci. Instr. 10, 373 (1939). 

6H, P. Furth and R. W. Waniek, Rev. Sci. Instr. 27, 195 (1956) ; 
Nuovo cimento 6, 1350 (1955). 

7 Levine, Furth, and Waniek, Bull. Am. Phys. Soc. Ser. II, 
4, 191 (1956). 


II. EXPERIMENTAL APPARATUS 


The experiment is illustrated schematically in Fig. 1. 
A constant current pulse of 10 to 100 milliamperes is 
applied to the crystal, the resistivity is raised by 
application of a magnetic field transient, and the re- 
sultant potential transient is observed through separate 
potential leads. 

The magnet consists of a Dural-Formica chamber 
(similar to that shown in Fig. 4 of reference 6), which 
compresses a thick-walled air-core helix of the Bitter 
type. Copper helices of 3% in. inside diameter, ¢ in. high, 
were operated up to 400000 gauss at 3 milliseconds, 
300°K and up to 600 000 gauss at 77°K with a trans- 
former and 7800-joule supply. Beryllium copper helices 
of 35 in. inside diameter and 3 in. height were operated 
up to 600 000 gauss at 150 usec, with a low-inductance 
4000- joule supply. The magnetic field was measured by 
means of a pickup coil, wound about the crystal to be 
tested, and feeding through an integrator circuit into 
an oscilloscope. 

The samples used were germanium single crystals of 
22 cm resistivity, measuring 1X15 mm, and having 
axes within 2° of the nominal alignment, as determined 
crystallographically. Potential leads were fastened by 
melting specks of pure tin into the germanium surface. 


III. METHOD OF OBSERVATION 


Maximum information can be extracted from the 
experiment by displaying the crystal and magnetic field 
integrator potentials simultaneously along the x and y 
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Fic. 1. Schematic diagram of the experiment. 
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(d) 


Fic. 2. Oscilloscope traces of resistance (x axis) vs magnetic 
field (y axis). (a) Nio0 at 460 000 gauss; (b) N11: at 460 000 gauss; 
(c) Poo at 600 000 gauss; (d) P11: at 200 000 gauss. 


axes of an oscilloscope, so that the resultant traces out 
a graph of resistance vs field strength. The use of this 
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method in the present context has been described 
by Suhl.® 

Pickup voltages in the crystal circuit are detected by 
the double valuedness of the oscilloscope trace. It is 
noteworthy that, since the derivative of the field must 
vanish at its peak, the maximum field points are cor- 
rectly given, even in the presence of considerable pickup 
voltage. This effect is illustrated by Figs. 2(a), 2(b), and 
2(c), which were taken with 150 ysec pulses. In the milli- 
second range, single-valued traces can always be ob- 
tained, as in Fig. 2(d), which also illustrates the elimina- 
tion of possible Hall effect components by double 
exposure under reversal of the field. 

In practice, measurements up to 300 or 400 kilogauss 
were taken in the millisecond region, and supplemented 
with fast high-field shots when necessary. Continuous 
measurements were made between liquid nitrogen and 
room temperatures by immersing the entire magnet in 
coolant and then allowing it to warm gradually. On each 
oscilloscope trace, the temperature of the sample is 
recorded by the magnitude of the null-field resistance. 


IV. RESULTS 


Measurements made on 4 or more crystals of each 
kind yielded continuous sets of data, which were found 
accurately reproducible for different pulse times and 
samples. Since the present equipment is best suited for 
observing large effects, the precision of the N-type 
measurements of Fig. 3 is considerably better than that 
of the P-type measurements of Fig. 4. Small unexplained 
variations in the behavior of different samples were 
encountered in the case of P00, which thus proved in all 
ways the most anomalous and refractory of the mate- 
rials tested. 

Measurements taken at liquid nitrogen temperature 
suffered in reproducibility because of the erratic be- 
havior of metal-germanium contacts in strong fields. 
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Fic. 3. N-type magnetoresistance vs magnetic field at 300°K. 
Dotted lines give limits of accuracy. 


®H. Suhl, Phys. Rev. 78, 646 (1950). 





LONGITUDINAL MAGNETORESISTANCE OF Ge 


The N-type magnetoresistances were found to approxi- 
mate closely the patterns obtained at 300°K with 4 
times greater magnetic fields. The P-type saturation 
values at 77° were materially smaller than at 300°K, the 
temperature dependence emerging chiefly at low tem- 
peratures. Room-temperature measurements taken with 
Py crystals of 6 ohm cm resistivity were found to 
coincide with the results of Fig. 4. 

The present results for the 100 orientation are com- 
bined in Fig. 5 with those obtained by Pearson and Suhl* 
in dc magnetic fields. 
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Fic. 4. P-type magnetoresistance vs magnetic field at 300°K. 


V. INTERPRETATION 


The N-type results are in conformity with expectation 
regarding the effective mass ratio and collision time. 


The saturation values of the longitudinal magneto- 
resistance are given by 


pol” (2k+1)(k+2) 
ae ee 
pat (2k+1)(R+8) 

| 3C0b42) 


From p,!™/po= 4.40 one obtains k= 17.3; from p,!""/po 
=2.40, one obtains k=17.0. The result 17.2+0.4 
definitely lies above the values derived somewhat 
indirectly from low-field magnetoresistance measure- 
ments, and agrees better with the results of cyclotron 
resonance experiments at low temperatures. The large 
saturation values obtained for P-type crystals are 
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Fic. 5. Ni00 and 
Pioo magnetoresist- 
ances (solid lines) 
compared with data 
taken from G. L. 
Pearson and H. Suhl, 
Phys. Rev. 83, 768 
(1951), (circles). 











contrary to ordinary expectation, especially in view of 
the rather slight temperature and impurity dependence 
of this effect. Even more striking is the disparity of 
field dependencies for crystals of different orientation. 
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Previous calculations of the continuous absorption coefficient of H~ were based on the use of ground state 
wave functions obtained through the Ritz variational method. Such functions, although giving good values 
for the energy, are not in general adequate for the determination of the dipole matrix element needed for 
the absorption coefficient. Initial and final state functions are constructed for which the following necessary 
conditions on the true wave functions are satisfied: (1) equality of dipole length, velocity, and acceleration 
matrix elements and (2) the (r?)4, and f sum rules. The constructed ground state function is also shown 
to be reasonable on the basis of energy minimization. The resulting absorption coefficient for H™ is in 
substantial agreement with the best previously calculated curves and with experiment. The curve for 


Li~ is also obtained. 





I. INTRODUCTION 


HE theoretical evaluation of the continuous 

absorption coefficient of H~ has long been of 
great astrophysical interest. Since there is only one 
bound state, the atomic absorption coefficient is 
identical to the cross section for photodetachment of 
an electron. The latter process has recently been 
investigated in the laboratory.! 

There have been numerous calculations of this 
coefficient, the most improved being those of Chandra- 
sekhar.2~* All of these calculations have made use of 
ground state wave functions which have been found to 
give minimum energy in the Ritz variational procedure. 
The final state wave function has generally been 
taken to be a symmetrized product of the hydrogen 
atom ground state function and a plane wave. It is 
quite clear’ that the magnitude of the absorption 
coefficient, particularly in the visible and infrared, is 
extremely sensitive to the choice of ground state wave 
function. It is seen that the use of a many-parameter 
ground state function which may lower the best 
previously obtained energy by about 0.1% may cause 
a corresponding change in the absorption coefficient 
of as much as 100% over a large range of wavelengths. 
This emphasizes the fact, which is generally realized, 
that although one obtains a very good value for the 
energy in a variational calculation, the resulting wave 
function can be extremely poor for the calculation of 
other atomic properties. This will be particularly true 
for those properties which depend on the correctness 
of the wave function at relatively large distances from 
the nucleus. To attempt to overcome this difficulty, 


* This work was’supported by the Bureau of Ordnance, Depart- 
ment of the Navy. 
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(1944) ; 


Chandrasekhar** determined the continuous absorption 
coefficient using the dipole velocity operator. This has 
the effect of weighting the bound wave function more 
heavily at smaller distances from the nucleus, where the 
variational functions are more accurate. 

In the present paper we will adopt a different 
approach to this problem. Wave functions for the 
ground and continuum states are constructed so that 
they will satisfy certain necessary conditions, other 
than energy minimization, which are required of the 
true wave functions. As an additional test of our 
constructed ground state function, a variational calcu- 
lation is performed using a trial function of the same 
form. 


II. CALCULATION OF ABSORPTION COEFFICIENT 


The standard formula obtained from perturbation 
theory for the atomic absorption coefficient for radiation 
of frequency », in which an electron with velocity 2; is 
ejected in the Z direction and the atom is left in the 


ith excited state, is 
Sa. 
Kyi — —VW0i| Mi (1) 
3 ec 


The total absorption coefficient is then x,=Doik,i, 
where the sum extends over all energetically possible 
states. We shall employ the atomic units for length 
(Bohr radius) and energy (2 Rydberg units) throughout. 
For a two-electron atomic system the dipole matrix 
element has the form 


am f [verte Wadrdn (2) 


in which the discrete and continuum wave functions 
are solutions of the Schrédinger equation 


Tes ee: ' 
vityi+2(£+—+———) vinun)=0 (3) 


ma vy te 


Chandrasekhar® has pointed out that when Yq and 
V.; are exact solutions of Eq. (3), uz; may be also 
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written as the so-called dipole velocity and acceleration 
matrix elements, 


1 0 0 
bse J fee(4—)weanar, (4) 
Fa E-¢ 02; 022 
1 21 22 
J fer(Et 2 )wedrde (5) 
(Ea— E.)* ry re? 


Hence, the equality of expressions (2), (4), and (5) 
is a necessary condition for the correct wave functions. 

Another set of necessary conditions for the correct 
wave functions and total absorption coefficient are 
the (r?),, and f sum rules”: 


3: mC.” K» 
— —| v= f [wetetrevadrdn (6) 
2a hao 


Yo 
mc r@ 
=f x,dv=2, (7) 
me” Vo 


where vo is the frequency of the absorption limit. These 
sum rules have as their basis the fact that all the 
solutions of Eq. (3) form a complete set and the assump- 
tion that there is only one state in which both electrons 
are bound (the existence of only one bound state for H- 
has not been proved but is generally accepted"). They 
have been used by previous authors as a test of their 
calculated values for x,o. This procedure does not 
appear to be strictly correct, however, since the exact 
WV, and V,o’s do not form a complete set by themselves. 
One must use the total absorption coefficient in (6) and 
(7) rather than the partial one which corresponds to a 
particular final state for the hydrogen atom. 
For WV, and W,; we construct functions of the form 


and 


go(r1) ¢o(f2), (8) 
and 


1 
—{ go(r1) ex (12) + ¢o(r2) ox (11)}, (9) 
v2 


where ¢» and ¢g, are eigenfunctions of the equation 


{V?—2V (r)+2E} o=0. (10) 


Our model for the level structure of H7 is thus a set of 
singly indexed states instead of the true doubly indexed 
set. The spherical potential V(r) is chosen such that it 
will yield only one bound state having an energy equal 
in magnitude to the accepted electron affinity of the 
hydrogen atom. The ¢’s will then be orthogonal and 
may be normalized such that /”| go|*dr=1, and ¢y is 
made to become a free wave of unit amplitude at 
large distances from the nucleus. With these conditions 


10S. Chandrasekhar and M. K. Krogdahl, Astrophys. J. 98, 
205 (1943). 
1 T, Y. Wu, Phys. Rev. 89, 629 (1953). 
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on the g’s the dipole length, velocity, and acceleration 
matrix elements become, respectively, 


A Ps, 
V2 | go*z¢xd7, 0 dr, 
Ei E. Oz 


€ 


and 


——e fee pT, 
(Ea— E.)* r° 


which are identical because the ¢’s are exact solutions 
of Eq. (10) and Eyg—E.=Ey)—E,=hv. The sum rule 
conditions, (6) and (7), will be satisfied by virtue of 
the ¢’s forming a complete orthonormal set of functions. 

The above requirements on ¢ can be met by an 
infinite number of types of potential wells for V (i.e., 
Square, Gaussian, Yukawa, etc.), and consequently 
our choice will have no claim to being unique. In other 
words, the conditions we have imposed on the wave 
functions are necessary but not sufficient. On the basis 
of physical reasonableness and mathematical simplicity, 
we chose the cut-off Coulomb potential,” 


: J 
—=; #£S0% 


Vi(r)= r (11) 


LO; r > Po. 


The fact that the potential vanishes more rapidly than 

r-' at large distances insures that it will have a finite 

number of bound states. Also it qualitatively resembles 

the Hartree field of an atomic core.” The parameter ro 

is adjusted to give the desired bound state energy level. 
The resulting bound state function is 


No 1 
% é e °F, 1— > ; Z ‘ 20") ; ¥ < To 
, to 


r2>1o, 


(12) 


where Np is the radial normalization constant, A is a 
matching constant, fo=[(2/ro) +h? }, and ko?=2| Eo|. 
The continuum states may be expanded in terms of 
Legendre polynomials as 


i'(21+1) 
Gr= — 
1=0 kr 


Pi(cos®)xi(r ; R), (13) 


in which k*?=2E,. The only partial wave which con- 
tributes to the dipole matrix element is the p wave, 


_! This type of potential was first used to describe atomic 
fields by W. P. Allis and P. M. Morse, Z. Physik 70, 567 (1931). 

*®H. S. W. Massey, Negative Ions (Cambridge University 
Press, Cambridge, 1950), second edition, Chap. I. 
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Fic. 1. Comparison of the cut-off Coulomb potential with the 
Hartree potential of a hydrogen atom. 


which has the radial form 


( 1 
wife P(2—-; 4; 2) 2. PEs 
t 


(14) 
sin(kr+6;) 


kr 


—cos(kr+6)) ; 


r>fo, 


where N, is a matching constant, t=[(2/ro)—k*}}, 
and 6; is the phase shift. The formula for the total 
continuous absorption coefficient, in terms of these 
functions, becomes 


2 


32m? kP+k*| p* | 
ky=—aae* f goxir'dr| , 
3 k 0 


(15) 


where a is the fine structure constant. The evaluation of 
the integral occurring above is performed numerically 
from 0 to ro and analytically from ro to ©. 

The best value for the electron affinity of the hydrogen 
atom is 0.747 ev.® Using this as the binding energy of 
a 1s level in Eq. (10) we obtain ro= 1.88 for the radius 
of our well. The resultant potential (11) is compared 
with the Hartree field, —e~*"(1+1/r), in Fig. 1. The 
greater depth of V may be attributed to a polarization 
of the core by the “outer” electron. 

The primary difference between the treatment for 
Li- and H- is the requirement that the two outer 
electrons in Li~ be in 2s orbitals. We regard the 1s 
shell of Li- as essentially at the nucleus, making the 
procedure of the calculation identical to that for H-. 
Using the value of 0.384 ev for the electron affinity” of 


“For a review of the various evaluations of the electron 
affinity of Li, see B. L. Moiseiwitsch, Proc. Phys. Soc. (London) 
A67, 25 (1954). Using the latest spectroscopic data [C. E. Moore, 
Atomic Energy Levels, National Bureau of Standards, Circular 
No. 467 (U. S. Government Printing Office, Washington, D. C., 
1949) ] in the quadratic extrapolation from isoelectronic systems, 


Li, we obtain ro= 8.78 (again assuming that there exists 
only one bound state). The results of the calculations 
are recorded in Table I and plotted on a wavelength 
scale in Figs. 2 and 3. 


III. VARIATIONAL TEST OF GROUND STATE 
FUNCTION 


As an additional check on the correctness of our 
constructed ground state function for H~, we perform a 
Ritz variational calculation using a trial function having 
a similar form. We take for the trial function 


WVav= Gov(71) Pov (12), (16) 


N, 
rr. 
2/m 
N, 
Ag; 
a/r 
To secure continuity of go, and its derivative at ro, 
it is required that ro,=(a—6)— and A,=e"(a—b)", 
leaving only a and b as the variational parameters. 
The form of go, is identical to that of go for large r 
where there is the greatest contribution to the dipole 
matrix element. For small r the form of go, is sufficiently 
close to that of go because the confluent hypergeometric 
function is slowly varying compared to the exponential 
function. 
The evaluation of the energy and normalization 
integrals requires separate intergrations over the three 


with 
r < Tov 
(17) 


r>To. 


TABLE I. Calculated continuous absorption 
coefficients of H~ and Li-. 








H~ Li- 
K) (10-'7 cm?) (A) K, (107!7 cm?) 


32293 
29665 
27432 
25512 
23844 
21085 
18899 
17123 
15653 
14415 
13358 
11650 
10330 

8421 

7107 

6148 

4842 

3993 


A(A) 
16533 0 
15158 
13094 


12996 
12131 
10706 
9581 
8669 
7916 
6744 
5875 
5204 
4236 
3572 
2566 
2002 1.15 
1391 0.69 
864 0.33 





So 


0.69 
1.54 
2.26 
2.83 


3.57 
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3.95 
4.09 
4.10 
3.91 
3.62 
3.31 
2.76 
2.31 
1.58 
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0.733 ev and 0.377 ev are obtained for the affinities of H and Li, 
respectively. If we accept Henrich’s value of 0.747 ev as the true 
affinity for H and assume that the extrapolation underestimates 
the true value by the same fractional amount in both cases, we 
obtain 0.384 ev for the electron affinity of Li. 
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regions of rir. space (since function is symmetric): 
ry and re<rov, 11K fo and re2>fo, 71 and r22>Pov. 
The integrals which arise are straightforward and 
easily carried through. The energy minimum is found 
numerically to be —0.4850, with the corresponding 
parameters a=0.808 and b=0.259. Of course, this 
energy is considerably higher than that obtained with 
trial functions containing many more parameters. 
In fact, this energy is too high to permit a bound state 
of H~ to exist. However, what is important to establish 
the validity of our calculated absorption coefficient is 
the comparison of this variational function at minimum 
energy with our constructed ground state function. 
This comparison, given in Table II, is reasonably 
favorable over the region of r which contributes most 
to the dipole matrix element. It is also of interest to 
note that ro,= 1.82 as compared with ro= 1.88. 

The principal difference between our present trial 
function and those previously employed is its asymp- 
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Fic. 2. Calculated continuous absorption coefficient of H- 
(solid line). Henrich’s calculation® is with an 11 parameter 
ground state function and the dipole length matrix element. 
Chandrasekhar® makes use of the same 11 parameter function 
and the dipole velocity matrix element. 


totic form corresponding to complete shielding, r~'e~”, 
rather than that of a screened Coulomb field, e~*’. 
This type of asymptotic behavior is more reasonable for 
the description of an electron in H~ than it would be in 
He because the electron-electron interaction is relatively 
more important in the former case. It is this fact which 
may cause the energy of H~ to converge less rapidly 
than that of He as the trial function is given more 
parameters.’ It appears that the best ground state wave 
function for H- for the calculation of both minimum 
energy and the absorption coefficient would be a 
Hylleraas-type function modified so that it will asymp- 
totically assume the completely shielded form. 


IV. CONCLUDING REMARKS 


The comparison (Fig. 2) of our present result for H~ 
with the latest previous calculations (for x,o) shows 
relatively close agreement. The experimental electron 
photodetachment currents! were found to be consistent 
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Fic. 3. Calculated continuous absorption coefficient of Li-. 


with Chandrasekhar’s calculation, but they would be 
equally consistent with the present result to within 
the experimental uncertainty.'® The fact that our 
absorption coefficient exceeds the previously calculated 
curves®*® at small wavelengths is perhaps due to the 
inclusion in our model of the average effect of transitions 
to excited states of the hydrogen atom while previous 
workers consider only the transition to the ground 
state. The absorption coefficient of Li- has not been 
previously investigated, either experimentally or 
theoretically. 

A natural question which arises is to what extent the 
methods employed here are applicable to other transi- 
tions. The case of negative ions is particularly favorable 
since the existence of only one bound state (or very few) 
makes the choice of V(r) relatively simple. In a neutral 
atom or positive ion, the presence of an infinite number 
of bound states would make the selection of a suitable 
one-electron potential very difficult. For a given discrete 
transition, one could take a reasonably shaped potential 
containing several adjustable parameters and fix them 
so that two of the eigenvalues coincide with the exact 
energies of the initial and final states. This would 


TABLE IT. Comparison of constructed and variational one-electron 
ground state wave functions for H-. 





= 


0 Yor 





0.428 
0.266 
0.171 
0.108 


0.363 
0.242 
0.162 
0.108 


OOP HP mmOS 


0.0689 
0.0364 
0.0216 
0.00903 
0.00425 


0.00210 
0.00109 
0.000584 
0.000321 
0.000100 


0.0724 
0.0372 
0.0216 
0.00856 
0.00383 
0.00182 
0.000906 
0.000462 
0.000240 
0.0000685 





18. M. Branscomb and S. J. Smith (private communication). 
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insure the equivalence of the three forms for the 
dipole matrix element between these particular states. 
A different transition in the same atomic system would 
in general require the readjustment of the potential 
parameters. The degree to which a given choice of 
parameters yields the correct energy levels for all of 
the important transitions may be used as a criterion for 
the reliability of the results. 
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Electronic Theory of Local Order 
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The application of the perturbed free-electron approximation to a binary metallic solid solution leads to 
an expression for the energy which includes a term dependent on the local order. As a consequence of this 
term, and in the absence of other effects, short-range order is predicted for solid solutions with an electron/ 
atom ratio of about one, and clustering for solid solutions with an electron/atom ratio between two and 
three. The sign and order of magnitude of the effect observed in several alloys where this approach may be 
appropriate is consistent with that calculated by this method. 


INTRODUCTION 


OR most purposes, metallic solid solutions are 
usually regarded as being derived from a perfect 
monatomic lattice by the random replacement of 
solvent atoms by solute atoms. Although the existence 
of nonrandom solutions has long been realized, the 
importance of the deviations from randomness, “local 
order,” has only recently been recognized. In current 
theories of solid-solution hardening, however, local 
order plays an important part.' The kinetics of precipi- 
tation may also be expected to depend to a considerable 
extent on the local structure of the parent solid solution. 
Direct experimental information from x-ray or neutron 
diffraction about the amount and kind of local order in 
an alloy is difficult to obtain, and exists for relatively 
few systems, while inferences based on electrical, 
magnetic, or thermodynamic measurements, although 
widely used, are unfortunately quite unreliable. It 
seems worth while, therefore, to have a simple approxi- 
mate theory, somewhat analogous to the Jones theory 
of alloy phases, and with similar limitations, which 
may make it possible in some cases to estimate the 
kind and amount of local order likely to be present. 


DEFINITION OF LOCAL ORDER 


Before proceeding to the details of the calculation, 
it may be well to discuss the definition of local order. 
Historically, the term “short-range order” developed 
out of a study of superlattices, and is generally associ- 
ated with that type of deviation from randomness in 


1 J. C. Fisher, Acta Metallurgica 2, 9 (1954). 


which the average number of unlike nearest neighbors 
is greater than the random number. The opposite 
situation, in which the average number of unlike nearest 
neighbors is less than the random number, sometimes 
known as “clustering,” has been observed more re- 
cently.2* Somewhat arbitrarily, both of these effects 
and the generalization to other than nearest neighbors 
will be referred to herein as “local order.” For the 
quantitative description of local order, various param- 
eters have been suggested. Perhaps the best known and 
most convenient is that of Cowley.‘ His definition 
(with a slight change in notation) is 


a,=1—(p,/ma), (1) 


where p, is the probability of finding an A atom 
displaced by a vector r from a B atom, and mz, is the 
fraction of A atoms. For a random solution, all a’s are 
zero; for short-range order, the average value of the 
alphas for the r vectors connecting nearest neighbors 
is negative; for clustering, it is positive. If the roles of 
A and B atoms are interchanged in the definition, the 
value of a is unaffected. This symmetry of a may be 
shown by the following alternative method of definition. 
We will describe the local structure of the lattice in 
terms of the correlation of atom positions, averaged 
over the lattice, rather than in terms of the probable 
neighbors of one atom, and show the two definitions 
to be equivalent. We may specify the makeup of a 


? Walker, Blin, and Guinier, Compt. rend. 235, 254 (1952). 

*P. S. Rudman and B. L. Averbach, Acta Metallurgica 2, 576 
(1954). 

‘J. M. Cowley, Phys. Rev. 77, 669 (1950). 
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lattice by defining a function which has one value at 
lattice points occupied by A atoms, and a different 
value at lattice points occupied by B atoms. We shall 
call this function C, for a general lattice vector p, 


P= piait poaet psas, (2) 


where fi, po, and ps; are integers, and aj, a2, and a; are 
the base vectors of the primitive unit cell. It is conven- 
ient to choose C, such that 

C,= mez when an A atom is at p, 


(3) 


Cy=—ma when a B atom is at p; 
then, 


~ C,=Nmams, 


A atoms 


> C,= —Nmama,, (4) 


B atoms 


and 


N=total number of atoms. 


X C,=0, 


all p 


The distinction among perfect long-range order, partial 
long-range order, and short-range order can readily be 
made in terms of C,. In the case of perfect long-range 
order, C, in any given direction will be perfectly 
periodic, with a period equal to some multiple of the 
primitive translation. If there is only partial long-range 
order, C, will be the sum of a perfectly periodic function 
and a completely nonperiodic function. Crossing an 
antiphase domain boundary corresponds to a phase 
shift in C,. If there is only local order, C, will not have 
any periodic component, but will nevertheless be non- 
random: for short-range order the number of sign 
changes of C, as p traverses the crystal will be greater 
than the random number. For clustering, there will be 
fewer than the random number of sign changes. 

C, cannot be determined experimentally, and contains 
far more information than is of any real interest. We 
do not wish to know what kind of atom is at each lattice 
point, but only the relative positions of the two kinds 
of atoms, averaged over the crystal. This kind of de- 
scription, which is experimentally significant, is given 
by the autocorrelation of C,. We consider two atoms 
located at lattice points p and q separated by a vector 
r, and calculate the product C,C,. We have four 
possibilities : 

CpCq 


at p at q 


Case 1: A A mp? 
. . fa A B —MampB 
Case 2: { b B A 


—MAMB 
Case 3: B B m2 


We now consider all values of p and q for a given value 
of r, and denote the number of occurrences of each of 
the cases as V;, No, and V3. Since 2a and 20 are essenti- 
ally equivalent they will occur with equal frequency. 
Now, summing over the lattice, we find 


Y CpCop1= Nm? — Nomamgt+N ym,’. (5) 


all p 


OF LOCAL ORDER 


Also, 
Ni+3N2=Nmz (total number of A atoms); (6) 
$No+N3=Nmz, (total number of B atoms). (7) 


Combining these relations, we find 


N2 
> CC perma 1 ane ), (8) 
p 2Nmamp 


and we may define a;: 


‘oe le N: 
a;= =|- 


af (9) 
p Nmamp 


2Nmamp 
The equivalence of (1) and (9) may readily be shown: 


(total number of A atoms 
displaced r from B sites) 


———— re (10) 
total number of B sites 


pr/ma=No/2Nmamp, (11) 


a,;=1—(N2/2Nmams). 


ORIGIN OF ORDERING ENERGY 


In order to predict the value of a to be expected in a 
given solid solution, we must apply the condition of 
minimum free energy, and hence must know the energy 
and entropy as functions of a. Although the entropy 
calculation is extremely formidable, good approximate 
solutions exist,‘'® so this aspect of the problem will not 
be dealt with here. Prior calculations have either 
assumed the energy dependence as linear with a dis- 
posable parameter, or as determined by a sort of 
chemical bonding between atoms, and calculable from 
the macroscopic thermodynamic functions of the solu- 
tion. This also leads to a linear dependence. There have 
been a few studies of the fundamental electron theory 
of alloys,*-* but they are generally limited to one 
dimension, or to dilute solutions, so that the interaction 
between solute atoms can be neglected. It is precisely 
this interaction which determines the energy associated 
with local order, and which concerns us here. The 
nonperiodic aspect of the crystal potential is vital to 
the problem ; consequently, the usual methods of attack, 
which use the Bloch-Flouquet theorem either explicitly 
or implicitly, are inapplicable. The elementary free- 
electron perturbation approach, however, is basically 
free from this difficulty; so it is the method used here, 
in spite of the serious deficiencies.’ 

Since this method has been used successfully for 


5 Y, Takagi, Proc. Phys. Math. Soc. (Japan) 23, 44 (1941). 

6H. M. James and A. S. Ginzbarg, J. Phys. Chem. 57, 840 
(1953). 

7P. Feuer, Phys. Rev. 99, 1092 (1955). 

®R. H. Parmenter, Phys. Rev. 99, 1759 (1955), 

J. C. Slater, Phys. Rev. 87, 807 (1952). 
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superlattices,” it is reasonable to expect that in appro- 
priate cases it will give at least qualitatively correct 
predictions for local order. We consider a geometrically 
perfect lattice constructed of two kinds of atoms, with 
different atomic fields, as the perturbing potential. The 
expression for the off-diagonal matrix elements in the 
second order energy term separates into two parts, one 
characteristic of a perfect monatomic lattice, and the 
other dependent on the short-range atomic arrange- 
ments. This calculation for the energy requires a double 
integration over k space. For the purposes of this 
integration two rather rough assumptions are made: 
the Fermi surface is assumed to be spherical, and the 
occupancy of part of k space by the inner-shell electrons 
is ignored. This second assumption will undoubtedly 
result in serious quantitative errors, but should not 
invalidate the general character of the solution. 


FREE ELECTRON PERTURBATION FOR A 
GENERALIZED POTENTIAL 


We consider first the fairly general case of a region 
of volume V, in which we construct a lattice with base 
vectors a, @2, a3. The unperturbed free-electron wave 
functions for periodic boundary conditions are then 


1 
U,(x)=— exp[i(k,-x) J 
vi 


ny n2 ns 
k= 2e(“b.4 5.4.) (12) 
N eee 
where n represents the set of integers 1, 2, "3, and 
bi, be, bs are the base vectors of the reciprocal lattice. 
The corresponding unperturbed energy levels are 


E,°=k,7h?/2m. (13) 


We now introduce a perturbing potential, U(x), which 
we may consider as arising from N ion cores in V, not 
necessarily at lattice points. The energy of the state 
specified by n, to the first order, is 


E, - E.°+ Han 


and to the second order: 


(14) 


| 7 am | . 
E?= E,'+>.’— ee, 
m E,'—E,' 


(15) 


where 


1 
Hom =— f (a) exp{iL(Kku—ka):x]}dV, (16) 


1 
Hm=— f U(x)dV.= Uo, 
ide 


where dV, is the volume element in the vector space 
of x. The first order perturbation is the average of the 
potential, independent of n, and of the locations of the 


10 J. F. Nicholas, Proc. Phys. Soc. (London) A66, 20 (1953). 
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ion cores, and can be regarded merely as a shift in the 
origin of the energy scale. It is the second-order term 


| Ham |? 
E,= E,'+>,'/———_, 
m E,'— Em! 


which is of interest, since it depends on the shape of 
U(x) and therefore on the position of the ion cores. 

It is of great importance that only the absolute value 
of Ham appears in (15). It is not possible to calculate 
Hom directly from (16) since C, and consequently U (x) 
are not known explicitly. However, the absolute value 
of Ham is determined by the autocorrelation of U(x), 
which is tractable. By a special case of the convolution 
theorem,"-” we have 


1 
\Haal*=— J Wow) exp{i{(Km—Ks)-w]}4Vx, (17) 


where 


W(w)= f U(x)U (x+w)4V. (18) 


Very many U(x) will correspond to a given W (w); the 
corresponding perturbed wave functions will differ in 
the phases, but not the amplitudes of their free-electron 
components, and the corresponding energies will all be 
equal. 

In general, E(k,) will not be spherically symmetric 
in k space; consequently the perturbation will result in 
redistribution of electrons among the states near the 
Fermi surface. The effect of this redistribution on the 
total energy, however, will be of second order; so a 
good approximation to the total change in energy is 
obtained by summing (15) over all k, from the origin 
up to K, the magnitude of k at the original Fermi 
surface. We may exclude from the sum all terms in 
which both |k,| and |k,| are less than K; such terms 
represent the raising of the energy of one state and the 
equal lowering of the energy of another state, hence 
they cancel in pairs. This eliminates the divergence 
difficulty for degenerate states, except at the Fermi 
surface. Thus we have 


AFu=¥. ABest 
“total = AE,=— ’ 
ae n hh? n m k,?—k,z” 

[|k.| <K, 


|km|>K]. (19) 


We then approximate the double sum by a double 
integral over k space, which is fortunately convergent 


The general form of the convolution theorem for Fourier 
transforms is”: If F(y) and G(y) are the transforms of f(x) and 
g(x) respectively, then the product F(y)G(y) is the transform of 
h(x), given by Jf(x—y)g(y)dV,. If we take G(y) = F*(y) we obtain 
the special case needed here. 

12S. Bochner and K. Chandrasekhar, Fourier Transforms 
(Princeton University Press, Princeton, 1949), p. 58, Theorem 33. 
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[replacing Ham by the continuous function H(kn—ka) J, 


2m V? H?(Kn— ~ 
AE vot =— — =f f Te Vikmd V kn. 
Kh? 8905, =0Y km=K K,2— 


(20) 


The integral may be put in a more convenient form 
by introducing the new variables, 


_ (Kkn+k,)/2K, 
G(u)= H?(km—kz), 


u=(kn—k,)/2K, 
(21) 


so that (20) becomes 


_ am y? Mid f 
ie 8x? 4 u=0% y over Q U" ¥ 


where (Q is the region in » space inside a unit sphere 
about u and outside a unit sphere about —u. The 
integration over (Q is readily carried out in rectangular 
or cyclindrical coordinates, giving 
u+1 
), (23) 
1 


uUu— 


AE totai= Mav uvdV,, (22) 


dV, 
—=24(1- (u—u-)} In 
qu:v 


which we shall call g(u). We now have, for the energy, 


—2m 2 K4 
AE wotal= "(— .) = — f° ewe war. (24) 


u=0 


Up to this point, the calculation is quite general; no 
special restrictions have been placed on the shape of 
U(x). We must now calculate W(w) and G*(u) for the 
U (x) of a disordered binary solid solution. 


ENERGY OF A DISORDERED BINARY 
SOLID SOLUTION 


For simplicity, we will consider an idealized binary 
alloy in which the atoms all lie at lattice points, although 
in real alloys there may be appreciable local distortion. 
This effect can in principle be included, but leads to 
considerable complication, and will be neglected here. 
We will also assume that the potential falls to zero 
between atoms, so that at any point x the potential 
U(x) will be either U4(x), the potential at a corre- 
sponding point in a lattice of pure A, or Up(x), the 
corresponding potential for B. It is convenient to 
decompose U(x) into two parts: U;(x), an average 
potential with the periodicity of the lattice (invariant 
under all translations of the set p); and a difference 
potential, U2(x), which will be nonperiodic in the 
absence of long-range order, and of zero average. This 
is accomplished by defining 


U1(x)=maU 4(x)+mpU p(x), 
U2(x)=C,[U.a(x)— Ua(x) ]=C,AU (x). 


(25) 
(26) 
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Note that U;(x) has the periodicity of the lattice, so that 


f Ui(x)aVi=d cf 


erystal one cell 
But since 


y i C,=0, f 
all p 


erystal 


U;(x)dV,. (27) 
U2(x)dV,=0 


Also 


U;(x)+U2(x)=U (x) if there is an A atom at p 
= Uz(x) if there is a B atom at p. 


Then U,(x)+U2(x)=U(x), as we require. We may 
now calculate W(w) according to (18): 


ww)= [ U@)Ua+wyV. 
= [Uva uietwav.t f UseUsextwr. 


+ f Val Usoctwyav, 
+ f UsG\Ustx+wydv,. 


The first integral, which we shall call W,, is the 
autocorrelation of a perfectly periodic function; it is 
the same as for a pure metal and leads to the well-known 
Brillouin zone effects. Consider the second integral, 


f U,(x)Ue(x+w)dV, 


erystal 
all p 


one cell 


U;(x)AU(x)dV,=0. (29) 


The third integral vanishes in a similar fashion. The 
fourth integral, which we shall call W2, depends on the 
nonperiodic part of U(x), and is a function of the local 
order. Since W, depends on the average potential of the 
two atoms, and W, on the difference between the 
potentials of the two atoms, W» is normally much 
smaller than W,. To express W; as a function of the a,, 
we proceed as follows 


U2(x)= 


For some lattice displacement vector r, |w—r] is less 
than the atomic radius, and (x-++-w—r) lies in the same 
cell as x. Then, 


U2(x+w)=C,,,AU(x+w—r) 


C,AU (x). (30) 


(31) 


and 


W.=), x CCrve f 
por 


one cell 


AU (x)AU(x+w—r)dV;. (32) 
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Now let (w—r)=z and 


QO(2)= AU (x)AU(x+2)dV,. 


one cell 


(33) 


Then we have 


W2(w)=Nmameg > a:O(w—r). (34) 


We can obtain the corresponding H,? from (17) and (34), 


Nmamp 
ceca” 9B a af 


one cell 


O(w—r) 


Xexpi{((Ku—k,)-w]}dVw. (35) 


Changing variables according to (21) and (33), we have 
Nmamp 


G;?(u) =—— 
y2 


95K ) 
a,e?'K(u r 


Q(z) 


one cell 


Xexp[2iK(u-z) jdV,. (36) 

The evaluation of the integral in (36) requires an 
explicit formulation of the potentials of the ions. In 
view of the other approximations involved, the use of 
a rather rough, but convenient analytic form for the 
ion core potential seems justified.* The function 
(Z/x)e~** with a=3 (in Hartree units) is a fair approxi- 
mation for metal ions, as shown in Fig. 1.'*~'® Thus we 
have 


AU (x) = (AZ/x)e-**. (37) 


By the convolution theorem, 


f omens vave=| f AU (x)e%K@-24V,| . (38) 
Vv Ve 


2 


Since AU (x) is spherically symmetric, the three 
dimensional Fourier transform reduces to a one- 
dimensional sine transform!’ : 


4r AZ 
f AU (x)e'K 2d V,=—_— 
Ve 2Ku 


x 
J e~** sin(2Kux)dx. (39) 
0 


18 The final results of the calculation are quite insensitive to 
the detailed shape of the potential, provided only that it falls off 
with proper rapidity. The calculation can be carried out formally 
with a general potential, leading to a generalization of Eq. (46) 
with the form of the sine transform of the product of two functions. 
By the convolution theorem, this can be replaced by a convolution 
of the transform of ug(u) with the autocorrelation of the potential : 
The transform of ug(u) is [sin(2K ur) —2Kur cos(2Kur) ]/(2Kur)’, 
which has the same general form as the f, calculated from Eq. 
(46). The autocorrelation of any reasonable potential is very 
sharply peaked about the origin in comparison with the period of 
sinr—r cosr, and the effect of the convolution is merely to broaden 
and flatten the curve somewhat. The location of the zeros is not 
changed markedly. 

4D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A149, 210 (1935). 

15M. M. Black, Mem. and Proc. Cambridge Lit. and Phil. Soc. 
79, 29 (1935). 

16D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A164, 490 (1936). 

17 Reference 12, p. 75, Theorem 41. 
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The extension of the range of integration from one cell 
to infinity is made in view of the rapid convergence of 
AU (x). 


2 2Ku 
f e~* sin2K uxdx = ——_———_ (40) 
0 


a+ (2Ku)? 
so that 


(49rAZ)? 


=— (41) 
[a?+ (2Ku)? ? 


foo exp[ 27K (u-z) dV, 


and (36) becomes 


(4rAZ)? 


2 LetOKwrs 


a e?'K(u-r) 


Now we may calculate the energy by (24). 


—2m Nmamp(AZ)* 
AE,=——- ——————_)> 
h? (4)! r 


ar 


g(u)erKers } 
x f Ds A ae 
[(a/2K)?*+10 


As in (39), the integral reduces to a one-dimensional 
sine transform. We may sum a’s over shells of |r| 


constant, 
Dd a= Ca, 
Irl=r 


where c, is the coordination number of the 





Solid line from self ieee 


field calculations 18, 19, 20 


Broken line xU(x)= Ze™>* 








\ | 
4 6 8 
x (Hortree units) 





Fic. 1. Approximate ion core potential. 





ELECTRONIC 
Then we have 
—2m N mamp(AZ)’ 


h? (42)? 


AE;= 


[(a/2K)* tap 


The integrals in (44) determine the kind of local 
order in each shell: a, in each case must have the same 
sign as the integral to give a lowering of energy.'* In 
the first shell, for example, if the integral is negative, 
a must be negative, corresponding to short-range order. 
If the integral is positive a will be positive, correspond- 
ing to clustering. For any given shell, the sign of the 
integral is determined by the value of K, and conse- 
quently, by the electron/atom ratio. The exact de- 
pendence on n, the electron/atom ratio, is determined 
by the crystal structure. For a face-centered cubic 
structure with lattice parameter do, the number of 
electrons per unit cell contained in the sphere in k 
space of radius K is ao°K*/3x’, which we equate to 4n, 
since there are four atoms in the unit cell. Hence we 
have 


* ug(u) co-ssenent? 
f (44) 
0 


n= ao°K*/127". (45) 


r,, the nearest neighbor distance is given by r1=4o/V2, 
so that 2Kr,=6.94n}. The integral is not very sensitive 
to the exact value of the ratio (a/2K). For most metals, 
a~3 and ay~6—7 in Hartree units are reasonable 
values, so that (a/2K)=2n-! was used. In Fig. 2 the 


quantity 
3 f 
” OKs 0 


determined by numerical integration, is plotted as a 
function of ». We see that below about 1.5 electrons 


ug(u) sin2Kur 
—— (46) 
[ (a? 2K) +uP 


/b.cc 
/ b 

20 24 28 
n(electron/atom ratio) 





-0.003 





Fic. 2. Variation of f(m) with electron/atom ratio. 
18 There will be a term for r=0, c,a,=1, but it is independent 
of local order, hence of no interest here. 


THEORY 


OF LOCAL ORDER 


TABLE I. Experimental and jtnimbeane interaction eames 





temp ” in electron volts Ref. 


Alloy Z bs exper. pred. erence 


0.25 Pt 0.75 Co . g ! 860 
0.25 Au 0.75 Ni \ q A 900 
0.25 Au 0.75 Cu § wAS 400 
0.25 Au 0.75 Ag d OS 300 
0.815 Ag 0.185 Al J . 450 
0.1 Ag 0.9 Al R J 540 
0.1 Zn 0.9 Al : +0. ‘075 500 


—0.022 —0.15 
—0.012 —O.15 
—0.028 -—0.15 
—0.007 —0.06 
—0.023 —0.02 
+0.044 +0.07 
+0.022 +0.02 





®P. S. Rudman, Sc.D, thesis, 
1955 (unpublished). 

> Flinn, Averbach, and Cohen, Acta — 1, 664 (1953). 

¢ J. M. Cowley, J. Appl. Phys. 21, 24 (15 

4@N. Norman and B. E, Warren, j. Took Phys. 22, 483 (1951). 

¢ See reference 3. 
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per atom, the function is negative, leading to short- 
range order; above this point, it is positive, leading to 
clustering. For a body-centered cubic structure, the 
value of 2Kr; is slightly smaller (6.75!) so that the 
curve is displaced to the right as sketched in Fig. 2 
For nearest neighbors /, is the same for both hexagonal 
close-packed and face-centered cubic. We may expect 
the amount of local order to increase with the separation 
in the periodic table of the component atoms, in view 
of the factor (AZ)? in (44). 

It is of interest to compare (44) with the dependence 
of E on a given by the bond energy approach, which 
may be written as 


AE, (ar) = Nmampe,v ay. (47) 


The terms in (44) are equivalent to (47), if we take 
the interaction energy as 


vr= (—2m/h?)[ (AZ)?/ (4r)* ] f,. (48) 


The formalism of order theory is thus unaffected, 
provided we reinterpret the meaning of the symbol ». 
From observed values of local order, considering nearest 
neighbors only, we may calculate values of » by the 
relation," 


a 


—=mamp[e?"!/*T)— 1], (49) 


(1-—a)? 


and compare these values with those given by Eq. (48). 
The observed local order and the corresponding inter- 
action energies for a number of alloys are given in 
Table I. It is notable that the sign of the effect is correct 
in all cases; the order of magnitude is reasonable; and 
the dependence on AZ is of the correct sort. The 
closeness of agreement in some cases undoubtedly is 
due to compensating errors. 

This approach is relevant only for those alloys in 
which the concept of free electron/atom ratio has some 
meaning, and in which the size difference is not exces- 
sive; essentially the same restrictions as apply for 
Jones’ theory of alloy phases. The same basic difficulty 


This is equivalent to Takagi’s result, and to that of Cowley 
if we consider only nearest neighbors. 





356 Paid. 


is present, the neglect of the requirement that the 
valence electron wave functions be orthogonal to the 
ion core functions. It appears, however, that in both 
cases the qualitative predictions are correct. Other 
sources of order-dependent energy may, of course, be 
present in some alloys. Size difference has often been 
suggested as favoring order, but it is difficult to carry 
out a good theoretical estimate of the effect or to find 
clear empirical evidence. Superlattices exist in systems 
with relatively little lattice distortion and are absent 
in systems with greater distortion ; local order shows no 
evident correlation with size difference. In alloys of 
transition metals strong d-shell interaction may exist; 
there is evidence for this in the large number of super- 
lattices occurring in such systems, in the absence of 
important differences of atomic number or ionic size. 
Friedel” has discussed a valence effect in solid 


% J. Friedel, Advances in Phys. 3, 446 (1954). 
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solutions which includes an order-dependent effect. 
His prediction is that clustering will occur at low 
concentrations of the metal with lower valency and 
short-range order at low concentrations of the metal 
with higher valency. Unfortunately, no experimental 
evidence is available for any case in which these 
predictions are in conflict with those of this paper. 
Such cases do exist, however, as in the magnesium end 
of the magnesium-indium system. Until data are 
available for such a system, it is not possible to say 
which effect will predominate when both may be 
present. 
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Mean Life of the *P, Metastable Argon Level* 


A. H. Futcuf anp F. A. Grantt 
University of Maryland, College Park, Maryland 
(Received March 30, 1956) 


Using a previously described light absorption technique, the mean life of the metastable *P2 level of 
argon has been measured in pure argon as a function of pressure at 77°K and 300°K, and in mixtures of 
neon and argon at 300°K. The coefficient of diffusion of metastable argon atoms in the parent gas falls 
much more rapidly with decreasing temperature than the T! dependence predicted using the hard-sphere 
model. The cross section for the quenching of metastable atoms by two-body collisions with normal atoms 
changes slightly with temperature, in a manner inconsistent with the assumption of collision-induced 
transitions to the radiating *P; level. As the temperature is reduced from 300°K to 77°K, the frequency 
of quenching by three-body collisions increases from 13.5p? to 440? sec"! (mm of Hg). At a given total 
pressure, the two-body quenching collision cross section is much reduced and the three-body quenching 
collisions disappear as the ratio of partial pressures of neon to argon is increased. 


1. INTRODUCTION 


Y definition, an atom that does not emit electric 
dipole radiation is said to be metastable. The first 
excited configuration of argon consists of four levels, 
of which the *Po and *P» levels are metastable (Fig. 1). 
In the afterglow of an electrical discharge, atoms leave 
the metastable levels by the following processes: 

1. Diffusion and complete de-excitation at the 
walls of the container. If the diffusion length of the 
container is great compared with the mean free path 
of the metastable atom, the destruction frequency of 
this process is inversely proportional to the total gas 
pressure. 

2. The emission of forbidden radiation with a 


* Supported by the Bureau of Ships. 

t Now with E. I. duPont de Nemours and Company, Savannah 
River, South Carolina. 

t Now with the National Bureau of Standards, Washington, 
D.C 


destruction frequency independent of the temperature 
and pressure. Under laboratory conditions, the corre- 
sponding destruction frequency is small in comparison 
with that of the remaining processes. 

3. The emission of radiation induced by two-body 
collsions. 


F radiating 


metastobie 


radiating 
metastoble 


11. 72ev 


11 62ev 
1. 54ev 


55 





Fic. 1. Energy level diagram of the ground state and of the 
first excited configuration of argon. 
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4, Transitions to a radiating level by two-body 
collisions. The corresponding destruction frequency is 
proportional to the total gas pressure and increases 
rapidly with temperature. 

5. Ionization of impurities with an_ ionization 
potential less than the excitation potential of a meta- 
stable atom—the Penning effect. 

6. The formation of metastable molecules by three- 
body collisions.':* The corresponding destruction fre- 
quency is proportional to p’. 

7. Collisions of metastable atoms with 
electrons early in the afterglow. 

8. Collisions between pairs of metastable atoms, and 
the ionization of one of them, also in the early afterglow.’ 

The fourth process may be complicated by the 
imprisonment of resonance radiation. The effect appears 
to be much more pronounced in neon than in argon. 

The effect of process (7) may be made negligible by 
using a sufficiently small excitation current, and that 
of (5) by the use of pure argon. In this research, no 
effect due to process (8) was detected. Neglecting higher 
diffusion modes, the first six processes cause an exponen- 
tial decay of the metastable atom density with a mean 
life which may be represented by an equation of the 


type 


ions and 


1 Do , 
rp he +y, (1) 
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Fic. 2. Decay curves of the *P2 metastable level of argon 
illustrating the effect of the choice of effective a. \7635 A spectral 
line, pressure 0.90 mm of mercury, tube A, temperature 300°K. 


1A. V. Phelps and J. P. Molnar, Phys. Rev. 89, 1202 (1953). 

2L. Colli, Phys. Rev. 95, 892 (1954). 

3R. Schade, Z. Physik 105, 595 (1937); 108, 353 (1938); 
H. Biittner, Z. Physik 111, 750 (1939). 
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Fic. 3. Decay curves of the *P, metastable level of argon 
illustrating the effect of absorption tube excitation current. 
7635 A spectral line, pressure 0.72 mm of mercury, tube B, 
temperature 300°K, a=2.25, mean life 8.7 milliseconds, pulse 
duration 1 millisecond. 


in which 7 is the mean life of the level, Dy the diffusion 
coefficient of the metastable atems at a gas pressure 
of 1 millimeter of mercury, A the diffusion length of the 
container, p the gas pressure in millimeters of mercury, 
and » the destruction frequency of a metastable atom 
resulting from the emission of “forbidden’”’ radiation. 
The terms Ap and Bp’ are respectively the frequency of 
two- and three-body quenching collisions of a meta- 
stable atom with normal atoms. For a cylindrical 
discharge tube 1/A?= (5.81/a?)+ (x?/L?), where a and 
L are respectively the radius and the length of the 
container. 


2. OPTICAL ABSORPTION TECHNIQUE 


Light from the “emission tube” traverses the 
“absorption tube” and then a monochromator, which 
rejects all but one argon spectral line. The light flux is 
measured by a photomultiplier tube and the output 
displayed on a cathode-ray tube screen as a function of 
time. The type of electronic circuit used, and the method 
of synchronization have been described elsewhere.‘ 
The relative absorption of the light beam is a measure 
of the population of the corresponding excited level 
in the absorption tube. 


‘F. A. Grant and A. D. Krumbein, Phys. Rev. 90, 59 (1953). 
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Fic. 4. Mean life vs 
pressure, *P2 metastable 
level of argon. Solid 
circles—A7635 A spectral 





LLISECONDS 


line, crosses—A8115 A 
spectral line, tube 4, 
Ag?=1.81 cm?*, tempera- 
ture 300°K. Solid curve 





(1) calculated using the 
equation 


1/r= (54/pA*(p)) 








+37.5p+13.5p?; 
curve (2) calculated from 
the equation 
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The transformation of measured absorption into 
relative values of the metastable atom concentration 
depends somewhat on the relative line widths of the 
emission and absorption lines. When all except Doppler- 
type broadening may be neglected, the absorption is 
related to the concentration of absorbing atoms by the 
equation®: 

k 
Ag=————_—_— ————_-++ : :-. (2) 
(1+a*)? 2!(1+2a7)! 


} is the length of the absorbing path, and ko is the’ 


absorption coefficient. Provided that the population of 
the upper (final) level involved in the absorption 
transition is negligible in comparison with that of the 
lower (initial) level, &o is proportional to the concentra- 
tion of the absorbing atoms. The quantity a is defined by 
the equation 


emission line breadth 
a> ee 


absorption line breadth 


For pure Doppler broadening, the value of a is 
determined by the temperature of the gas in the 
emission and absorption tubes. The gas was excited by 
electrical pulses short in comparison with the time 
intervals between them, thereby reducing considerably 
the average power supplied to the discharge tubes. 
The average temperature of the gas was practically 
that of the walls of the container, but during the 
excitation pulse and early afterglow, it could be 


5A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation 
and Excited Atoms (Cambridge University Press, Cambridge, 
1934), p. 323. 


somewhat greater. Since measurements were made in 
the afterglow of the absorption tube, the emission line 
breadth corresponded to a higher temperature than that 
of the absorption line. The value of a was therefore 
always greater than unity. 

At gas pressures used in the present research, 
pressure broadening is small in comparison with 
Doppler-type broadening. In order to permit the 
experimental determination of a, it was assumed that 
the effects of self-absorption’ and other types of 
broadening were also sufficiently small to permit the 
line shapes to be described adequately in terms of 
“equivalent Doppler line widths.” 

It was further assumed that at sufficiently small 
small excitation currents the decay was an exponential 
function of time. The “effective a” for a given tempera- 
ture and pressure was then taken to be that value which 
resulted in a straight line over the greatest time interval 
in the later afterglow, when the relative metastable 
atom density was plotted against time on semilog- 
arithmic graph paper. 


Experimental Determination of the “Effective o’’ 


The decay curves of Fig. 2 were obtained when the 
transformation from absorption to relative metastable 


6K. Lang, Acta Phys. Austriaca 5, 376 (1952); Sitzber. 
Osterr. Akad. Wiss., Math.-naturu. Kl. 161, 65 (1952), has 
measured the half-width of a number of neon spectral lines as a 
function of pressure using a Fabry-Perot interferometer. His 
emission tube had an inside diameter of 1 mm, the same as that 
used in the present research. 

7To reduce the effect of self-absorption, small bore tubing, 
1 mm inside diameter, was used in the construction of the emission 
tube. 
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Fic. 5. Mean life vs 








pressure, *P2 metastable 
level of argon. \7635 A 
spectral line, tube C, 
Ag’=0.337 cm,? temper- 
ature 300°K. Solid curve 
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(1) calculated from the 
equation 


1/7 = (48/pA?(p)) 





+42p+13.5p?; 
curve (2) calculated 
using the equation 
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1/7 = (48/pAc?) 
+42p+13.5p?. 
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atom density was based on choices of 1.5, 2.0, and 2.5 
for the equivalent a. The value of 2.0 satisfied the 
foregoing criteria. 


3. MEAN LIFE OF THE *P, METASTABLE LEVEL 
OF ARGON AT 300°K 


Effect of the Amplitude of the Absorption 
Tube Current Pulse 


As the amplitude of the absorption tube current 
pulse was increased, the decay curves remained expo- 
nential in character, and the initial metastable atom 
density increased until the current exceeded about four 
milliamperes. Thereafter the initial metastable atom 
density decreased and the decay became increasingly 
nonexponential in the early afterglow. At a fixed time in 
the late afterglow, it is seen that the metastable atom 
density increases to a maximum and then decreases as 
the excitation current increases. Late in the afterglow 
there appears to be no significant difference in the rates 
of decay (Fig. 3). 

We believe these effects to be due to the higher 
electron and ion density in the early afterglow, when 
the excitation current pulse is large. Under these 
conditions the decay may be further complicated by 
the relaxation of the gas temperature in the absorption 
tube after the cessation of the excitation. 


Mean Life as a Function of Pressure 
Tube A 


Using an absorption tube having an inside diameter 
of 6.5 cm, the mean life of the *P: metastable level of 
argon was measured as a function of the gas pressure. 
The results obtained by the use of the 7635-A and 
8115-A spectral lines are in good agreement (Fig. 4). 


04 | 
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0.2 


The solid curve (2) of Fig. 4 represents an attempt 
to fit an expression of the type of Eq. (1) to the experi- 
mental data. The agreement is improved at low 
pressures [curve (1) ] when allowance is made for the 
finite mean free path on the boundary conditions.*® 


Tube C 


To accentuate the effect of the finite mean free path 
at lower pressures, the measurements were repeated, 
using an absorption tube having an inside diameter of 
2.8 cm. The corresponding data and curves are plotted 
in Fig. 5. 
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NORMALIZED PRESSURE IN MM MERCURY 


Fic. 6. Mean life vs normalized pressure *P2 metastable level 
of argon. \7635 A spectral line, tube B, Ac?=0.95 cm?, temperature 
77°K, solid curve calculated using the equation 1/7 = (8.12/pAc?*) 
+10+16p+299". 


8 A. O. McCoubrey, Phys. Rev. 93, 1257 (1954). 
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the *P2 argon level vs 
total gas pressure in 





mixtures of neon and 
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Volume Destruction 


Only the diffusion term in Eq. (1) is expected to 
depend upon the dimensions of the absorption tube 
(except when imprisonment of resonance radiation is 
important). The coefficient of the two-body collision 
term evaluated from the measurements obtained using 
the absorption tube of smaller inside diameter (2.8 cm) 
is ten percent greater than that obtained using the tube 
of larger inside diameter (6.5 cm). However, the 
variation is within the limits of the experimental error. 


4. MEAN LIFE OF THE ‘P, METASTABLE LEVEL 
OF ARGON AT 77°K 


In order to fit a curve to the experimental results 
obtained at 77°K (Fig. 6), it was found necessary to 
include the constant term in Eq. (1). This constant term 
could possibly represent the effect of the decay of the 
level by the emission of “forbidden radiation,” with a 
radiative transition probability of 10 per second. It 
is uncertain whether the disagreement between the 


TABLE I. Diffusion coefficients and cross sections of the *P, 
metastable argon atom in argon at 77°K and 300°K and in 


Q2 04 2 4 
TOTAL PRESSURE IN MM MERCURY 


neon at 300°K. 








Inside 
Dis- diam- Diffusion 
charge eter 


tube cm cm °K 


length Temp. 


Diffusion 
coefficient 
at 1 mm Hg 
(cm? sec™!) 


Qa 


cm? 





A*inA A 
A*inA Cc 
A*inA B 
A*inNe A 


54 +6 
48 +6 
2.1+0.4* 
171 +16 


95 x 10'* 
107 
321 

37 








* For true (not normalized) pressure of 1 mm of mercury. 





solid curve and the experimental points at pressures 
greater than 10 mm is significant. These short mean 
lives could not be measured with the same accuracy 
as was obtained at lower pressures. 


5. MEAN LIFE OF THE *P, METASTABLE LEVEL 
OF ARGON IN MIXTURES OF ARGON 
AND NEON AT 300°K 


Measurements of the mean life of the *P2 metastable 
level of argon in mixtures of neon and argon were made 
at 300°K. At pressures below about 0.5 mm of mercury 
the diffusion process is dominant. The results plotted 
in Fig. 7 show that at a given total pressure, the 
diffusion coefficient of metastable argon atoms increases 
with increasing neon admixture, and reaches a limiting 
value as the ratio of partial pressures of neon to argon 
is increased indefinitely. In the limiting case, the 
metastable argon atom is in effect diffusing through 
neon gas. 

At higher pressures, the decrease in slope with 
increasing neon argon ratio indicates the decreasing 
importance of three-body quenching collisions. 


6. DIFFUSION COEFFICIENTS AND 
CROSS SECTIONS 


In Table I are listed the diffusion coefficients and 
diffusion cross sections calculated from the data of 
Figs. 4 to 7. Two points are worthy of notice. First, 
the large cross section for diffusion at 77°K reflects the 
effect of long-range forces and departure from the 
hard-sphere model. Secondly, the diffusion cross 
section for argon metastables in pure argon is much 
larger than for diffusion in neon. 





MEAN LIFE OF #P; METASTABLE A LEVEL 


TABLE II, Two-body quenching collision cross sections of the *P: metastable argon atom for collisions 


with normal argon atoms at 77°K and 300°K and with normal neon atoms at 300°K. 








Frequency 

of two-body 

quenching 

Diffusion Tempera- in collisions 

length ture at 1 mm Hg 
cm °K sec™! 


Inside 
Discharge diameter 
tube em 


Density 
of normal 
atoms at 
1 mm Hg 

em"! 


Mean 
relative 
velocity 
cm sec™! 


Effective 
cross 
section 
Qett 


cm? 











1.81 300 
0.337 300 
0.95 77 


1.81 300 


6.5 37 +5 
42 +5 
62 +10* 


8.141 


A*inA A 
A*inA C 2.8 
A*inA B 4.7 
A* in Ne A 6.5 


3.22 X 10'* 5.62 X 10# 
3.22 5.63 
12.5 2.84 
3.22 6.88 


2.32 
1.73 








* For true (not normalized) pressure of 1 mm of mercury. 


7. TWO-BODY QUENCHING COLLISIONS 


In Table II have been listed the two-body collision 
coefficients, and the corresponding effective cross sec- 
tions, Qerr. The ratio Qerp/Qa is a measure of the probabil- 
ity per collision that an inelastic collision will take place. 
The value of this ratio increases by a factor of approxi- 
mately four as the temperature is increased from 77°K 
to 300°K. Since transitions from the *P: metastable 
level to the *P; radiating level would increase more 
rapidly with temperature, this process is ruled out as 
the dominant two-body quenching mechanism. 


8. THREE-BODY QUENCHING COLLISIONS 


The three-body quenching collisions referred to a 
pressure of 1 mm of mercury have been listed in Table 
IIT. Also included is an estimate of the frequency of 
three-body collisions based on the assumption that the 


2.04% 10-™ 


TABLE III. Frequency of three-body quenching collisions of 
the *P, metastable argon atom with two normal argon atoms 


at 77°K and 300°K. 





Frequency 
0 
three-body 
quenching 
Temper- collisions 
ature at 1mm Hg 
°K sec™! 


Inside 

Dis- diam- 
charge eter 
tube cm 


Mean free 

path from 

measured 

diffusion 

coefficient 
cm 


Estimated 
frequency 
oO 
three-body 
collisions 
at 1 mm Hg 
sec™! 





300 


77 


ratio of the two-body to the three-body collision 
frequency is approximately equal to the ratio of the 
mean free path to the sum of the radii of the metastable 
and normal atoms. This sum has been calculated from 
the measured diffusion coefficients. 
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Modes of Acceleration of Ions in a Three-Dee Cyclotron* 


MARK JAKOBSON,| Myron HEUSINKVELD,t AND LAWRENCE RUBY 
Radiation Laboratory, University of California, Berkeley, California 
(Received May 14, 1956) 


Formulas are presented for the maximum energy gain per turn of ions in a fixed-frequency cyclotron with 
three identical dees symmetrically spaced. Calculations have been made for dees of general angle @ and 
specific angles 60°, 90°, and 120°. Dee excitations in which the dee voltages are all in phase or phased at 
120° with respect to each other have been considered. The type of ions that can be accelerated is dependent 
upon the mode of excitation. In a 60° three-dee cyclotron with variable rf phasing, protons, deuterons, and 
tritons can be accelerated in the nonrelativistic energy region at substantially the same magnetic field and 
oscillator frequency. A 20-inch cyclotron of this type has been operated successfully. 


INTRODUCTION 


T is possible for a symmetrical three-dee cyclotron 

to accelerate ions of differing g/m ratios below 
relativistic velocities without a change in the frequency 
of the electrical power supplied to the dees or the value 
of the magnetic field. This is demonstrated in the 
following article by calculating the energy gain per 
turn for various ions in a cyclotron with three identical 
dees of arbitrary widths. For these calculations it has 
been assumed that a step-function voltage change 
occurs at each edge of the dees. 


THEORY' 


Consider a three-dee cyclotron as schematically 
indicated in Fig. 1. The three dees of equal angles are 
labeled A, B, and C. The angular extent of each dee 
is 6. For the initial calculations the dee voltages are of 
equal amplitudes. The term “mode of acceleration”’ or, 
more simply, “mode” is used to describe the differing 
types of dee excitation, depending upon the relative 
phases of the dee voltages. This is in keeping with a 
previous publication.” 


CIRCUIT 


Fic. 1. A schematic of 
a three-dee cyclotron. 





CIRCUIT 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Montana State University, Missoula, Montana. 

t Now at the University of California Radiation Laboratory, 
Livermore, California. 

1It has been brought to the authors’ attention that Professor 
Edwin M. McMillan has obtained similar results as a special case 
of a general multi-dee cyclotron calculation. This general solution 
will appear soon [E. M. McMillan, Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, to be 
published), Vol. 37). 

2M. Jakobson and F. H. Schmidt, Phys. Rev. 93, 303 (1954). 


Calculations have been restricted to the cases where 
(a) the three dee voltages are all in phase, called the 
in-phase mode; (b) the voltages are phased 120° with 
respect to each other, with the phase of B dee following 
that of A dee, and the phase of C dee following that of 
B dee, designated the A BC mode; and (c) the voltages 
are phased 120° from each other, but in the reverse 
sequence, namely ACB. A phasing of type (b) will be 
considered first in analyzing the possibilities for ion 
acceleration. 

The dee voltages for this A BC mode can be expressed : 


Va=Ve, 


y 6 = Veiot—2n/3) 
V p=Ve'’ Ls E 


Vce= Veit), (1) 


Here V is the amplitude of the dee voltage with respect 
to ground, w is the angular frequency of the electrical 
power supplied to the dees, and / is time. 

As an ion of charge g and mass m moves along its 
quasi-circular path in the cyclotron, it completes a 
revolution in a time T=2rm/qB=27/Q, where Q is 
the ion’s angular frequency. 

An ion that passes through the center of A dee at a 
time /o will cross the edge of A dee at a time 


6 / 
ty=tot+ . (2) 


Q 
It will enter B dee at a time 


2r 0 
to=to+- _ ° (3) 


32 2 


The times of crossing of the other dee edges follow 
similarly. The energy received by the ion in crossing 
one edge is the product of the charge on the ion and the 
voltage on the dee at that instant. The energy received 
by the ion in going around the cyclotron once is the 
sum of the energy contributions at the six edges. 
Carrying out this sum, we have the energy gain per 
turn, AW, given by 


Ow 2 
AW =2qV sin(—) Rel eS | (4) 
20 


r=0 
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where f= $m(w/Q—1); do is the initial phase angle wt» 
of the ion with respect to the dee voltage. 

After S turns, the phase angle becomes 


The term sin(6w/2Q) indicates the dependence of the 
energy gain per turn on the angular extent of the dees. 
The summation term expresses the dependence of the 
energy gain per turn on the 120° phasing of the similar 
dees. The term e‘*® indicates the dependence on the 
initial phase of the ion. Maximum energy gain occurs 
when the ion is at the center of any dee when the 
instantaneous voltage on that dee is zero. The gain 
drops to zero as the rf phase varies to +72/2, corre- 
sponding to +02/2w angular displacement of the ion 
from the center of the dee when the instantaneous 
voltage is zero. The angular extent of each ion bunch 
in the cyclotron is then Qr/w. Other factors, such as 
field falloff with radius, would limit the angle to values 
less than this. The number of ion bunches present per 
ion cycle is w/Q. The total energy gain for the S turns is 


Ow 3S—1 
W=2qV sin( ) R¢| 2 ever} (5) 
20 r=0 


If, after the S turns, the ion reaches the center of A 
dee at an rf phase identical with that at which the 
energy summation was begun, the series can be termi- 
nated to give a unique value for the energy gain per 
revolution. If no such repeat interval exists, the series 
does not terminate and the average energy gain per 
turn approaches zero. If the ion does reach the center 
of the first dee at an rf phase identical to that at which 
the summation was begun, then ¢—¢9= 21m. However, 
not only must this repeat interval exist, but by inspec- 
tion, the summation of Eq. (5) will be zero unless the 
series terminates at S=1, which has the physical 
meaning that the ion makes one revolution in an 
integral number of rf cycles. In this case the summation 
is 


: 
e'¢o 5 eirl = 3e't0, 
r=0 


(6) 


and the quantity f is restricted to the value f=2zn. 
The energy gain per revolution becomes 


w 6 
AW =6qV sin( = ) COSHo 
Q2 


(7) 


for those ions satisfying the equation f=$m(w/Q—1) 
= 2rn, n an integer. The acceptable ratios w/Q are thus 
found to be w/2=3n+1 for this mode with the ions 
traveling in the ABC dee sequence. 

For a given magnetic field, positive ions will circulate 
in one direction in the cyclotron and negative ions in 
the other, so that a given phase sequence ABC will 
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TABLE I. Energy gain per turn for various ions in a three-dee 
cyclotron. w=rf angular frequency; Q=ion freqaency=qB/m; 
n= integer. 


Maximum energy 
gain per turn 
neven 


Dee 
angle 


Ions accelerated 


Mode w/Q 


n odd 


60° ABC 
ACB 
In-phase 


3v3qV 
3qV 
6qV 


3qV 
3v3qV 
6qV 


3n+1 
3n+2 


3n except 6n 
ABC 
ACB 

In-phase 


3n+1 except 4n 
3n+2 except 4n 
3n except 4n 


3v2qV 
6qV 
6qV 
3v3qV 
3v3qV 


none 


6qV 
3v2qV 
3v2qV 


ABC 
ACB 
In-phase 


3n+1 
3n+2 


none 


3V3qV 
3v3qV 


none 


ABC 3n+1 
ACB 3n+2 
In-phase 3n 


6qV | sin (3n+1)0/2 
6qV | sin[ (3n+2)0/2 }| 
6qV | sin (39/2) | 


be in the direction of rotation of the positive ions but 
opposite that of the negative ions. Consequently, the 
foregoing analysis is valid for positive ions when the rf 
phase sequence is A BC, and for negative ions when the 
phase sequence is ACB. The quantity m is positive for 
positive ions and negative for negative ions. 

The geometric factor sin(w@/2Q) will, in addition to 
the requirement w/Q=3n-+1, further limit the types of 
ions that may be accelerated. It is a modulating factor 
for energy gain, which may be zero for a given dee 
angular width for some type of ion that would otherwise 
be accelerated. 

For the case in which the ion travels in a direction 
opposite to the previous phase sequence, the foregoing 
analysis still holds, but with the redefinition of the 
quantity f: 


Using the requirement that f=22n, we find that the 
permissible values of w/{ are 


w/Q=3n4+2, 


where » may take integral values including zero. This 
is valid for positive ions when the phase sequence is 
ACB or for negative ions when the sequence is ABC, 
using the convention established earlier that a positive 
ion passes through the A, B, and C dees in consecutive 
order. The energy gain per revolution is the same as for 
the A BC mode and is given by Eq. (7). 

For the case in which the three dees are excited in 
phase, the quantity f becomes f=2mw/3Q, and the 
types of ions accelerated are determined by the relation 
w/Q= 3n. In this case, except for direction of rotation, 
it is immaterial whether the ions are positive or negative. 
The energy gain per revolution is again that of Eq. (7). 
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TABLE II. Hydrogen, deuterium, tritium, and helium ions that can 
be accelerated in a three-dee cyclotron with 60° dees with w =Qproton. 








Relative 
threshold 
voltage 


Energy at 
radius R 


Energy gain 
per turn 





3qV Ww Vo 

3v3qV W/4 Vo/N3 
3v3qV W/4 Vo/v3 
3v3qV W/2 Vo/v3 


3v3qV W/2 V0/v3 
3v3qV W/2 V0o/v3 
3v3qV W Vo/v3 
3qV W Vo 


6qV w/3 Vo/2 








RESULTS AND DISCUSSION 


Table I gives the results of this analysis in tabular 
form, with numerical values computed for the maximum 
energy gain per revolution for 60°, 90°, and 120° dees. 
For dees of other angular widths or dees in which the 
fringing fields are included, the same w/Q ratios will 
give the ions eligible for acceleration, but with other 
values of energy gain per revolution, including zero in 
particular cases, as indicated by the # column. Negative 
values of w/Q indicate negative ions and positive values 
of w/Q indicate positive ions. 

Table II indicates the ions of hydrogen, deuterium, 
tritium, and helium that can be accelerated in the three 
modes of a three-dee cyclotron with 60° dees and rf 
frequency, 


a= Qoroton . 


These calculations have been made for conditions 
of exact balance of amplitudes of the voltages and 
exact phase conditions. In practice these conditions are 
not ordinarily met; slight unbalances in amplitudes 
or deviations in phase may occur. However, any 
arbitrary voltage distribution among the three dees 
(either as to amplitude or as to phase) may be expressed 
as the sum of the three symmetrical components as 
analyzed earlier—the ABC mode, the ACB mode, 
and the in-phase mode (termed in reference 3 the 
forward mode, reverse mode, and neutral mode). 

If the dee voltages are nearly balanced in one of the 
phase sequences, then the amplitudes of the other two 
components will be small. Since, to a first approxi- 
mation, the effects of these voltages on accelerating ions 
are linear, each component can be considered separately, 
and the effect of the unbalanced dee voltages can be 
found by adding the separate effects of each component. 
It is observed from the formulas for different modes of 
acceleration that no ion can be accelerated by more 
than one of the three components, for a given magnetic 
field and electrical frequency. 

These latter results are significant in that under 
identical operating conditions several different types 
of ions may be accelerated, either intentionally or as 
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contamination products. For example, if the cyclotron 
is driven in phase sequence A BC to accelerate H* in its 
lowest mode (w=), then it will also accelerate He*+ 
and N"*+* at the same time. In addition, if the voltages 
on the dees are unbalanced so that the ACB and 
in-phase components are also present, then many other 
ions can be accelerated simultaneously. An ion with a 
nonintegral ratio of w/Q, however, such as He***, 
cannot be accelerated under these conditions of opera- 
tion, but can be accelerated only if the magnetic field 
or the electrical frequency of the cyclotron is changed. 
Since submultiples of w/Q are excluded, if the cyclotron 
is adjusted to accelerate H,*+ or D* in the lowest mode, 
then H* cannot be accelerated. 

In practice the voltage will not change in a step- 
function manner at the dee edges, but will change 
gradually over a distance comparable to the vertical 
aperture of the dees. When this fringing distance is 
comparable to the distance that an ion travels in an 
rf cycle—which will be the case for modes of operation 
where w/Q is large—the ion will gain very little energy 
in crossing any of the dee edges, and there will be no 
significant acceleration of these ions relative to those 
of lower w/Q ratios. 

In the foregoing analysis it has been assumed that 
the magnetic field is constant as a function of radius, 
resulting in a constant value of the ion frequency 0. 
In order to focus the beam, however, the magnetic field 
ordinarily is decreased with increasing radius, resulting 
in a lowering of the ion frequency as the orbit of the ion 
expands. For an ion that is in resonance at the center 
of the cyclotron the phase angle ¢ is no longer constant 
but varies as the ion moves outward. The permissible 
limits of ¢ are +90°; outside these limits the ion will 
lose energy to the electric field. Since the total phase 
shift @ with respect to the electrical frequency is the 
sum of the increments per ion revolution, a certain 
threshold dee voltage is required to limit the number of 
revolutions necessary to obtain the desired energy 
with the phase angle ¢ within the limits given. The last 
column of Table II indicates the relative threshold 
voltages for various ions in a cyclotron with three 60° 
dees. 


CONCLUSION 


A three-dee three-phase 20-inch cyclotron with 60° 
dees has been constructed and operated successfully.?* 
Stable operation was maintained with 6 ma of 1-Mev 
protons accelerated in the ABC mode. From 
programmed orbits the gain in energy per turn was 
measured to be 2.5qV. The discrepancy between this 
value and the calculated value of 3gV is probably due 
to the fringing electric fields at the dee edges. Grounded 
dummy dees were not used. When the phase sequence 


3 Ruby, Heusinkveld, Jakobson, Smith, and Wright, Rev. Sci. 
Instr. 27, 490 (1956). ; 

4B. H. Smith and K. R. Mackenzie, Rev. Sci. Instr. 27, 485 
(1956). 





MODES OF ACCELERATION OF 
was changed from ABC to ACB, 6.5 ma of 0.5-Mev 
deuterons were obtained. With helium ions, in the 
ACB mode, 1.5 ma of 1-Mev alpha particles was 
obtained. The measured energy gain per turn for He*** 
and D;* ions in this mode was approximately 5qV. 
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Hyperfine Structure in the /-Type Doubling Spectrum of HCNt 


LEONARD YARMUS 
Physics Department, College of Engineering, New York University, University Heights, New York, New York 
(Received July 5, 1956) 


Direct /-type transitions for HCN have been observed for J=1, 2, 3, 4, and 5. Values obtained of the 
asymmetry parameter 7 = —0.082+0.005 and the magnetic coupling constant c;=13+5 kc/sec are in good 
agreement with previous work. For N™ the value egmQ=—4.81+0.02 Mc/sec is 5% higher than that 
obtained in the ground vibrational state. This change in eg,Q can be explained by a decrease in the 


hybridization of the o bond. 


INTRODUCTION 


IRECT /-type doubling transitions of the linear 

molecule HCN have been observed by several 
investigators in the microwave K band.'* For smaller 
values of J the spectrum lies in the Z and S bands 
where some work has been reported.*> The work re- 
ported herein is confined to the Z and S bands.® 

In the first excited bending mode the degenerate 
vibrational levels are split and it is the transition be- 
tween these levels that gives rise to the /-type doubling 
spectrum. N", with its spin of one, produces a quad- 
rupole splitting. This splitting normally results in a 
single AF=0 line. White® has shown that this main 
line is further split due to an asymmetry of the electric 
field gradient at the nitrogen nucleus produced by the 
bending of the molecule. 

At lower J values the relative intensities of the 
AF= +1 lines increase and as a result these transitions 
for J =3 and 4 were observed. With this added informa- 
tion it was possible to evaluate the quadrupole coupling 
constant, the asymmetry parameter and the magnetic 
I- J interaction constant. 


EXPERIMENTAL TECHNIQUE 


A Stark-modulated spectrometer whose cell is a 20- 
foot S-band wave guide was used throughout. The 
guide operated in the usual 7», mode for the J=3, 4, 


t Supported by the U. S. Air Force, through the Office of Scien- 
tific Research of the Air Research and Development Command. 

1R. G. Shulman and C. H. Townes, Phys. Rev. 77, 421 (1950). 

2 T. L. Weatherly and D. Williams, Phys. Rev. 87, 517 (1952). 

3R. L. White, J. Chem. Phys. 23, 249 (1955). 

4R. J. Collier, Phys. Rev. 95, 1201 (1954). 

5 Miyahara, Herakawa, and Shimoda, J. Phys. Soc. Japan 11, 
335 (1956). 

6 A preliminary account of this work by L. Yarmus appears in 
the Bull. Am. Phys. Soc. Ser. IT, 1, 13 (1956). 


and 5 lines. Since the guide cutoff is 2000 Mc/sec, for 
the J=1 and 2 lines it was run as a transmission line 
in a TEM mode. A description of the apparatus is 
found elsewhere.’ 


EXPERIMENTAL RESULTS 


Table I lists the lines observed, their frequencies and 
the parameters evaluated from this data. All the 
AF=+1 transitions were observed for J=3. The 
AF=0 splitting is theoretically threefold. The line 
found, however, was split twofold with the two higher 
frequency components unresolved. This is due to the 
fact that the lower of the two unresolved components 
has twice the intensity of the upper, plus the fact that 
the lines are separated by only 60 kc/sec. This observa- 
tion is approximately true for all the reported lines save 
J=1. Since the F=0—F =0 transition is forbidden, the 
J=1 AF=0 splitting is theoretically twofold. The in- 
tensity ratio of these two lines is 5:1 and as a result 
only one line was observed for J=1. The J=4 line 
AF=+1 transitions were seen only at the lower end 
of the spectrum because of interference from Stark 
components at the upper frequency end. 

The second harmonic of a 707A klystron was em- 
ployed as the signal source for the J =4 line. The result 
was gratifying in that not only was the J/=4 line seen 
but the J=5 line as well. (See Fig. 1.) This came about 
as follows: The frequency of the /-type doubling transi- 
tion is given as v=gJ(J+1) where (see following 
section) g is approximately constant. Since the funda- 
mental frequency used was 10g, the frequency of the 
J=4 line 20g, and the frequency of the J/=5 line 30g, 
the second and third harmonics of the signal source 


7 Weisbaum, Beers, and Herrmann, J. Chem. Phys. 23, 1601 
(1955). 
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TABLE I. Measured frequencies and evaluated constants for /-type doubling spectrum of HCN. 











Theoretical 
center 
Transition Measured frequency frequency vo 
Pi FPF Mc/sec xX Mc/sec 


I- J Magnetic 
interaction 
constant ci 

kc/sec 


Asymmetry 
parameter neqmQ 
” ke/sec 


egmQ 
Mc/sec 





1 


2\" 448.967+0.010 
1 


~ 448.96740.010  448.9474-0.010 


-— bh 


1346.677+0.005 1346.758+0.006 


1346.796+0.005 


wh 


2693.250+0.009 
2693.395+0.006 


2693.349+0.010 


2691.757+0.008 
2692.071=+0.006 
2694.582+0.009 
2694.954+0.009 
4488.381+0.020 4488.475+0.020 
4488.522+0.020 


4486.762+-0.013 
4487.000+-0.006 


6731.793+-0.011 6731.881+0.007 


6731.925+0.009 


er aW 


—0.082+0.005 396+ 24 —4.81+0.020 1345 


—0.079+0.016 —4.79+0.034 


352434 








* Bracket indicates that the two lines were not resolved. The frequency given is the measured composite of both. 


gave rise to the J/=4 and J=5 lines, respectively. The 
separation between these lines is direct experimental 
evidence of the variation of g with rotational quantum 
number J. 


DISCUSSION OF RESULTS 
The expression for the energy can be written as® 


2I+3 


3—J(J+1) 
E= E,+— : 
J 


(J+1)(2I+3) 
J 
+ a 
2(2J+3) 


ee 


can] 


|reters, 
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where eg,( is the quadrupole coupling constant, 7 the 
asymmetry parameter, Y(/) Casimir’s function, and ¢; 
the constant of the interaction between the spin of the 
nitrogen nucleus and the total rotation of the mole- 
cule J. By using this equation and the frequencies of 
the observed lines, the parameters are evaluated. For 
the J=3 and J=4 lines, all the parameters can be 
assigned values; for the /=2 and J=5 lines, only the 
theoretical center frequency and the product of egmQ 
and 7 can be found. The J=1 line yielded only the 
theoretical center frequency. Table I lists the results. 

White,’ from his J=10 line data, evaluated the 
product egmQn and his value of 3928 kc/sec compares 
favorably with the results presented. Similarly the 
magnetic interaction constant c;=13+5 kc/sec agrees 
with previous work.° 

The value of eg,(Q in the present work (see Table I) 
is to be compared with the value —4.580.05 Mc/sec 
obtained by Simmons, Anderson, and Gordy” in the 
ground vibrational state. Thus it would appear that 
egm2 of HCN increases by some five percent in going 
from the ground vibrational state to the first excited 
bending mode. There are two possible theoretical 
approaches that can be considered to explain this 
difference; the molecular orbital “self-consistent” field 
calculations of Bassompierre!! and the “‘valence shell”’ 
method of Townes and Dailey.'* Bassompierre’s calcu- 
lation is probably the more accurate of the two but 





Fic. 1. Recorder trace of the J=4 and 5 
AF=0 transition in HCN. 


8 C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 


®R. L. White, Revs. Modern Phys. 27, 276 (1955). 

1 Simmons, Anderson, and Gordy, Phys. Rev. 77, 77 (1950). 

41 A, Bassompierre, Compt. rend. 239, 1298 (1954); Compt. 
rend. 240, 285 (1955) ; Discussions Faraday Soc. 19 (1955). 

12C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 
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hfs IN 1-TYPE 
because of its complexity it is difficult to obtain a simple 
physical explanation for the change in egnQ. Thus 
despite the fact that the Townes and Dailey method is 
probably less accurate, this is the approach that will 
be taken. It is interesting to note that Townes and 
Dailey'® predict a value of egmQ=—4.8 Mc/sec for 
HCN in the ground vibrational state. 

White,’ following the arguments of Townes and 
Dailey, explains the AF=0 splitting and the appearance 
of a negative 7 as the result of the preferential breaking 
of one of the x bonds when the ionic bond is formed. 
This hypothesis conforms with the values of obtained 
in his as well as in this work, but does not predict any 
change in the quadrupole coupling constant. A possible 
means of accounting for the increase in egnQ is to 
postulate a decrease in the hybridization of the P, bond 
as a result of the molecular bending. When one re- 
places the assumed hybridized wave functions!** (see 
especially Table I of reference 3) 


V:t+— nr. and 2x ( v+ym) 
2 2 i 


by 
ay,+(1—a*)hvp, and 2X[(1—a?)'y,+ayp- |, 


the value of the parameter a is found by assuming the 
5% increase in V,,. The result is a=0.51. Thus the 
hybridized wave function takes the new form 


0.51y,+0.860y p. 


in the first excited vibrational state v= 1. The foregoing 
in no way conflicts with White’s analysis to which 
recourse must be taken in accounting for the sign and 
magnitude of the asymmetry parameter. 

Westerkamp™ based on data from J=6 through 


13 J. F. Westerkamp, Phys. Rev. 93, 716 (1954). 


DOUBLING 


SPECTRUM OF HCN 


TABLE II. /-type doubling constant for HCN.* 





qs from 
Miyahara 
formula® 


qQw from 
Westerkamp 
formula> 


vo vo 


Measured q= . 
J(J +1) 


~ 


frequency 








224.473 
224.462 
224.446 
224.425 
224.398 
224.366 
224.286 
224.238 
224.185 
224.126 
224.062 


224.466 
224.455 
224.440 
224.419 
224.393 
224.361 
224.283 
224.236 
224.184 
224.126 
224.063 


224.473 
224.460 
224.446 
224.424 
224.396 
224.365 
224.274 
224.238 
224.185 
224.129 
224.061 


448.947 
1346.758 
2693.349 
4488.475 
6731.881 
9423.3 

16 147.8 
20 181.4 
24 660.4 
29 585.1 
34 953.5 


— 
Nr OC MOAU PWN 


* All values shown are in Mc/sec. 
> @w =224.471 —0.002614/ (J +1). 
© gy =224.478 —0.002667/ (J +1). 


J=12, empirically obtained a formula for the variation 
of g, the /-type doubling constant, with J. Subsequently, 
Miyahara, Herakawa, and Shimoda® based on some 
new measurements they made, constructed a new 
formula. Table II lists the measured frequencies (J = 
to 5 of this work, /=6 to 12 as reported by Wester- 
kamp), the g evaluated from these measurements, as 
well as the g derived from both formulas. The agreement 
is somewhat better using the Miyahara formula. It is 
clear from both formulas that the J=8 line needs 
remeasuring. 
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Radiative Electron Capture in Cesium-131 
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« 


The continuous electromagnetic radiation accompanying orbital electron capture in cesium-131 has been 
investigated with a scintillation spectrometer. The intensity distribution as a function of energy may be 
accounted for by the theoretical predictions of Glauber and Martin. The end-point energy of the 1S electron 
capture contribution to the continuous spectrum is 320+10 kev. 





RECENT investigation! of the continuous electro- 

magnetic radiation accompanying orbital electron 
capture in cesium-131, together with a study’ of the 
x-rays and Auger electrons, has rather well defined the 
decay properties of this isotope. The spectrum obtained 
in the above investigation did not appear to be quan- 
titatively accounted for by the subsequent theoretical 
calculations of Glauber and Martin® on the radiative 
electron capture process; therefore a further measure- 
ment of the continuous radiation from cesium-131 
would seem to be of interest. 

The calculations referred to above, which include 
Coulomb effects and capture from several atomic shells, 
have been successfully applied to the experimental 
measurements of the spectra from argon-37* and 
vanadium-49.° A comparison in the case of an isotope 
such as cesium-131 with a higher atomic number and 


lower disintegration energy, where the 2P electron 
capture is enhanced, would provide a more rigorous test 
of the theoretical results. 


EXPERIMENTAL PROCEDURE 


In order to obtain a true representation of the con- 
tinuous spectrum from measurements made with a 
scintillation spectrometer, a detailed analysis somewhat 
in the manner of Lidén and Starfelt® must be made of 
the various distorting effects. The experimental arrange- 
ment was selected so as to make this analysis as ac- 
curate as the measurements of the weak spectrum 
would allow. 

Cesium-131, chemically separated from neutron 
activated barium nitrate by a method similar to that 
of Saraf,' was deposited on thin cellulose tape to give 
a circular source about five millimeters in diameter. 

A cylindrical sodium-iodide crystal, two inches in 
diameter and two inches long, was mounted on a type 
6292 photomultiplier tube. This assembly was placed 
inside a lead enclosure. The source was located outside 
of this enclosure in such a manner that a portion of its 


1B. Saraf, Phys. Rev. 94, 642 (1954). 

2 R. W. Fink and B. L. Robinson, Phys. Rev. 98, 1293 (1935). 

’R. J. Glauber and P. C. Martin, Phys. Rev. 95, 572 (1954); 
Phys. Rev. 104, 158 (1956). 

— Martin, Lindqvist, and Wu, Phys. Rev. 101, 905 
(1956). 

5 R. W. Hayward and D. D. Hoppes, Phys. Rev. 104, (1956). 

§ K. Lidén and N. Starfelt, Arkiv Fysik 7, 427 (1954). 


radiation was limited to the central region of the crystal 
face by a tapered copper-lined collimator. The source- 
to-crystal distance was about 3 inches. The output 
pulses from the photomultiplier were amplified and 
analyzed by means of a stable single-channel differential 
pulse height discriminator. 

A copper absorber of 980 milligrams per square 
centimeter thickness was placed in front of the source 
in order to attenuate substantially the intensity of the 
characteristic x-radiation. The source strength and 
absorber thickness were chosen so as to prevent acci- 
dental x-ray pile-up and still allow a reasonable count- 
ing rate for the continuous spectrum while attempting 
to keep the absorber corrections to a minimum. With 
the above conditions the counting rates were quite 
low and hence only the order of a few hundred counts 
per channel setting were obtained over most of the 
spectrum, giving a considerable statistical spread to 
the experimental points. 


ANALYSIS AND DISCUSSION OF DATA 


The modification of the experimentally observed 
pulse-height distribution into the true spectrum was 
done in a manner similar to that for vanadium-49.° 





1S +2342? 


RELATIVE INTENSITY 











700 200 
ENERGY, kev 

Fic. 1. The spectrum of the continuous electromagnetic radia- 
tion accompanying orbital electron capture in cesium-131. The 
experimental pulse height distribution has been modified to give 
the true photon spectrum. The curve is the theoretically calculated 
spectrum of Glauber and Martin corrected for screening and 
relativistic effects. 
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RADIATIVE ELECTRON CAPTURE 


Monoenergetic nuclear gamma rays were used to 
measure the resolution and pulse-height distribution 
for the complete spectrometer, the intrinsic efficiency 
of the crystal at different energies was calculated by 
numerical integration using the absorption coefficients 
compiled by White,’ the external absorption in this 
nonideal geometry was calculated by numerical in- 
tegration, and the escape of the iodine x-rays was 
accounted for using the information of Axel.’ Applica- 
tion of the above information yielded a photon dis- 
tribution which is believed reliable down to an energy of 
less than 80 kev; at lower energies the absorption and 
other effects give large corrections. 

In Fig. 1 the transformed experimental points are 
compared to a spectrum calculated from the theory of 
Glauber and Martin for allowed electron capture 
transitions. Curves of the separate contributions by the 
1S, 2S, and 2P shells to the theoretical spectrum are 
also shown. The relativistic corrections of Glauber and 
Martin and screening corrections of Brysk and Rose® 
were applied. 

7G. R. White (unpublished). 

8 P. Axel, Brookhaven National Laboratory Report BNL-271 
(unpublished). 
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Best fit between theory and experiment was obtained 
with an end-point energy of 320 kev for the 1.5 spectrum. 

The variation of fit with maximum energy, together 
with a consideration of experimental errors, led to an 
estimate of +10 kev as a probable error. The energy 
measurement is in agreement with the value of 320+10 
kev of Saraf, who analyzed his data assuming a Morri- 
son-Schiff" spectrum, which does not include the large 
2P contribution. The energy end point of 320+10 kev 
would lead to a total disintegration energy of 355+10 
kev, taking into account the 1S shell binding energy 
of the daughter. 

The fit with the predictions of the Glauber-Martin 
calculations is considered to be good within the ac- 
curacy of the experiment. 
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Angular Distributions of the Gamma Rays from the Reaction Na**(p,+)Mg**} 
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(Received May 23, 1956) 


Resonances occurring in the compound nucleus Mg* resulting from the proton bombardment of sodium 
have been studied in the energy range from E,=0.58 to E,=1.50 Mev. Ten resonances were found to have 
a relatively large yield of capture gamma rays. The cascades leading to the ground state of Mg* were deter- 
mined and found to proceed for the most part through well-known lower lying states. The angular distribu- 
tion of the first gamma ray emitted in the decay was measured for six of these resonances. The resonance 
energies in Mev and the corresponding assignments for spin and parity are the following: E»=0.595, 0.676, 
0.740, 0.744, 0.877 (1+), 0.989 (4+), 1.022 (2—), 1.321 (3+), 1.398, 1.419 (4+). 


INTRODUCTION 


HE proton bombardment of Na” has long been 
known to give rise to gamma radiation, and as 
early as 1941 Burling’ had discovered a number of 
resonances corresponding to highly excited states in 
Mg™. Since then a rapidly increasing amount of in- 
formation about the compound states has been collected 
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by various investigators.?~* More recently, the study of 
the elastic scattering of alpha particles from Ne” has 
added considerable information about those compound 
states in Mg™ that may be reached by this particular 


2p. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

3 P. H. Stelson and W. M. Preston, Phys. Rev. 95, 974 (1954) ; 
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process.” Unfortunately the region of the compound 
nucleus investigated in this latter study does not overlap 
that region over which the most careful study of the 
Na*+ reactions had been previously carried out. 
Because of the uncertainties in the resonance energies 
and in the Q value of the reaction Na™(p,a)Ne™, no 
definite matching of the two groups of states has so 
far been possible." The present investigation was 
motivated in part by the hope that a more careful study 
of the Na*+ reaction at low bombarding energies 
would provide agreement with the results obtained 
from the Ne™(a,a) reaction. 

At the same time, we have endeavored to study more 
thoroughly those resonances for which the capture 
process predominates. An intensive investigation of the 
decay spectra and the angular distributions of the most 
energetic gamma ray of the cascades may lead to spin 
and parity assignments for some of the compound 
states. Such information my be compared with or 
serve to supplement, similar assignments obtained from 
other reactions.”:* 


EXPERIMENTAL PROCEDURE 


The University of Kansas electrostatic accelerator" 
was used as the source of monoenergetic protons. The 
control signal to the corona load stabilizing the accel- 
erator voltage is derived from analysis of the molecular 
beam by a 30° electrostatic analyzer. The energy 
resolution of the proton beam is better than 1 kev and 
data points were found to be reproducible to within 250 
volts over short periods of time. The energy calibration 
was based on the resonances in the reactions Al” (p,y)Si?8 
at 993.3 kev and F!*(p,ay)O" at 873.5 and 935.3 kev."® 

Gamma radiation was detected with scintillation 
counters using DuMont 6291 or RCA 6199 photomulti- 
plier tubes and NalI(T]) crystals polished and sealed in 
an Argonne-type crystal mount.!* Because of the very 
low yields of the capture radiation, considerable care 
was necessary to minimize the background both from 


%” Goldberg, Huberti, Galonsky, and Douglas, Phys. Rev. 93, 
799 (1954). 

1 Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89, 
824 (1953). 

Spin and parity assignments for a number of compound 
states have been made by Stelson* by studying the angular dis- 
tribution of the alpha particles in the Na**(p,a) Ne” reaction and 
by Goldberg ef al.” from an investigation of alpha particles 
elastically scattered by Ne®. More recently, some assignments 
have been published by Newton® and Seed.? Many of the reso- 
nances found in the gamma-ray yield curves have also been ob- 
served at this laboratory by studying the elastic scattering of 
protons from Na*.4 Spin and parity assignments made as a result 
of these experiments will be found in a later publication. It is of 
interest to note that at least one of the resonances (E,=0.989 
Mev) is observed only in the capture process. 

48 Baumann, Prosser, and Krone, Phys. Rev 100, 1244 (1955); 
Baumann, Prosser, Read, and Krone, Phys. Rev. 104, 376 (1956), 
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“4 L. W. Seagondollar, Final Report, ONR Contract No. 260-2, 
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the accelerator and from target contaminations. Satis- 
factorily clean targets were prepared by allowing a 
dilute solution of chemically pure NaOH to evaporate 
on a tungsten backing that had been previously cleaned 
by heating to a white heat in vacuum. Background not 
arising at the target was considerably reduced by plac- 
ing lead shielding around the scintillation detectors, so 
that a minimum of 2 in. of lead was between the crystal 
and any extraneous source of radiation. 

It is well known that the Mg* compound nucleus, 
when formed by the proton bombardment of Na*, may 
decay into five exit channels (Fig. 1). Three of these 
(p’, a’, and capture) lead to gamma-radiation charac- 
teristic of their particular mode of decay. The excitation 
curves for each of these reactions may be obtained 
separately, if the amplified output of a single counter 
enters three integral discriminators whose biases are 
set to accept all pulses corresponding respectively to 
gamma rays of energy greater than 0.3 Mev, 0.8 Mev, 
and 1.9 Mev. The high-energy gamma rays then corre- 
spond to the capture process, the medium-energy 
gamma rays (after subtraction of the high-energy 
gamma rays) to the a’ channel, and the low-energy 
gamma rays (after subtraction of the medium- and 
high-energy gamma rays) to the ~’ channel. This was 
the method used by Stelson and’ Preston® in their 
extensive study of the a’ and p’ channels. The present 
measurements confirm their results in the region of 
overlap but extend them by including the excitation 
curve for the capture process. 

At those resonances at which a relatively large yield 
of high-energy gamma radiation was found to exist, a 
pulse-height analysis of the gamma-ray spectrum was 
obtained by using a single-crystal scintillation spec- 
trometer. Any attempt to improve the resolution of the 
spectrum by employing two- or three-crystal spectrome- 
ters proved impractical because of the low cross section 
of the capture process. A simple technique for recording 
such a pulse-height distribution consists in feeding the 
amplified pulses from the counter into a pulse-lengthen- 
ing circuit which gives a square-topped, 10-microsecond- 
long pulse whose amplitude is the same as the amplitude 
of the incoming pulse. This pulse is then displayed on 
the x axis of a DuMont Model 248 A oscilloscope. The 
original pulse is also used to trigger a blocking oscillator 
whose output signal is passed through a 2.5-microsecond 
delay line onto the intensifier to brighten the oscillo- 
scope trace. The result is a sequence of bright dots whose 
displacement along the x axis is proportional to the 
pulse height of the detector output. These dots were 
photographed on a continuously moving film strip with 
a Fairchild Oscillo-Record camera. Following develop- 
ment, the film was placed into a photographic enlarger 
where the displacements of the dots from the base line 
were measured by dividing the film into a convenient 
number of channels and counting the dots in each 
channel. Energy calibration points were obtained by 
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recording the 0.66-Mev gamma ray from Cs"’, the 1.63- 
Mev gamma ray from the Na*(p,ay)Ne” reaction, the 
6.12-Mev gamma ray from the F!*(p,vy)O"* reaction, 
and the 9.7- and 12.8-Mev gamma rays resulting from 
the proton bombardment of thick boron targets. 

In the energy range examined, ten resonances had a 
sufficient yield of high-energy gamma rays to justify a 
more detailed study of the decay. Of these, the spectra 
of four were considered to be too complex to provide 
unambiguous information from the angular distribution 
of the most energetic gamma ray in the cascade. For 
each of the other six, the angular distribution of the 
highest energy gamma ray was determined by compar- 
ing the yield as a function of the angular position of a 
movable counter to that in a monitor counter. The use 
of a monitor counter rather than a beam-current inte- 
grator as a reference was necessary because the long 
running times, required to obtain sufficient statistical 
accuracy, made the danger of target depreciation and 
drifts in accelerator voltage too great. 

The target chamber was constructed with cylindrical 
symmetry about the target position. Inside was a small 
quartz plate provided with fiducial marks that could be 
pivoted in front of the target to check the beam align- 
ment. The size of the beam was determined by a 
q-in.-diameter aperture in a tantalum plate located 
several feet in front of the target. The movable counter 
was pivoted about a bushing through which the shaft 
of the target holder passed, thereby insuring the 
concentricity of the counter location with respect to 
the target. The 20-mil tungsten target backings were 
sufficiently thick to cause appreciable absorption at 
angles close to the plane of the target. The error due to 
this effect was reduced to less than 3% by placing 
absorbers in front of the movable counter to maintain 
an almost constant thickness of tungsten between the 
target and detector at all angles. The solid angle 
subtended by the counter was determined by a 3-in.- 
diameter aperture in the 2-in.-thick lead shielding 
surrounding the counter. For the geometrical arrange- 
ment used, this corresponded to a maximum angular 
spread of 7 degrees. 

The discriminator bias for the movable counter was 
set to accept only the most energetic gamma rays in the 
cascade, while that for the monitor counter was set 
considerably lower. Thus, the statistical accuracy of the 
measurements depended primarily on the counting 
rates in the movable counter. The various angles were 
run consecutively in one direction and then in reverse 
to reduce any error arising from drift in the discrimina- 
tor settings. 

The geometry of the experimental arrangement was 
checked by measuring the angular distribution of the 
gamma rays from the 0.935-Mev resonance in the 
F'9(p,ay)O"* reaction, which is known to be isotropic.!” 


17§. Devons and M. G. N. Hine, Proc. Roy. Soc. (London) 
A199, 56, 73 (1949). 
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Fic. 1. Energy level diagram of Mg” indicating the region of the 
compound nucleus surveyed in this investigation, the gamma-ray 
transitions observed, and the particle exit channels available. 


The results of this check run have been included in 
Fig. 4. 
EXPERIMENTAL RESULTS 


The gamma-ray yields for the three reactions are 
shown in Fig. 2. The insert shows the two prominent 
resonances in the reaction F'*(p,ay)O"*. It is apparent 
from the relative yields and the half-widths that the 
two resonances at the same energies in the Na” yield 
curve must almost entirely be due to the presence of 
fluorine contamination. This was also evident from the 
gamma-ray spectrum observed at these two resonances. 
The “tail” on the 0.873-Mev resonance appears, how- 
ever, to be the result of a compound state in Mg”. 
Such an identification was possible from the gamma-ray 
spectrum at that energy. The very low yield of capture 
radiation is evident from the scale. The numbers ap- 
pearing in the diagram designate the various resonances 
observed in Mg”, Several of these decay through the 
p and a@ channels only, which is the reason for their 
absence in the gamma-ray yield curve." In an earlier 
report'® it was erroneously stated that several reso- 
nances found in the gamma-ray yield curve in this 
region were the same as those seen in the elastic scatter- 
ing of alpha particles from Ne”. It is possible within the 
sum of the errors in the resonance energies and in the 
Na”™(p,a)Ne” QO value to identify resonances 12, 14, 
and 15 with states observed in the elastic scattering of 
alpha particles by Ne”. The angular distribution found 
for resonance No. 14 makes such an identification, how- 


18 Baumann, Prosser, and Krone, Phys. Rev. 95, 650 (1954). 
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Fic. 2. Resonance curves showing the yield of gamma rays in the energy ranges indicated. Those gamma rays of 
energy greater than 1.9 Mev result from the reaction Na**(p,7)Mg*, while those in the ranges 0.3 to 0.8 Mev and 0.8 
to 1.9 Mev are indicative of the reactions Na**(p,p’) Na*** and Na**(p,a’) Ne®*, respectively. The insert shows the yield 
of gamma rays from the reaction F(p,ay)O"*. The resonances designated by the numbers include all those known in 


this region of the Mg™ compound nucleus. 


ever, untenable. The subsequent work on particle 
emission" confirms this conclusion. 

Considerable care must be exercised in the interpreta- 
tion of the gamma-ray yield curves obtained. It is well 
known that a monoenergetic gamma ray produces a 
complicated distribution of pulses which extends over 
the entire pulse-height spectrum. A high-energy gamma 
ray may therefore at times be recorded in a channel 
corresponding primarily to gamma rays of much lower 
energies. This difficulty is enhanced because for several 
resonances the cascade following capture proceeds 
through the first excited state in Mg* at 1.37 Mev and 
the yield from this gamma ray will appear in the channel 
indicating alpha emission to the first excited state in 
Ne”. A resonance occurring only for capture will, 
therefore, cause the appearance of a weak peak in the 
yield of low-energy gamma radiation, and a resonance 
in the a’ channel will give the appearance of decay in 


the p’ channel as well. There is no unambiguous way to 
remove this effect without determining the spectrum 
at each resonance. All the yield in the two lower energy 
channels at proton energies less than 1 Mev appears to 
be attributable to this effect. It is felt that several of 
the weaker resonances reported by Stelson and Preston 
as decaying by p’ and a’ channels may decay primarily 
by capture. This would be difficult to establish by 
gamma-ray studies because of the very low yields. 

The gamma-ray spectra obtained are shown in Fig. 3. 
The spectra from the F!*(p,ay)O!* gamma rays and from 
a thick boron target are shown for comparison. The 
energy assignments for the various gamma rays are 
shown in Table I and the transitions believed to be 
represented by each are indicated in Fig. 1. Interpreta- 
tion of the spectra was simplified by the known energies 
and transitions of the lower lying states, e.g., the 4.24- 
Mev state decays directly to the ground state while the 
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Fic. 3. Pulse-height distributions of the capture gamma radiation at the resonances indicated. The letters shown with 
the structure of the distributions refer to the gamma rays listed in Table I and are identified with the transitions shown 
in Fig. 1. The numerals following the letters indicate the detection process responsible for the structure, i.e., 1 indicates 
the full energy (photoelectric) peak, 2, the Compton edge and in some cases including pair formation with loss of one 
annihilation quanta, and 3, pair production with loss of both annihilation quanta. F” indicates structure resulting 
from fluorine contamination of the target. Parentheses indicate structure arising from an adjacent resonance. 


4,12-Mev state decays by cascade through the 1.37-Mev 
state. In several cases, particularly for the weaker 
transitions, the structure indicated is not statistically 
significant. For these cases, the interpretation has been 
based on consistency between higher and lower energy 
gamma rays and the known decays of the lower lying 
excited states. Where the structure of the spectra could 
be resolved, the gamma-ray energies are believed 
accurate to about 5%. 

Angular distributions were obtained for six reso- 
nances. The angles for observation were chosen to 
follow the procedure suggested by Price’ to facilitate 
a least-squares fitting of the data to an expansion in 


” P, C, Price, Phil. Mag. 45, 237 (1954). 


Legendre polynomials. The experimental points are 
shown in Fig. 4 together with the curves represented by 
the expression W (@)=}>-A;P;(cos@). The ratios of the 
coefficients A ,/Ao and their probable error are given in 
Table II. Several of the coefficients, although statis- 
tically significant, were disregarded in the expressions 
plotted in Fig. 4. This was felt to be justified by visual 
comparison of the fit of the remaining terms to the ex- 
perimental points. The probable errors, for both the 
points and the calculated coefficients, include only the 
statistical errors. Because of the reasonably good 
geometry and the smallness of the coefficients, no 
correction was made for the finite angle subtended by 
the counters. 
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TABLE I. Energies measured for the gamma rays shown in Fig. 3. 
The transitions believed to be represented by each are indicated 
in Fig. 1. Gamma rays A to Z are initial transitions whose energies, 
therefore, vary with excitation energy. 








Gamma-ray 
energy in Mev 


11.1-11.5 
8.1- 8.9 


Transition 
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DISCUSSION OF RESULTS 


A rather abrupt change in the general appearance of 
the excitation curves is apparent at a proton energy of 
about 1 Mev. Below this energy capture is apparently 
the only important source of gamma radiation, while 
above this energy gamma radiation associated with 
particle emission from the compound nucleus rapidly 
becomes predominant. The apparent level density in- 
creases rapidly in this same region. Probably the 
principal reason for this transition is that the penetra- 
bilities in the p’ and a’ channels, which are increasing 
rapidly at these proton energies, have become appreci- 
ably large in this region. At E,=1.0 Mev and for 
S-wave emission, the penetrabilities for these two 
channels are about equal and only an order of magnitude 
smaller than that for d-wave decay in the p channel. 
Also, between proton energies of 1.0 to 1.5 Mev the 
penetrability for s-wave decay in the p channel changes 
from slightly less than to slightly greater than that for 
d-wave emission in the a channel. Therefore, at proton 
energies below 1 Mev, those compound states in the 
group with parity (—1)/ will decay primarily by the a 
channel and those with opposite parity by the p 
channel.” For states with high spin values and with 
decreasing proton energy, capture will, of course, be- 
come more important, particularly for those states for 
which alpha emission is forbidden. 

A study of the relative yields in the various channels 
can in principle lead to assignments of the spin and 
parity for the various levels. In practice, this is, how- 
ever, difficult to do because the influence of the nuclear 
matrix elements cannot be disregarded and because the 
spin and parity of the first excited state in Na” have so 
far not definitely been established.*! One may, however, 
reduce the possible choices in all cases. As mentioned 
above, those states which decay by the a channel must 
belong to the series with parity (—1)/ while in turn the 


*” These conclusions would, of course, be partially invalidated by 
the operation of isotopic spin selection rules which could inhibit 
alpha emission where otherwise permitted. 

21 R, W. Krone and W. G. Read, Bull. Am. Phys. Soc. Ser. II, 
1, 212 (1956). 
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absence of the a channel would strongly favor the alter- 
nate series —(—1)’. At those resonances showing 
capture radiation, a determination of the cascade may 
eliminate some possible choices, if one assumes that the 
gamma rays will carry not more than two units of 
angular momentum. Of the ten resonances at which 
the cascade spectrum was determined, only one does not 
decay directly to at least one of the first three excited 
states. One should expect, therefore, that those com- 
pound states that decay to the 4+ state have spins 
larger than 2 and those that decay to the other two 
states have spins less than 4. 

To place closer limits on the spin and parity assign- 
ments, it is necessary to consider the angular distribu- 
tions of the reaction products. In the case of gamma 
radiation from an isolated resonance formed almost 
entirely by a single / value, a very convenient formalism 
is that proposed by Biedenharn and Rose.” Because of 
the large number of parameters involved, e.g., channel 
spin, / value, multipole order, etc., it is impractical to 
tabulate all the possibilities here. The six compound 
states considered are essentially different in their 
characteristics and will therefore be discussed sepa- 
rately. In general, formation of a compound state of a 
given spin and parity will be assumed to be formed by 
the lowest compatible proton angular momentum. 
Where this criterion can be met with either channel 
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Fic. 4. Angular distributions of the initial gamma ray in the 
cascade following capture at the resonances indicated, The curves 
shown represent the expressions given in the figure. The disre- 
garded terms and their probable errors are shown in Table II. The 
distribution labeled F” is the distribution of the gamma rays from 
the reaction F(p,avy)O" at E,=935 kev which was used as a 
check on the isotropy of the experimental procedure. 


21. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 





ANGULAR DISTRIBUTIONS OF vy RAYS 


spin, the ratio of the contributions from each will be 
treated as an adjustable parameter. 

Resonance 35.—The principal cascade is through the 
4+ state. The resonance also shows decay through the 
a channel, restricting its spin and parity to the sequence 
(—1)’. The angular distribution found agrees well with 
that expected for a 4+ resonance decaying by M1 
radiation to a 4+ state, i.e., A2/Ay=0.393, and cannot 
be fitted by a 3—, 5—, or 6+ assignment. The appear- 
ance of a small P,4(cos#) term is explained by a small 
admixture of E2 radiation. 

Resonance 14.—This resonance decays primarily 
through the 2+ state at 1.37 Mev. The angular distribu- 
tion of the 11.2-Mev radiation is isotropic within the 
probable errors. Since the decay by the a channel does 
not occur at this resonance, the spin and parity are 
restricted to the 0—, 1+, 2—, and 3+ sequence, 
unless isotopic spin selection rules suppress alpha 
emission. Isotropy is required for a O— and 1+ assign- 
ment. Isotropy may also be accounted for with a 2— or 
3+ assignment if one properly adjusts the ratio of the 
two channel spins, as well as the relative intensities of 
the magnetic dipole (M1) and electric quadrupole (£2) 
radiations. Because of the measured width of this 
compound state (8+2 kev), a 3+ assignment may, 
however, be ruled out, since d-wave protons would be 
required for its formation. No obvious choice can be 
made between the other possibilities on the basis of 
these data. Preliminary results from further work on 
elastic scattering’® indicate s-wave formation of the 
compound nucleus, agreeing with an assignment of 1+ 
for this state. 

Resonance 16.—The state decays primarily through 
the 4+ state at 4.12 Mev, with strongly competing 
cascades through the states at 5.6 and 5.2 Mev. The 
angular distribution obtained can be fitted by a 3+ 
assignment, assuming the state is formed through both 
channel spins and decays to the 4+ state with both 
M1 and £2 radiation. It could also be fitted by either 
a 3— or 4— assignment, with, however, a mixture of 
E1 and M2 radiation required. From the similarity of 
the pulse-height spectrum to that of resonance 35 and 
from the narrowness of the resonance, the most tempt- 
ing possibility is a 4+ assignment, the decreased 
anisotropy being caused by the partial detection of 


375 


TABLE II. Experimental angular distribution coefficients and 
their probable errors obtained as a least-squares fit to the expres- 
sion W (6) =2A;P; (cos). 








A:/Ao 
— 0.064 
+0.016 
—0.069 
+0.081 

0.183 
+0.021 
—0.096 
+0.015 
—0.050 
+0.025 

0.372 
+0.021 
—0.013 
+0.025 


Ai/Ao 


—0.075 
+0.021 


A1/Ao 


0.002 
+0.019 


Resonance A1/Ao 


7 0.007 
+0.012 

14 0.032 
+0.063 

16 — 0.034 
+0.016 

19 —0.010 
+0.011 

30 —0.007 
+0.019 

35 —0,.042 
+0.016 
—0.006 
+0.019 





0.045 
+0.028 

0.011 
+0.020 
—0.094 
+0.033 
—0.043 
+0.028 ° 
—0.009 0.036 
+0.030 +0.034 


0.040 
+0.025 
0.010 
+0.018 
0.018 
+0.030 
— 0.033 
+0.025 
F19 


gamma rays from the competing cascades. The absence 
of decay through the a channel," as well as through the 
a’ and p’ channels, would be explained by the much 
smaller penetrabilities at this energy. 

Because of the possibility of the detection of the 
alternate cascades and the lack of knowledge about the 
spins and parities of the 5.2- and 5.6-Mev states, a 
definite assignment cannot be made. On the basis of 
the decay spectrum, the best choices would seem 
to be 4+. 

Resonance 19.—With the primary decay to the /=2 
state at 4.24 Mev, the angular distribution can be 
fitted by a 1—, 2—, or 3+ assignment. The elastic 
scattering of protons is in agreement with a 2— 
assignment. 

Resonance 30.—As long as the restriction to the 
consideration of only the lowest possible /-value in 
formation of a compound state is kept, the only assign- 
ment consistent with the angular distribution and the 
decay spectrum is 3+. This requires contributions 
from both channel spins and a small admixture (at 
least 10%) of E2 radiation to M1. 

Resonance 7.—The angular distribution at this reso- 
nance is the same within the probable errors as that of 
resonance 30, but the decay is through the state at 5.6 
Mev whose spin and parity is not known. Until the 
properties of the 5.6-Mev state have been determined, 
there are too many alternatives leading to a fit of the 
data to attempt an assignment. 
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The elastic scattering of protons from Na® has been obtained over the proton energy range from 0.58 to 
1.50 Mev at the angles of 90° and 157.5°. Additional readings were made at angles of 125° and 140° at 
resonances. Thin metallic sodium targets on thin nylon backings were used. Out of 31 known resonances 
for Mg* in this energy region, 12 unambiguous assignments of spin and parity were made. With the energy 
given in Mev, these are E,=0.594 (3—) ; 0.725 (O—) ; 0.797 (1—) ; 0.815 (2+) ; 0.849 (4+); 0.877 (1+); 
0.922 (2+) ; 1.022 (2—) ; 1.176 (1+) ; 1.258 (1+) ; 1.288 (1—) ; 1.398 (3+) ; and 1.460 (3—). Three tentative 
assignments were made for Ep=1.206 (2—) ; 1.213 (3+-); and 1.365 (O—). The excitation curve for alpha- 
particle emission to the ground state of Ne” was obtained simultaneously to give a differential cross section 
for this reaction. Resonance states were found which agreed in spin and parity as well as energy with those 
found before only in the elastic scattering of alpha particles from Ne”. 





INTRODUCTION 


HE compound nucleus Mg” has been the subject 

of many experiments. A discussion of much 
of the information known concerning it is given in a 
review article by Endt and Kluyver.! The present 
experiment covers resonances obtained by protons on 
sodium over the proton energy range from 580 to 
1500 kev. Information regarding resonance parameters 
in this energy range has been found in various ways. 
A determination of resonance energies and total widths 
was made early by Burling? and more recently and 
accurately by Stelson and Preston.’ Spin and parity 
assignments as well have been made for eleven states 
formed during elastic scattering of alpha particles 
from Ne.‘ Further assignments, mostly above this 
energy, have been made by Stelson,® Newton,® and 
Seed.’ 

The lack of agreement among the various assign- 
ments for given levels and the incompleteness of 
previous results prompted the present investigation. 
The first phase, a detailed investigation of the gamma 
rays arising from proton capture, has already been 
reported,® and is hereafter referred to as Part I. 

The analysis of the elastically scattered protons from 
Na™ is a very general and powerful technique for 
obtaining many of the resonance parameters for the 
compound nucleus states of Mg”. All combinations of 
spin and parity may be attained in contrast to the 
scattering of alpha particles from Ne* which gives only 

t This research was supported in part by the office of Naval 
Research and the National Science Foundation. 

* National Science Foundation Predoctoral Fellow. 

t Now at Savannah River Laboratory, Aiken, South Carolina. 

§ Now at Rice Institute, Houston, Texas. 

1P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

. L. Burling, Phys. Rev. 60, 340 (1941). 

+P. H. Stelson and W. M. Preston, Phys. Rev. 95, 974 (1954). 

* Goldberg, Haeberli, Galonsky, and Douglas, Phys. Rev. 93, 
799 (1954). 

5 P. H. Stelson, Phys. Rev. 96, 1584 (1954). 

6 J. O. Newton, Phys. Rev. 96, 241 (1954). 

7 J. Seed, Phil. Mag. 44, 921 (1953). 


8 Prosser, Baumann, Brice, Read, and Krone, Phys. Rev. 104, 
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the alternating series 0+, 1—, 2+, 3—, ---. Further- 
more, all states formed by proton bombardment must 
decay to some extent by elastic scattering. Offsetting 
the advantages is the complexity of analysis necessarily 
accompanying the generality obtained from particles 
with nonzero spin. 


EXPERIMENTAL PROCEDURE 


This experiment was performed with the Kansas 
University Van de Graaff generator. Characteristics of 
its operation are given in Part I. The voltage was 
calibrated using a thick and a thin aluminum target 
on the well-known gamma resonance at a proton 
energy of 993.3 Mev.® 

Target backings were made from nylon films formed 
by allowing a small drop of heated nylon to spread over 
a smooth surface of triply distilled water. Such films 
were suitably thin, approximately 500 A, were strong 
enough to withstand several hours of bombardment by 
the proton beam, took a uniform coating of the target 
material, and adhered readily to the nickel target 
frame. Metallic sodium was evaporated onto the nylon 
films inside the target chamber, Fig. 1. Uniformity of 
target thickness was maintained by timing the exposure 
of the film to the sodium vapor emanating from the 
furnace. An auxiliary oil-diffusion vacuum pump was 
used at the target chamber to improve deposition of 
target material as well as to minimize target deteriora- 
tion after formation. 

A zinc sulfide scintillation screen in conjunction with 
a DuMont 6291 photomultiplier tube was used as the 
particle detector. The screens were made by applying a 
thin uniform coat of clear Krylon acrylic spray to a 
disk of Lucite and blowing a cloud of zinc sulfide powder 
across the face while it was still wet. Screens made in 
this fashion were found to give a detection efficiency of 
80 to 90% for protons elastically scattered at 1 Mev 
from a 2000-A nickel foil. Light arising from the fluores- 
cence under proton bombardment of sodium hydroxide 
on the target made it necessary to put a 1000-A nickel 


* Herb, Snowden, and Sala, Phys. Rev. 75, 246 (1949). 
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foil as a light shield in front of the screen. All measure- 
ments were made with this shield in place. 

The incident protons were collimated to give a beam 
7s inch in diameter. The beam current was limited to 
40 millimicroamperes, which gave a target life of from 
four to five hours. The current was measured by a 
separate collector cup and a current integrator of a 
conventional type.” The circuit was estimated to be 
accurate within two percent over the range used. The 
aperture to the counter was } inch in diameter and four 
inches from the center of the target. Two identical 
counters were mounted on the lid of the target chamber 
at right angles to each other, thus allowing measure- 
ments to be taken at two angles simultaneously. The 
zinc sulfide screen clearly separated the alpha particles 
from the protons, despite the comparatively poor 
energy resolution of this type of scintillator. A typical 
differential bias curve showing the resolution of the 
counter is shown in Fig. 2 for resonance 18 (1.012 Mev) 
which decays by both ground-state and first excited- 
state alpha particles. The resolution was not, however, 
good enough to separate the elastically scattered 
protons from the inelastically scattered protons. The 
contribution of this group was estimated from known 
yields of the associated gamma rays reported in Part I 
to be negligible with respect to the elastic scattering. 
For each detector one integral discriminator was set to 
accept all pulses just greater than those from elastically 
scattered protons and another set to accept those just 
above the noise level. The first count was a measure of 
alpha particles, the difference a measure of the 
elastically scattered protons. 














Fic. 1. Full scale sectional view of the target chamber and 
counter assembly. (A) Photomultiplier tube; (B) Lucite light 
pipe on the front of which a zinc-sulfide screen has been deposited ; 
(C) Light shield for photomultiplier tube; (D) Lucite insulator, 
allowing electrical isolation of the target chamber from ground; 
(E) Target; (F) Shield that could be placed to intercept the 
sodium from the sodium furnace (G) during the initial phase of 
target preparation. The target chamber was actually equipped 
with two counter assemblies, at right angles to each other, to 
allow simultaneous measurements at two angular positions. The 
entire counter assembly which is fastened to the movable lid 
could be rotated under vacuum. 


” H. T. Gittings, Rev. Sci. Instr. 20, 325 (1949). 
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Fic. 2. Pulse-height distribution of all the protons and alpha 
particles emitted at proton bombarding energy E,=1.012 Mev 
(resonance 18). 


Although a proportional counter is capable of better 
resolution of the different particle groups, the scintillator 
was selected for its much better resolving time. The 
energy resolution was sufficiently good to separate the 
two groups of interest, the elastically scattered protons 
and the ground-state alpha particles. Zinc sulfide was 
used in preference to other scintillators because of its 
extremely low sensitivity to the many resonance and 
background gamma rays. 

The count from protons elastically scattered from 
elements other than sodium was subtracted from the 
observed readings. The contribution of each individual 
target backing to the observed scattering was deter- 
mined by scattering protons from the bare target 
before the sodium was deposited. The amount of this 
scattering from the backing was between 10 and 40% 
of the scattering from sodium for the targets used. 
The effect of target aging, notably from carbon buildup 
and oxidation, was determined by returning at frequent 
intervals to the initial proton energy and noting the 
increase in count rate. The elastic scattering cross- 
section curve" for protons on C” was invaluable for 
making this correction for carbon. Proton scattering 
from O'* is nonresonant in the energy range used here, 
and hydrogen does not scatter at laboratory angles 
greater than 90°. The subtraction process was thus 
considered quite reliable. 

The differential scattering cross section was obtained 
by normalizing the observed scattering against the 
known Coulomb scattering for sodium at energies well 
away from any resonance. The procedure should be 


1 Jackson, ope Eppling, Hill, Goldberg, and Cameron, 
Phys. Rev. 89, 365 (1953). 
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«Fic. 3. Differential cross 
section for Na*(p,p)Na* as a 
function of proton bombarding 
energy at angles of 90° and 
157.5° in the center-of-mass 
+ system and the excitation 
“| curve for the ground-state 
alpha particles at the 157.5° 
setting. 
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valid because the “hard sphere” contribution to 
scattering is negligible for sodium at these energies. 


EXPERIMENTAL RESULTS 


The excitation curve for elastic scattering at the 
center of mass angles of 90° and 157.5° and for formation 
of ground-state alpha particles at 157.5° is shown in 
Fig. 3. The resonance numbers indicated include all 
known resonances in the same energy region. A 
summary of some of the salient features of these 
resonances and those at lower energies is given in 
Table I. It is of interest to note that resonances 11, 12, 
13, and 15, for which there are no detectable gamma 
rays, match in energy and resonance parameters those 
resonances‘ found in the elastic scattering of alpha 


particles from Ne”. This explains the difficulty in 
trying to match the Ne”+-a» resonances with Na*(p,7) 
resonances. 

The yield curve of ground-state alpha particles 
is included for the sake of completeness. The 
Na™(p,a0)Mg* differential cross section was obtained 
by comparing the yield of alpha particles to that of the 
known Coulomb scattering of protons and making the 
necessary center-of-mass solid angle corrections. In 
the region of overlap above 1 Mev the curve agrees 
with that previously reported by ionization chamber 
measurements.’ The alpha-particle resonances below 
1 Mev have also been previously reported” except that 
resonances 11 and 12 are not resolved. For those 


12 J. M. Freeman and A. S. Baxter, Nature 162, 696 (1948). 
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resonances which show strong decay by elastic scatter- 
ing, the scattering was observed at the additional 
laboratory angles of 125° and 140°. The results for 
typical resonances together with the theoretical fit at 
90° and 157.5° are shown in Figs. 4 through 7. Theo- 
retical curves were also plotted for 125° and 140°, 
though they are not included here. A good fit at all 
four angles was required for any assignment to be 
considered certain. 


ANALYSIS 


The formulation of Blatt and Biedenharn® was 
followed in analyzing the individual resonances. The 
general formula for elastic scattering is given by Eq. 
(7.12) of their article. This expression can be greatly 
simplified for the present application. From tables of 
Coulomb functions of light elements’ the phase shift 
¢: from the finite size of the nucleus was found to be 
less than 1° for proton energies below 1.5 Mev; hence 
the correction terms for the finite size of the nucleus 
could be neglected. The terms which contribute 
significantly to,the elastic scattering are pure Ruther- 
ford scattering, pure resonance scattering, and an 
interference term between the two. In general the 
latter two terms involve sums over the various channel 
spins and orbital angular momenta allowed for forma- 
tion of the state. The parameters for describing a 
particular resonance are the energy Eo, the spin J, and 
the parity of the compound nucleus, the total resonance 
width I’, and the elastic proton partial widths I’,, for 
each allowed channel spin and orbital angular mo- 
mentum. The I’,; decrease rapidly with /; hence usually 
only the lowest value of / need be considered since the 
next value of / allowed is two units higher. Frequently 
only one value of channel spin is commensurate with 
the lowest value of / and the summations are greatly 
simplified. 

Where available, the values of the total width I’ for 
fitting the elastic scattering data were taken from the 
more accurate determinations from gamma-ray exci- 
tation data.? For the remaining resonances the total 
width was chosen to best fit the scattering data. The 
partial widths I',; were made consistent with other 
experiments. Where such information was unknown, 
partial widths for the minimum value of orbital angular 
momentum only were considered and the ratio l',/T2, 
where the subscripts denote channel spins, was taken 
as an arbitrary parameter. 

A simplification of the expression for differential 
scattering cross section is made by dividing out the 
Coulomb scattering and thus obtaining the dimension- 
less variables (E—o)/I and the ratios I,,/I’. This 
procedure greatly facilitates fitting the experimental 
points to the theoretically predicted curves. 


13 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

4 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
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Two of the angles selected for the counters were those 
allowing the fullest use of the scattering data. The angle 
of 157.5° was selected because it was the largest back 
angle attainable with the target chamber and because 
none of the low-order Legendre polynomials up to and 
including the fifth order is near a zero. The angle 90° 
was chosen since all odd Legendre polynomials vanish 
at 90°. An inspection of the expression for elastic 
scattering shows that for protons on Na* this imposes 
a severe restriction on the shape of the resonance at 
this angle. This arises because the only term which is 
not symmetrical about Zo is the interference term. 
For this term the orders of the Legendre polynomials 
are specified by the values of the orbital angular 
momentum, which in the case of protons on sodium, 
are either all even (if the parity of the compound state 
is positive) or all odd (if the parity is negative). Hence 
the differential scattering cross section for all odd- 
parity states must be symmetrical about Ey at 90°. 
Even-parity states will show this symmetry only for 
cases of accidental symmetry in the interference term. 
The resonance parity may thus be fixed with a fair 
degree of certainty for those resonances having a 
well-defined shape at 90°. 


DISCUSSION 
Resonance 6 


This resonance agrees in energy with a resonance 
reported in the elastic scattering of alpha particles 
from neon for which an assignment of 3— was made. 
The proton scattering at 90° indicates negative parity. 
The presence of ground-state alpha particles makes a 
further restriction to the states 1—, 3—, 5—, ---. The 
only fit possible for /<4 was with a 3— assignment. 
This fit is very good at all four angles with '=2 kev 
and I',/I'=0.9. The reaction goes almost entirely by 
l=1 and s=2. 


Resonance 8 


The choice of 0— for this state agrees well with the 
observed decays and gives an excellent fit of the scatter- 
ing data, especially at 90° where there is almost no 
deviation from Coulomb scattering. 


Resonance 11 


This resonance, which decays in part by ground-state 
alpha particles, agrees in energy with a 1— state 
observed in the scattering of alpha particles from neon. 
The 1— assignment gives an excellent agreement with 
the proton scattering under the assumption that the 
resonance decays primarily by elastically scattered 
protons, and that decay goes equally by both“channel 
spins. 


Resonance 12 


Decay by ground-state alpha particles is observed. 
The state agrees in energy with a 2+ state for the 
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Fic. 4. Ratio of the observed cross section to Rutherford 
cross section as a function of proton energy for resonance 13. 
The curves represent theoretical fits for the parameters indicated. 


scattering of alpha particles from neon. This same 
assignment is in good agreement with the proton 
scattering data for a ratio l',/T=0.6. 


Resonance 13 


This resonance coincides energetically with a 4+ 
state reported from alpha-particle scattering.* The 
nonappearance of long-range alpha particles in the 
present experiment arises from the high angular 
momentum barrier compared to those of the observed 
reactions. The asymmetric curve at 90° requires even 
parity. The best fit, as shown in Fig. 4, is obtained with 
a 4+ assignment. A 3+ assignment can also be made to 
give a fair fit with proper choice of I',/T'2, but there is 
little doubt that 4+ is the correct assignment in view 
of the alpha-particle scattering results. 


Resonance 14 


Proton capture radiation is the only reaction observed 
other than elastic scattering. The absence of ground- 
state alpha particles limits the choices to 0—, 1+, 
2—, 3+, ---. Of these the only one giving a good fit 
is 1+. A 1+ state is reached with s-wave protons, 
which accounts for the strength and width of the 
scattering resonance. The theoretical fit of the data 
as shown in Fig. 5 is very good for this resonance. The 
assignment also agrees with the angular distribution of 
the capture radiation as reported in_Part I. 


Resonance 15 


An assignment of 2+ was made for this state by 
alpha-particle scattering from neon.‘ As a preliminary 


check of the coincidence of the resonances as seen by 
the two different experiments, the angular distribution 
of the ground-state alpha particles was run. A distri- 
bution isotropic to within 2% together with the forma- 
tion of ground-state alpha particles implied a 0+ or 
2+ state. A reasonable fit of the proton scattering 
data was obtained only with a 2+ assignment. 


Resonance 19 


The angular distribution of the capture radiation at 
this resonance allows a 1+, 2— or 3+ state, as reported 
in Part I. Of these, only the 2— assignment fits the 
scattering data. The fit is quite good if the assumption 
is made that the state decays primarily by elastic 
scattering. The two very narrow unresolved resonances 
17 and 18 cause a scattering of the data points on the 
low-energy side of resonance 19. 


Resonances 23 and 24 


The angular distribution of the ground-state alpha 
particles has been found to be isotropic® for resonance 
23. As in the case of resonance 15, a 0+ or 2+ state is 
implied. The proton scattering data, though not 
sufficiently good to make assignment certain, are 
consistent with a 2+ assignment. Resonance 24, which 
has no ground-state alpha particles, is well fitted as a 
1+ state. 


Resonances 25 and 26 


Because these two resonances are barely resolved, 
assignment is difficult.4For resonance 25, the lack of 
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Fic. 5. Ratio of observed to Rutherford cross section as a 
function of proton energy for resonance 15. The dots and crosses 
represent different data runs. The theoretical fits for the 
parameters indicated are given by the curves. 





ELASTIC SCATTERING 


ground-state alpha particles and the general shape of 
the elastic scattering curve make an assignment of 2— 
most likely. Resonance 26 is fitted by a 3+ assignment 
by the same argument. 


Resonance 27 


The resonance decays strongly by short-range alpha 
particles with no long-range ones. It was selected as the 
initial state in the determination of the spin and parity 
of the first excited state of Ne” by means of the angular 
correlation between the short-range alpha particles and 
the resultant gamma rays.’ On the basis of this work an 
assignment of 2+ was made for the excited state in 
Ne” and 1+ for the compound state in Mg”. As seen 
in Fig. 6, the fits at 157.5° for the two most likely 
assignments, 1+ and 2—, are about equally good, or 
bad. However, the behavior at 90° shows a marked 
preference for the 1+ assignment in agreement with 
the results reported by Seed.’ 


Resonance 29 


This resonance decays measurably by all five possible 
modes, and very strongly by the f; channel. A 1— 
assignment is consistent with these decays and gives 
a good fit for the proton scattering data. This fit is 
shown in Fig. 7 with the assumption of a mixing of 
channel spins [';/'2=2. These values were used for 
determining the spin and parity of the first excited 
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Fic. 6. Ratio of observed to Rutherford cross section as a 
function of bombarding proton energy for resonance 27. Theo- 
retical fits for J=1+ and J=2-— are given by the solid and 
dashed curves, respectively. The dots and crosses indicate different 
data runs. 
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Fic. 7. Ratio of observed to Rutherford cross sections for 
resonance 29. Different data runs are indicated by the dots and 
crosses. The curves represent theoretical fits for the parameters 
indicated. 


state of Na* from the angular distribution of the gamma 
rays accompanying the inelastic protons.!® 


Resonance 33 


Resonance 33 does not decay by alpha-particle 
emission, implying one of the series 0O—, 1+, 2—, -:: 
The absence of short-range alpha particles makes the 
state 0— the most likely. The data at 90° are not good 
enough to determine parity in this case. A fit may be 
obtained by either O— or 1+ of which the former is 
favored. 


Resonance 34 


No ground-state alpha particles are seen at this 
resonance, which favors the series 0O—, 1+, 2-, 
3+, The asymmetry in the scattering at 90° 
indicates positive parity. The only assignment which 
meets these requirements and gives a possible fit of the 
data is 3+. An excellent fit is obtained with the assump- 
tion of equal contributions from the two channel spins. 


Resonance 36 


Resonance 36 decays partly by ground-state alpha 
particles requiring the series 0+, 1—, 2+, ---, and 
very strongly by inelastically scattered protons. A 
3— assignment fits the data very well, if the assumption 
is made that the reaction goes almost entirely by 
elastic scattering. This should be valid since elastic 


18 R. W. Krone and W. G. Read, Bull. Am. Phys. Soc. Ser. IT, 1, 
212 (1956). 
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TABLE I. The 36 low-energy resonances in Mg™ formed by the Na*+- reaction are listed. Proton energies are in the laboratory 
system. Energies for the compound nucleus Ec.n., are based on a Q value of 11.703 Mev. For resonances 11, 12, 13, and 15 the total 
width I is that given by Goldberg ef a/.; for resonances 18 through 36 the values are those reported by Stelson. The ratio of the elastic 
proton partial width to the total width T is that which best fits the scattering data and includes both channel spins. For the observed 
modes of decay po refers to elastic scattering, p; to inelastic protons, ao to ground-state alpha particles, a; to short-range alpha particles, 
and 7 to proton capture. Boldface type indicates the most prominent modes of decay at a particular resonance. The present spin and 
parity assignments are either from the elastic scattering (fo) or from angular distribution of capture gamma rays (y) reported in Part I. 








Previous 
assignments 


Present 
assignments 


Observed 


Eo.n 
decays 


(Mev) Tr (kev) r,/T 


E, 
(Mev) 


Z 





11.947 
11.995 
12.062 
12.129 
12.197 
12.273 2+1 
12.349 <1 
12.398 742 
12.412 <3 
12.416 <3 
12.467 542 
12.484 441 
12.517 <1 
12.543 842 
12.587 4+1 
12.651 <1 
12.672 <0.5 
12.673 0.80.1 
12.682 6.60.5 
12.745 1.10.5 
12.751 7.90.5 
12.793 3045 
12.820 1.2+0.1 
12.830 2.5+0.5 
12.859 0.30.1 
12.865 

12.909 

12.923 

12.937 

12.969 

12.978 

12.982 

13.012 

13.044 

13.064 

13.103 


0.255 
0.305 
0.375 
0.445 
0.515 
0.594 
0.675 
0.725 
0.740 
0.744 
0.797 
0.815 
0.849 
0.877 
0.922 
0.989 
1.011 
1.012 
1.022 
1.087 
1.094 
1.137 
1.166 
1.176 
1.206 
1.213 
1.258 
1.273 
1.288 
1.321 
1.329 
1.334 
1.365 
1.398 
1.419 
1.460 


~0.5 


CONAUEWH 


Po pr 
Po fr 
po Pr 
Po Pi 
Po Pi 


* See reference 4. 
b See reference 5. 
© See reference 6. 
4 See reference 7. 


scattering to the 3/2+ state of Na* and inelastic 
scattering to the 5/2+ state of Na* would then both 
require the same minimum orbital angular momentum, 
and elastic scattering would be strongly favored 
energetically. The assignment of 2— for this state by 
Newton® brings up the possibility that there may be 
two close-lying resonances at this energy. To check this 
possibility a fit for 2— was attempted, but no adjust- 
ment of parameters for a 2— - state could be made to fit 
the scattering data at 157.5°. There seems little doubt 
of the 3— value. 

The summary of the present work is shown in Table 
I, which includes the results of Part I. Included also 
are the results of some of the other experiments dealing 
with the resonances in the same energy interval. From 
the present work no assignments could be given for the 
very narrow resonances, for very close-lying resonances 
such as 30, 31, and 32, or for those which decay pre- 
dominantly by some other channel, such as resonance 


Po Pi @o a 


RQ RRARRRRAR 


(po) (y) 


2+? (po) 
1+ (po) 

—? (po) 
0.7+0.2 3+? (po) 
0.5+0.2 1+ (po) 


>0.9 1— (fo) 
3+ (7) 


0.70.2 


a ¥ 
Q@) 


—? (po) 
a 0.7+0.1 3+ (fo) 


Piao a 4+ (y) 
Po Pi Mo a 


0.9+0.1 3— (po) (ao) 


22 which decays almost entirely by ground-state alpha 
particles. The analysis of resonance 7 was not considered 
feasible because of the proximity (6 kev) of a strong 
and broad fluorine resonance.!® Even a very small 
contamination of the target (known to be always 
present) would have altered the yield at this proton 
energy appreciably, thereby invalidating the results 
obtained. However, for those cases for which elastic 
scattering analysis could be made, the assignments 
made seem certain. 

It is of interest to compare the results of the elastic 
scattering of alpha particles from Ne* with the present 
work. Li’s'? adjusted Q value of 11.703 Mev for the 
Na” (p,vy)Mg”™ reaction was used and is the basis for 
the energies in Mg” given in Table I. If one also takes 


16 Webb, Hagedozn, Fowler, and Lauritsen, Phys. Rev. 99, 
138 (1955). 

17C. W. Li, Phys. Rev. 88, 1038 (1952); Li, Whaling, Fowler, 
and Lauritsen, Phys. Rev. 83, 512 (1951). 





ELASTIC SCATTERING OF PROTONS FROM Na? 


Li’s value of 9.332 Mev for the energy difference of 
Ne”+a— Mg” a systematic error is observed between 
the two sets of resonances. The energies as obtained 
by the Ne”-+a reaction are consistently 14 kev higher. 
If this 14-kev correction is made, resonances 6, 11, 12, 
13, and 15 coincide perfectly between the two experi- 
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ments, both in energy and in spin and parity. Only one 
resonance in the region of overlap has not yet been 
obtained by the Na*+ > reaction. This is a 2+ reso- 
nance which should fall at a proton energy of 280 kev. 
It seems likely that when elastic scattering of protons 
is extended to this region that it too will be found. 
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Approximation for Deuteron Stripping Reactions on Heavy Target Nuclei* 


L. C. BreDENHARN,f K. Boyer, AND M. GOLDSTEIN 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received June 20, 1956) 


The (d,p) stripping reaction for /,=0 is discussed for the case where Coulomb effects predominate, 
employing a zero-range neutron-proton interaction and neglecting the finite nuclear size. The angular 
distribution of the emergent proton is shown to change drastically from forward to backward peaking as 
the Sommerfeld number 7» increases. The case /,+0 is discussed. 


INTRODUCTION AND SUMMARY 


HE characteristic feature of the deuteron stripping 

process, involving discrete levels for the residual 
nuclei, is an angular distribution that shows pronounced 
forward-to-backward asymmetry, with associated max- 
ima and minima. The Butler discussion of the stripping 
process,! and the Born approximation treatment? as 
well, give an adequate explanation of this phenomenon, 
subject to certain approximations. Among these approx- 
imations is the neglect of the effect of Coulomb forces 
on the incident deuteron and the emergent proton for 
(d,p) reactions. There have been subsequent treatments 
which have taken the Coulomb forces into account. 
The most comprehensive has been that of Tobocman 
and Kalos.’ These authors took into account not only 
Coulomb effects but also nuclear effects on the incident 
and emergent particles. Such a treatment necessitates 
a partial wave expansion and rather extensive calcu- 
lations tailored to each particular reaction under con- 
sideration, but, compensating for this difficulty, the 
results agree much better with the experiments con- 


* This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Permanent address: The Rice Institute, Houston, Texas. 

1S, T. Butler, Phys. Rev. 80, 1095 (1950); Proc. Roy. Soc. 
(London) A208 (1951); Phys. Rev. 88, 685 (1952). A more 
complete list of references will be found in the reviews by R. 
Huby, Progr. Nuclear Phys. 3, 177 (1953) and by W. Tobocman, 
Naval Research Laboratory Report (unpublished). 

2 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952) ; 
R. Huby, Proc. Roy. Soc. (London) A215, 385 (1952) ; Fujimoto, 
Hayakawa, and Nishijima, Progr. Theoret. Phys. (Japan) 10, 113 
(1953); F. L. Friedman and W. Tobocman, Phys. Rev. 92, 93 
(1953); P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952). 

3W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
Recently I. P. Grant, Proc. Phys. Soc. (London) A68, 244 (1955) 
has discussed Coulomb effects in a detailed manner similar to 
Tobocman and Kalos, employing, however, an approximate form 
for the deuteron Coulomb wave function that is not well adapted 
to heavy target nuclei. 


sidered. Somewhat earlier, Butler and Austern* had 
discussed the Coulomb effects by means of a numerical 
example of /=2(d,p) stripping on Z= 15. Qualitatively, 
it is clear that when the Coulomb forces can be con- 
sidered small, the effect should be primarily a smearing 
out of the otherwise well-defined incident and emergent 
momenta. Principally, then, one would expect a smooth- 
ing out of the distribution and a filling in of the minima, 
just as observed. 

It is the purpose of this note to consider the opposite 
limiting case,> namely the situation where the Coulomb 
effects dominate, that is, for large values of the pa- 
rameters nq and ny. This case shows a great many 
simplifications over the usual situation. Because of the 
large Coulomb repulsion, nuclear effects on the incident 
and emergent particles are minimized. As a result, the 
partial wave expansion, which the nuclear effects would 
require, can be avoided. Moreover, the nuclear radius 
which enters as a parameter in the usual theory, is 
seen by the same argument to be of slight concern. 

Even this case is, of course, intractable without 
further assumptions. We shall assume that the n-p 
interaction for the deuteron has zero range. For the 
usual stripping development, this assumption is of 
minor effect. Furthermore, we shall employ only the 
first Born approximation, neglecting the interaction 
interior to the nucleus. This, as discussed in many 
papers, is equivalent to the (perhaps more convincing) 
Butler approach. Finally we shall, for reasons that will 


4S. T. Butler and N. Austern, Phys. Rev. 93, 355 (1954). 

5 Before the write-up of our results was completed, it came to 
our attention that K. A. Ter-Martirosyan, Zhur. Eksptl. i Teort. 
Fiz. 29, 713, ff. (1955) has also discussed stripping in this 
approximation, and arrives at similar conclusions. We have 
accordingly abbreviated our work, in the overlapping discussion 
of the approximation for very large ». 
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be clear later, restrict detailed attention to the /,=0 
case. 

The approach we are considering has already been 
applied to the related problem of the electric disinte- 
gration of the deuteron by Landau and Lifshitz® and 
by Goldberger and French.’ 

The principal result of this investigation is to show 
that as the Coulomb effects become dominant the 
character of the angular distribution changes drasti- 
cally, from a predominantly forward distribution to a 
predominantly backward distribution which becomes 
more peaked as the Coulomb parameters , and na 
increase. An approximate expression valid for large 7 
for this angular distribution is developed and the 
“exact” form is shown in curves for a typical example, 


FORMAL DEVELOPMENT 


Consider the process whereby a nucleus of charge Z 
(of sufficiently large mass that it may be considered as 
fixed in position) is bombarded by a Coulomb “plane” 
wave, Wa, of deuterons (momentum kz), and a Coulomb 
“plane” wave, ¥p, of protons (momentum k,) is 
observed to emerge.’»The first Born approximation 
amplitude for this stripping process is given by 


A a faratradts F*(&,n)O(fn—Lp) XI (EV p*WaV np. ( 1) 


The initial state of the nucleus is given by the wave 
function x7(£) and the final state of the nucleus plus 
captured (/,=0) neutron is given by the wave function 
xr(é,r,). The integral over the nuclear coordinates, é, 
takes the following form for |r,|>R (the nuclear 


radius) : 
2My \ 2 ho(ikarn) 
feecea=( ) —, (2) 
4rht?R ho(ik,R) 


Here M denotes the neutron mass, and y the reduced 
width for the neutron capture. 

For |r,| <R, we take the integral to be zero. 

If we now take the n-p potential, V,,», to have zero 
range, the integral over the relative coordinate o=r, 
—r, may be carried out. That is, 


J #oV..080)= (2a) 'h?/M, (3) 


where a=(ME,/h’)! is the reciprocal radius of the 
deuteron, a!=4.32X 10-" cm. 


6 L. Landau and E. Lifshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 
18, 750 (1948). 

7M. L. Goldberger and J. B. French (unpublished or 
circulated in 1948). A part of this manuscript has appeared 
B. French and M. L. Goldberger, Phys. Rev. 87, 899 (1952) ]. 
The authors would like to acknowledge their indebtedness to 
Professor Goldberger and Professor French. 

8 Our treatment of this process closely parallels the standard 
treatment as given, for example, by W. Tobocman (unpublished 
Naval Research Laboratory review). 
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The /,=O(d,p) stripping amplitude thus takes the 


1=f rar f ao W p*ho(iknr). 
R 


This result for A yields the usual Butler stripping 
amplitude for /,=0, if the waves are inserted for Wa 
and y,. As it stands, for Coulomb waves, the integral 
cannot be treated in closed form. However, the region 
for r<R makes a small contribution for large values of 
np and na, so that it is reasonable to extend the integral 
to include this range. The error in this is worst for 
Na=N,p=0, but even here the result is qualitatively 
correct, showing a forward maximum without, however, 
any other maxima or minima. 

With this modification the integral can be given in 
closed form, using a result due to Sommerfeld.’ That is, 


=al, 


where 


(4a) 


=) [ho(ik,R) }', 


and 


(4b) 





NpNd ] 

I=8r? 

(@r0—1)(e™—1) 
x [2( k p— ha) +he +4k, ka sin?( 6/2) } 1—inp—ind 
X [2k —dkP thot 2ika(ky+ko— tka)? i” 
X pha tho? + 2iky (ky? + ho? — dha?) * Jin 


4k ka sin?(8/2) 
xP i( ing, —tna, 1; -——_—). 
ko? +2(kp—}hka)? 


The values of ky, ka, and k, are related by energy 
conservation, i.e., 3k”’=k,?+k—k,”, where ko?= 2a’. 

For the case with /,0, the corresponding integral 
contains the function hi, (iknt,) Vim(8,¢). This more 
general integral apparently cannot be evaluated in 
closed form, and although the evaluation in terms of 
angular momentum contributions can be carried out, 
the result is rather complicated, and will not be pre- 
sented here. 


EVALUATION OF THE ANGULAR DISTRIBUTION 


The angular distribution of the emergent protons is 
proportional to the square of the absolute value of J, 
Eq. (5). Since we are concerned only with the shape of 
the distribution, all angle-independent factors can be 
omitted. Thus one finds 


W (0) =[2(kp—4ha)?+he?-+4k pha sin?(6/2)}-*| oF |2. (6) 


The first factor in this formula for W (6) is responsible 
for the broad forward peak in the usual case (with 
R=0) where n, and na are taken to be zero. The second 


® A. Sommerfeld, Wellenmechanik (Frederick Ungar Publishing 
Company, New York, 1953), Chap. 7. 
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factor is responsible for the Coulomb-produced changes 
in the angular distribution. 

To obtain a qualitative feeling for the type of change 
produced by the Coulomb effects, it is useful to consider 
first the limit of large nuclear charge (Z), or small 
velocities, or both. That is, we take na, np>1. 

A convenient approximation for the hypergeometric 
function (which gives a good account of its behavior 
over the entire range from the turning point to small 
values of the argument), is afforded by a modification 
of the JWKB method,” employing the Bessel functions 
of order 3. The result has the form 


oF \(—inp, —ina, 1; x)= Ba} (1—x) itn 
X (¢/g*)ihy(¢). (7) 


Here B is a constant independent of x, that is 
adjusted for best fit. Since we are concerned only with 
the x dependence, B can be set equal to unity. 

The function g is rather complicated in general, but 
for large values of n we have 


g=x1(1—x)-?(x—x0) (np—14)?, 


8) 
x= — 4k ka/ (Rp—$ka)’. ( 


The function ¢ is the phase function, 


g= f gidx 
70 


ko? +2(Ro— Ra)? cosé 
=i(na—Np) cos! 


ho?-+2(kp—3he)? 
+i(np+na) cos 
eee | 
—e — -}. (9) 


ko? +2(k,?+4tka*) —2kpka 


For typical values of the parameters (k,, ka not too 
large compared to ko), the phase function ¢ is large 
enough so that the 4,(¢) becomes approximately 
exponential. If one considers all factors except the 
exponential as slowly varying with angle, then an 
approximate asymptotic form for W(@) is obtained: 


W (0) < exp(—2]¢|). (10) 


From Eq. (9) it is seen that | ¢| is smallest for 0=7, 
and rapidly increases as @ departs from z. Letting 
(x—0) be a small quantity, we obtain the approximate 


result 


W (6) =exp[ —a?(x—6)? ], 


= V2 | ne— | 
|Rp— pa 


ko () (11) 


2 (Rpt pha the? 


10R. E. Langer, Phys. Rev. 51, 669 (1937); P. M. Morse and 
H. Feshbach, Methods of Theoretical Physics (McGraw-Hill Book 
Company, Inc., New York, 1953), Vol. II, Chap. 9. 


STRIPPING 


REACTIONS 385 

Thus we find that for large values of np, and na, the 
angular distribution becomes Gaussian about the back- 
ward direction, with a width that decreases as 7 in- 
creases. This result is similar, of course, to the result 
already given in reference 6, for the electric disinte- 
gration of the deuteron. 

A better than qualitative result can also be obtained 
from the approximation of Eq. (7). This approximation 
is, however, based essentially upon an expansion in 77! 
and can be quite inaccurate at, say, »~3, which is a 
not untypical value. It is unnecessary to attempt to 
improve the approximation actually since the 2F; 
function that enters has been rather extensively investi- 
gated in connection with bremsstrahlung"? and 
Coulomb excitation" problems where it also occurs. 

We illustrate these more accurate results, for a 
typical case, in Fig. 1. Since the results are not very 
sensitive to the binding energy of the capturing level, 
we have arbitrarily selected the neutron to be bound 
with an energy of 2.23 Mev. The angular distribution 
of the emergent protons, normalized to unity at the 
maximum, is shown for various deuteron bombarding 
energies with uranium as the target element. The 
curves show a pronounced change in the angular 
distribution, from forward to backward peaking as the 
energy decreases. Perhaps the most noticeable feature 
is the high energy required (~300 Mev) before the 
distribution assumes the familiar Butler shape. 

Similar results are as easily obtained for a variety of 
experimental conditions, but will not be given here. 

It is of interest to inquire as to the effect of taking 
1,0. For low values of 7(~3/2), the results of Fig. 1 
and of reference 4, show that the Butler peaks are 
displaced slightly to larger angles, and hence /, is a 
critical parameter. As mentioned earlier, a closed form 
for the 7,40 case apparently cannot be obtained. 
Although one may obtain a formal result by employing 
an angular momentum expansion (for which the radial 
integrals can be obtained fairly readily), this is clearly 
not a feasible procedure since the result yields an 
angular distribution in the form of a Legendre series 
rather poorly adapted to sharply peaked functions. 

Some insight can be obtained from this series, how- 
ever, in the limit of large n. This limit insures the regime 
of classical orbits, and, as will be shown in detail 
elsewhere, the classical identification of the angle 
of scattering with the orbit eccentricity [i.e., sin(@/2) 
=e !=(1+2/nm,)~'] results independently of the 
specific radial interaction, provided only that a classical 
limit for the radial integrals exists (in the sense that 
the radial integrals vary slowly with eccentricity). 

For the case at hand, there does not exist a true 
classical limit since, for » large, vg does not necessarily 
approach v,. As a result, the radial integrals no longer 
vary slowly, but decrease exponentially with ye. This 
1 Thaler, Goldstein, McHale, and Biedenharn, Phys. Rev. 102, 
1567 (1956). 

#2 R, Berger (unpublished). 
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Fic. 1. The angular distribution, W (0) versus 0, for the emergent protons in a (d,p) reaction on Z=92. The 
curves are normalized to unity at the maximum; the neutron is taken to be captured in a bound level of —2.23 
Mey. The energy of the incident deuterons (in Mev) labels the various curves. The Sommerfeld number na 
ranges from nq=1.3 at Eg=300 Mev to ng=7.1 at Eqg=10 Mev. 


exponential behavior, however, does not depend sensi- 
tively upon the parameter /,. If we continue to identify 
the angle of scattering with the eccentricity, it is clear 
that small «, and hence @~z, is strongly favored. 
Although the relation sin(@/2)=e«" no longer holds 
precisely, this only affects the width of the Gaussian 
about 6=7. Thus one sees that the backward peaking 
is a characteristic effect of large 7, and large momentum 
change, and does not depend sensitively on /,.{ A similar 
result also holds for the analogous case of inelastically 
scattered particles in Coulomb excitation, for large 
values of 7 and £=n;—ni. 

t Note added in proof.—This insensitivity to the value of /, 
in cases where Coulomb effects are considered of major importance 


has also been found in some unpublished calculations of Tobocman 
and Kalos (private communication from W. Tobocman). 


CONCLUDING REMARKS 


The pronounced backward maximum that occurs for 
large values of » should be an easily distinguished 
feature of (d,p) stripping. To date experimental evi- 
dence for this effect is lacking. (There have been a few 
cases where strong backward peaks have been ob- 
served," but it is not clear that this should be inter- 
preted as indicated above since 7 is not large.) 

For large values of , the cross section falls off 
exponentially and perhaps intensity will be trouble- 
some. An experiment which promises to circumvent 
such difficulties, the (d,p) reaction on U, using fission 
coincidences to select the protons, is in progress at 
this laboratory. 


18 For example, G. C. Phillips, Phys. Rev. 80, 164 (1950). 
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N"*(d,p)N*® Reaction and the Low Excited States of N'*} 


W. ZIMMERMANN, JR. 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 
(Received July 5, 1956) 


The angular distributions of proton groups to the first three excited states of N°, produced in the reaction 
N15(d,p)N18, have been measured at Ey=2.75 Mev in the laboratory system. These distributions show 
strong resemblance to the predictions of stripping theory and have been compared to curves calculated from 
the formula for the differential cross section given by Bhatia et al. The most reasonable values of /, in the 
reactions leading to the states at 0.113, 0.300, and 0.391 Mev are /,=0, 2, and 0, respectively, indicating 
spin and parity assignments 0- or 1~; 1-, 2, or 3-; and O- or 1-, respectively, for these three states. 





HIS investigation was carried out in order to see 

whether the angular distributions of the proton 
groups from the reactior N'*(d,p)N'® could yield in- 
formation concerning the spins and parities of the four 
low-energy states in N'®, the ground state and the states 
at 0.113, 0.300, and 0.391 Mev.'? This possibility 
depends largely on the rough agreement of the meas- 
ured distributions with those predicted by stripping 
theory,’-* for, in general, only when the stripping 
process predominates in a (d,p) reaction can one 
easily assign a parity to the final state and restrict its 
spin to a few values, knowing in advance the parity 
and spin of the target nucleus. 

The incident deuteron energy of 2.75 Mev in the 
laboratory system was chosen as high as was conven- 
iently available, since simple stripping theory is ex- 
pected to fail at low energy. One would even prefer to 
use energies considerably higher than 2.75 Mev, because 
the simple theory ignores the Coulomb distortion of the 
incident and outgoing waves, and this approximation 
would not be expected to be valid when the energies are 
comparable to or smaller than the Coulomb potential at 
nuclear radius. 

The experiment was carried out with deuterons from 
a 3-Mev Van de Graaff generator which were selected 
in energy by an electrostatic analyzer. The target 
consisted of a layer of nitrogen, containing a high 
percentage of N!®, embedded in one side of a nickel foil 
1000 A thick. The target was prepared in an electro- 
magnetic isotope separator using nitrogen enriched to 
65% N" in its ion source. The thinness of the nickel 
allowed the emitted proton groups to be observed and 
resolved in the forward directions, through the target, 
as well as in the backward directions. These groups 
were resolved in a 16-in. double-focusing magnetic 
spectrometer using an entrance aperture subtending a 
solid angle of 0.00624 steradian at the target and ar- 


t Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 134 
(1955). 

2R. T. Pauli, Arkiv Fysik 9, 571 (1955). 

3 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 

4S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

5 For a review of stripping reactions by R. Huby see Progress 
in Nuclear Physics, edited by O. R. Frisch (Academic Press, 
Inc., New York, 1953), Vol. 3, p. 177. 


ranged so as to collect particles within an energy inter- 
val of 2% of the mean particle energy. The detector was 
a 0.003 in.-thick CsI (Tl) scintillator covered with 
enough aluminum foil to stop scattered deuterons which 
accompanied the protons. In the forward direction the 
protons had laboratory energies in the interval from 
2.6 to 3.0 Mev; in the backward direction the energies 
were from 1.8 to 2.2 Mev. 

A brief preliminary study of the yields at 6;,.,=90°, 
at nine equally spaced energies, Ez, from 2.70 Mev to 
2.80 Mev in the laboratory system, showed that they 
were constant with a probable error of about +4%. 
This result was at least consistent with the expectation 
of stripping theory that resonance phenomena would 
not appear, and also indicated that energy regulation 
of the incident deuteron beam was not critical. 

Three of the experimental distributions, converted 
to center-of-mass coordinates, are plotted in the ac- 
companying figures. The angular distribution of pro- 
tons to the ground state of N!® has been omitted because 
it is not yet clear how much contamination it suffers 
from a proton group with similar Q arising from N" 
present in the target. 

These distributions are to be compared with the 
smooth curves calculated from the formula for the 
differential cross section, (do/dQ)..m., given by Bhatia 
et al. This formula was chosen in preference to that 
given by Butler* merely for ease of calculation. The 
value of the “nuclear radius” parameter, R= 6.7 X 10-* 
cm, used in the calculation was computed from the 
formula, R= (3.7+1.22A!)X10-" cm, which is given 
by Bhatia ef al. as a description of the values of R for 
which their differential cross-section formula best fits 
previous stripping data. It should be noted that for a 
given mass number, A, this R parameter is considerably 
larger than the physically significant nuclear radius. 
The angular dependent part of the formula for 
(da/dQ)..m. may be written in the notation of Bhatia 
as follows: 

a 


R{a?-+ (kp—}ha)?-+-2kpka sin?(0/2) F 
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@ Fic. 1. Relative yield of protons to the 0.113-Mev state. With 
respect to the experimental points, the ordinate scale repre- 
sents the number of protons emitted from the target into a solid 
angle of 0.00624 steradian for 45 microcoulombs of incident 
deuterons, corrected to center-of-mass system. The probable error 
notations include random error due to counting statistics and that 
due to small lateral displacements of the deuteron beam spot over 
the somewhat nonuniform target surface. The theoretical curves 
are drawn with a normalization discussed in the text. 
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Fic. 2. Relative yield of protons to the 0.391-Mev state. With 
respect to the experimental points, the ordinate scale repre- 
sents the number of protons emitted from the target into a solid 
angle of 0.00624 steradian for 45 microcoulombs of incident 
deuterons, corrected to center-of-mass system. The probable error 
notations include random error due to counting statistics and that 
due to small lateral displacements of the deuteron beam spot over 
the somewhat nonuniform target surface. The theoretical curves 
are drawn with a normalization discussed in the text. 
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Fic. 3. Relative yield of protons to the 0.300-Mev state. With 
respect to the experimental points, the ordinate scale repre- 
sents the number of protons emitted from the target into a solid 
angle of 0.00624 steradian for 45 microcoulombs of incident 
deuterons, corrected to center-of-mass system. The probable error 
notations include random error due to counting statistics and that 
due to small lateral displacements of the deuteron beam spot over 
the somewhat nonuniform target surface. The theoretical curves 
are drawn with a normalization discussed in the text. 


It is this dimensionless quantity which has been com- 
puted and multiplied by the normalizing factors given 
in Table I in order to be plotted with the same numerical 
ordinate scale as the experimental distributions. 

It is concluded that the distribution of protons to 
N'6*(0.113 Mev), Fig. 1, represents an /,=0 distribu- 
tion. The addition of such a neutron to the 3~ ground 
state of N° can produce either a 0~ or a 1~ state in N", 
If one wishes to improve the coincidence of the steep 
forward parts of the /,=0 theoretical distribution and 
the experimental one, one finds that an R&9.0X10-* 
cm must be chosen. 

Much the same conclusions apply to the results 
concerning N!**(0.391 Mev), Fig. 2. Here a choice of 
R=8.2X 10-" cm suffices to improve the fit. 

The distribution of protons to N'*(0.300 Mev) Fig. 3, 
seems to match the/,=2 distribution for R=6.7X 10-8 
cm quite well. This implies that this state is either 1-, 
2-, or 3~-. The 1~ assignment is perhaps the least likely, 
since if no selection rules other than conservation of 


TABLE I. Normalizing factors for theoretical distributions. 


1, =0 In =1 


N'* (0.113 Mev) 0.298X10° 2.26 X10 
N'* (0.300 Mev) 0.756 105 
N16*(0.301 Mev) 1.20 X10 7.97 X105 


ln =3 


4.55X10° 19.7X105 





N18(d,p)N¥ 


angular momentum and parity are operating, this 1- 
state might also be produced by an /,=0 neutron, of 
which there is no sign in the experimental distribution. 
If one tries to match the /,=1 curve to the experimental 
distribution by requiring the maxima to coincide, than 
an R<2.5X10-" cm must be chosen, a value which 
seems unreasonably small. However, an R= 10.5X10-" 
cm is sufficient to cause a coincidence of the /,=3 
maximum with that of experiment. Although this is 
considerably larger than the value 6.7 X 10-* cm, which 
is based on other experience with fitting the Bhatia 
formula to experiment, one is perhaps a little hesitant 
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in excluding this possibility in view of the large radius 
parameters necessary to improve the fits for the first 
and third excited state distributions. 
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Nuclear Alignment of Co°*} 


Davip F. Gr:#FINc* AND J. C. WHEATLEY 
University of Tliinois, Urbana, Illinois 
(Received July 12, 1956) 


By using a two-stage adiabatic demagnetization technique, Co** nuclei were aligned in single crystals of 
(22.7% Cu 77.3% Zn) K2(SO,)2-6H20 containing a trace of cobalt. Both the 0.805-Mev and 1.6-Mev gamma 
rays were measured at three angles as a function of the paramagnetic susceptibility. The 1.6-Mev gamma ray 
was determined to be quadrupole. A parameter A related to the mixture of Fermi and Gamow-Teller inter 
actions in the allowed beta decay was determined to be 0.11-+0.04 in the transition to the 0.805-Mev level in 
Fe®® and 0.45+0.11 in the transition to the 1.6-Mev level. By using the 0.805-Mev counting rate as a 
thermometer, the paramagnetic susceptibility was determined as a function of the absolute temperature and 
fitted to the formula x(T) = (¢/T)F(T)ng(1+A/T+e/T7*). The data indicate an antiferromagnetic inter- 
action between copper ions, in disagreement with previous work. 


I. INTRODUCTION 


N the last few years the method of nuclear orien- 
tation has been applied extensively to the study of 
the nuclear properties of the cobalt isotopes. Following 
a suggestion by Bleaney,' the first successful nuclear 
alignment experiments were carried out on Co® by 
Daniels et al.? and by Gorter et a/.* In these experiments 
large anisotropies were observed in the gamma radi- 
ation emitted by the aligned nuclei, and it was possible 
to determine the magnetic moment of Co®. Somewhat 
later Co®* was aligned by Daniels et al.4 In Daniels’ 
experiment it was possible to determine approximately 
the character, i.e., the mixture of Fermi and Gamow- 
Teller interactions, of the allowed beta transition pre- 
ceding the gamma transition as well as to determine the 
magnetic moment of Co®*. Subsequently these methods 


t This work was supported by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. It is 
based on a thesis submitted by D.F.G. in partial fulfillment of the 
requirements for the Ph.D. degree, University of Illinois. 

* Now at Physics Department, Miami University, Oxford, Ohio. 

1B. Bleaney, Proc. Phys. Soc. (London) A64, 315 (1951). 

2 Daniels, Grace, and Robinson, Nature 168, 780 (1951). 

3 Gorter, Poppema, Steenland, and Beun, Physica 17, 1050 
(1951). 

4 Daniels, Grace, Halban, Kurti, and Robinson, Phil. Mag. 43, 
Ser. 7, 1297 (1952). 


have been used for the study of other cobalt isotopes.® 

The present experiment will determine certain pa- 
rameters connected with the beta transitions leading 
to the first and second excited states of Fe®’, and will 
determine the multipolarity of the gamma transition 
from the second excited state to the ground state of 
Fe®’, In addition to investigating these properties of 
the decay of Co*’, this experiment is concerned with the 
possibility of using the angular distribution of the 
gamma radiation emitted by oriented nuclei as a 
thermometer. 

The decay scheme of Co** has been investigated by 
Deutsch et al.,® Strauch,’ Cork et al.,8 and Frauenfelder 
et al.® The decay scheme according to the latter authors 
is given in Fig. 1. Gamma-ray y2 nearly coincides in 
energy with +; and consequently is counted along with 
v1. However, y2 is so weak compared with 7; that it 
has a negligible effect on the results. It will not be 


5 Gallaher, Whittle, Beun, Diddens, Gorter, and Steenland, 
Physica 21, 117 (1955) ; Poppema, Siekman, and Van Wageningen, 
Physica 21, 223 (1955); Bishop, Grace, Johnson, Knipper, Lem- 
mer, Perez y Jorba, and Scurlock, Phil. Mag. 46, Ser. 7,951 (1955). 

6M. Deutsch and L. G. Elliott, Phys. Rev. 65, 211 (1944). 

7K. Strauch, Phys. Rev. 79, 487 (1950). 

® Cork, Brice, and Schmid, Phys. Rev. 99, 703 (1955). 

® Frauenfelder, Levine, Rossi, and Singer, Phys. Rev. 103, 352 
(1956). 





FEF. GRIPPING AND 7. °C. 


2.30 


‘ 
| 
! 
' 
1 
i 
! 
! 
' 
1 


0.472 Mev 
14.2% Bt 
83.7% EC 


Fic. 1. Decay 
scheme of Co®8, 














Co™ 


discussed further. Since the spin assignments of the 
various nuclear levels and the multipolarities of the 
gamma rays in the decay of Co* seem to be well 
established, Co®* offers a case where the relative con- 
tributions of the Fermi and Gamow-Teller interactions 
to the allowed beta decay can be studied more or less 
unambiguously with nuclear alignment techniques. 

According to the decay scheme proposed by Frauen- 
felder and his co-workers for Co®*, both y; and y3 are 
in 2—&—+2— 1-0 cascades. Therefore, according to the 
theory of Tolhoek and Cox,” the angular distribution 
of these two gamma rays as observed from oriented 
nuclei should be identical if the mixture of Fermi and 
Gamow-Teller beta interactions is the same in the two 
cases. Conversely, any differences in the angular distri- 
butions must be ascribed to differences in the two beta 
interactions. The effect of the beta interaction on the 
anisotropy of the gamma radiation emitted from 
oriented nuclei will be considered in detail in the section 
on the theory. 

The theory of nuclear orientation has been worked 
out by Tolhoek and Cox.” For the case of quadrupole 
radiation, the angular distribution can be expressed as 


W=1+Aof2(8,B/A)P2(cosd) 
+A4fs(8,B/A)P,(cos0), (1) 


where @ is the angle between the direction of the gamma 
ray and the alignment axis; A2 and A, are constants 
which depend on the spins of the states involved in the 
decay, the difference in spin between these states, and 
the angular momentum carried away in each transition; 
P, and P, are the Legendre polynomials; and f2 and f, 
are the orientation parameters which describe the degree 
of alignment. The parameter 8 compares the separation 
between nuclear magnetic substates with kT and is 
defined by 

B=A/2kT. (2) 


A and B are constants in the spin Hamiltonian, Eq. (4). 


”H. A. Tolhoek and J. A. M. Cox, Physica 19, 101 (1953). 


WHEATLEY 


The orientation parameters are defined” in general as 


fo=j-*L Om’ an) — $5 (G+) J, 
fe=7-Lm*a,,.) — (1/7) (67? +67—5) (man) 
+ (3/35) j(j-1)(G+1)(G+2)], (3) 


where 7 is the spin of the parent nucleus, m is the z 
component of the spin, and a,, is the probability that 
the z component of nuclear spin is m. The resulting 
angular distribution obtained in a nuclear orientation 
experiment depends not only on the details of the decay 
scheme of the radioactive nucleus as described in the 
theory of Tolhoek and Cox, but also, via the a», on the 
details of the energy levels in the crystal and the types 
of interactions present between the paramagnetic ion 
and its environment. A detailed theory of the energy 
levels of paramagnetic ions has been developed by 
Abragam and Pryce." They point out that the low-lying 
levels of paramagnetic ions can be described by a ‘‘spin 
Hamiltonian.” For the case of effective spin S=}, this 
Hamiltonian may be written 


5= g.,8HS,+g,8(HS.+H,S,)+ASil, 
+B(Sel2+Syl,)+PU2—W(I+1)], (4) 


where the g’s are proportional to the magnetic moment 
of the ion; A and B are proportional to the nuclear 
magnetic moment of the paramagnetic ion and to the 
components of the internal magnetic field parallel and 
perpendicular, respectively, to the z axis; and where P 
is proportional to the nuclear electric quadrupole 
moment and to the electric field gradients present at 
the site of the nucleus. 

In order to determine the angular distribution for a 
specific case, one must determine the orientation 
parameters, the f;,, as functions of 8. This means that 
one must diagonalize the appropriate spin Hamiltonian 
and determine the eigenfunctions and eigenvalues. This 
calculation normally yields the f, as complicated 
transcendental functions of 8 which have to be evaluated 
numerically. 

The z axis for the nuclei in the case of the Tutton 
salts is either one of two tetragonal axes in the crystal. 
The crystal structure of the monoclinic Tutton salts 
has been discussed in relation to nuclear alignment by 
Bleaney ef al.” In these salts the paramagnetic ion is 
surrounded by an octahedron of water molecules. The 
octahedron is stretched along one diagonal which 
defines a tetragonal axis. In these crystals there are two 
ions and two tetragonal axes per unit cell. In Fig. 2 are 
shown the two mutually perpendicular planes con- 
taining the axes of the crystal. Ki, Ke, and K; are the 
principal susceptibility axes; a, b, and care the crystal- 
lographic axes; and T, and T, are the tetragonal axes. 
In an alignment experiment the crystals are oriented 


11 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 

2 Bleaney, Daniels, Grace, Halban, Kurti, Robinson, and 
Simon, Proc. Roy. Soc. (London) A221, 170 (1954). 
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with the } axes vertical. The detectors of the radiation 
emitted by the oriented nuclei are then moved in the 
ac plane. It is clear that in this plane the axis of the 
counter will always make equal angles with the two 
tetragonal axes, but that the closest approach of the 
counting axis to the alignment axes is the angle a. 

In an alignment experiment the angular distribution 
of the gamma radiation emitted by radioactive nuclei 
is measured as a function of the magnetic susceptibility 
of the crystals. The susceptibility of most paramagnetic 
crystals follows Curie’s law over a wide range of 
temperature and this enables one to define a magnetic 
temperature in terms of the paramagnetic susceptibility. 
The magnetic and absolute temperatures are the same 
as long as the susceptibility follows Curie’s law, but 
large deviations from Curie’s law occur in the alignment 
temperature range. 

Deviations of the susceptibility from Curie’s law 
arise when the ionic moment is no longer free to turn 
in the measuring field and when the shape of the 
paramagnetic sample is not spherical. The interactions 
responsible for constraining the freedom of orientation 
of the ionic moments are the coupling of the nuclear 
spin to the ionic moment via the hyperfine interaction, 
and the magnetic dipole-dipole and exchange inter- 
actions between the paramagnetic ions in the crystal. 
The deviations due to the effects of the anisotropic 
hyperfine interaction can be calculated from the spin 
Hamiltonian, and those due to the magnetic dipole- 
dipole interactions can be calculated from the known 
g values and the crystal structure. However, the devi- 
ations due to the exchange interaction can only be 
estimated from the specific heat data, so it is not possible 
to determine completely the theoretical relation be- 
tween the magnetic and absolute temperature scales 
accurately. This problem of measuring the absolute 
temperature is considered in detail by DeKlerk and 
Steenland,” and the methods that have been used 
heretofore are discussed. Unfortunately it has not been 
possible to obtain unequivocal results in measurements 


Fic. 2. Diagram of 
crystal axes in the 
Tutton salts. 
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of the absolute temperature to date. Now that the 
magnetic moments and interactions of several of the 
cobalt isotopes are well known through the work of the 
paramagnetic resonance groups at Berkeley and 
Oxford,"* it should be possible to determine the absolute 
temperature scale from the radioactive counting data 
and thereby establish the absolute temperature de- 
pendence of the paramagnetic susceptibility. 


Il. THEORY 
(a) Angular Distribution 


According to Cox and Tolhoek,'® the angular dis- 
tribution of either 7: or ys in Fig. 1 is given by 


W (6) =1— (15/14) (1+A)N'2foP2(cosé) 
- (5/3)(—2+5d)N4fsPs(cosd), (5) 


where A is a parameter which describes the beta inter- 
action in the decay of Co®*. In general, A is defined" as 


v=[144] fo /|fal |. (6) 


where K= (C7?+Cy?)/(Cs?+Cy’) is the ratio of con- 
stants which appear in the interaction Hamiltonian in 
the theory of allowed beta decay. Cs, Cy, Cr, and Ca 
are, respectively, the fractions of the total Hamiltonian 
due to scalar, vector, tensor, and axial vector inter- 
actions. fo and /1 are, respectively, the nuclear matrix 
elements for the Gamow-Teller and Fermi interactions. 
Empirical values for K have been obtained!’ in cases 
where | fa|?/| 1|? could be estimated. K seemed to 
be about unity. When K is unity, is just the fraction 
of the total nuclear matrix element due to Fermi 
interaction. In any case, if fo is zero, \ is unity, while 
if 1 is zero, \ is zero. 

Since for the Co** ion, P=0, the spin Hamiltonian 
for Co-K,. Tutton salt in the absence of an external 
magnetic field is 

KH=AS,I,+ B(S.1-+S,1,), (7) 
where S=3, [=2, and A/B~4.8 This Hamiltonian 
was diagonalized both for the case of B=0 and for the 
case A/B=4, and the corresponding energy levels and 
wave functions determined. In both cases each energy 
level is doubly degenerate, but there is considerable 
mixing of the magnetic substates and shifting of energy 
levels when B is not zero. The temperature dependence 


14 Dobrowolski, Jones, and Jeffries, Phys. Rev. 101, 1001 (1956) ; 
W. Dobrowolski and C. D. Jeffries (to be published). 

15 Bleaney, Bowers, and Ingram, Proc. Roy. Soc. (London) 
A228, 147 (1955). 

16 J. A. M. Cox and H. A. Tolhoek, Physica 19, 673 (1953). 

17 A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 14 (1953); C. S. Wu, Beta- and 
Gamma-Ray Spectroscopy (North Holland Publishing Company, 
Amsterdam, 1955), p. 314. 

18 B. Bleaney and D. J. E. Ingram, Proc. Phys. Soc. (London) 
A65, 953 (1952). 
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of the angular distribution derived from the A4/B=4 
case is quite different from that for B=0. 


(b) Magnetic Susceptibility (hfs) 


The anisotropic hyperfine structure (hfs) interaction 
of the ionic magnetic moment with its own nucleus is 
partly responsible for the deviation of the paramagnetic 
susceptibility from Curie’s law in the temperature 
region below 1°K. In the crystals used in this experi- 
ment, (22.7%Cu77.3%Zn)K2(SO,)2-6H2O, the con- 
centration of cobalt ions was measured analytically 
and found to be less than 10~ of the concentration of 
the copper ions. The magnetic properties then are due 
to the copper ions alone. The spin Hamiltonian for 
the Cu-K, Tutton salt is given by Eq. (4) with S=} and 
I=}. The constants used were those given by Bowers 
and Owen” for this salt. This Hamiltonian was diag- 
onalized just as in the case of the Co-Ky Tutton salt 
discussed above and the energy eigenvalues and eigen- 
functions determined. From these the single ion parti- 
tion function, Z, 


Z=>; exp(—E,/kT), (8) 


was constructed.” The susceptibility tensor is com- 
pletely determined by this partition function. Because 
of the (assumed) axial symmetry, two of the principal 
values of the susceptibility are equal so that the values 
parallel and perpendicular to the z axis completely 
determine the susceptibility tensor. 

To calculate the principal values of the suscepti- 
bility, one evaluates the quantity 


kT 9 
X=lim — — InZ, (9) 
H-0 H OH 


where H is taken successively parallel and perpendicular 
to the z axis. The susceptibility components are evalu- 
ated with respect to the tetragonal axes, whereas the 
value along the b-crystallographic axis is desired. How- 
ever, the susceptibility transforms like a tensor, and 
since the angle between the tetragonal axes and the 
b axis is (90°—a), the value along the b axis is given by 


X,=X,, sin’a+X, cos’a. (10) 


This function was evaluated numerically, and it 
followed Curie’s law very well down to temperatures 
of about 0.1°K. At 0.01°K, the deviation from Curie’s 
law amounts to 12.5%. 


(c) Magnetic Susceptibility (Interactions) 


Daniels” has worked out a refined treatment of the 
effect of the magnetic dipole-dipole (d—d) and exchange 
(ex) interactions on the paramagnetic susceptibility. 


9K, D. Bowers and J. Owen, Repts. Progr. in Phys. 18, 304 
(1955). 

2” B. Bleaney, Phil. Mag. 42, 441 (1951). 

21 J. M. Daniels, Proc. Phys. Soc. (London) A65, 673 (1953). 
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The total susceptibility may be written 


X(T) =Xo0(T)(1+A/T+¢/T?+-++)F(T)nte, (11) 


where Xo(7) is the Curie law part of the susceptibility, 
(1+A/T+6/T?) is the modification of the Curie law 
due to the presence of the interactions, and F(T)ngs is 
the modification due to the hfs interaction. The latter 
has already been discussed and was calculated exactly. 
This separation of the hfs and interaction contributions 
to the susceptibility is not strictly valid, but is accurate 
through terms in (1/T)*.*! In calculating the effect of 
the (d—d) and (ex) interactions from Daniel’s theory, 
the exchange energy was estimated from the specific 
heat data of Benzie et al.22; the (d—d) interaction was 
assumed to be isotropic; and the lattice sums were 
carried out within a sphere of radius 6\/10, where 6 is 
the largest dimension of the unit cell. The numerical 
results of the susceptibility calculations, assuming an 
antiferromagnetic exchange interaction, are A 
= — (0.039 K®) and e= f?(8.6X 10 K™). The quantity 
f is the fraction of the divalent ions which are copper 
(0.227 in this experiment). The value of g was taken 
to be that along the 6 crystallographic axis. The (ex) 
term contributes 92% and the (d—d) term 8% to A. 
In the numerical value for e, 9.34 is due to (ex) alone, 
—0.735 is due to (d—d) alone, and —0.021 is due to a 
mixture of (ex) and (d—d). From this it is clear that 
in the crystals used in this experiment the (d—d) 
contribution to the susceptibility was less than 10% 
of that due to the (ex). Furthermore the correction 
introduced by these interactions is large compared 
with the correction due to the hfs interaction. At 
0.01°K, the correction to the susceptibility due to the 
interactions is 45% while that due to hfs interaction is 
only 12.5%. 

In addition to the contribution to the susceptibility 
of ions within a sphere with center at the ion in question, 
the contribution of the ions outside the sphere must be 
considered. This leads to a correction which takes into 
account the geometrical shape of the sample. This 
correction is added to A in Eq. (11) and may be written 


A,= (49/3—D.F.)c, (12) 
where D.F. is the “demagnetizing factor” (42/3 for a 
spherical sample) and c~10~ K° is the Curie constant. 
A demagnetizing factor is not defined for nonellipsoidal 
shapes, so that a correction by means of Eq. (12) may 
not strictly be applied. However, on the basis of the 
general shape of the group of crystals used in the present 
work, this correction is estimated to be positive and at 
most 0.002 K°. Thus it is less than 25% of the other 
corrections already discussed. 


* Benzie, Cooke, and Whitley, Proc. Roy. Soc. (London) A232, 
277 (1952). 
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Ill. EXPERIMENTAL METHOD 
(a) Production of Co®® 


Radioactive Co** was produced by an (a,m) reaction 
in Mn® using the 15-Mev internal beam of the Uni- 
versity of Illinois cyclotron. The cobalt was chemically 
separated (carrier-free) from the manganese target so 
that only cobalt activities were present. The energy of 
the beam was well below the threshold for the (a,37) 
reaction™ so that no Co® was present in the source. 
Co*’ was present, but since the energies of the gamma 
rays in Co*’ are so low in comparison with those in Co®* 
this presented no difficulty. 


(b) Construction of the Source 


About 100 microcuries of Co5® were grown in 19 
single crystals of diluted Cu-K, Tutton salt having a 
total mass of 2.7 grams. The glass support for the para- 
magnetic crystals is shown in Fig. 3. The radioactive 
crystals were glued on 0.005-in. silver foils of 99.95% 
purity which had been glued to the glass plate D by a 
1:1 mixture of toluene and General Electric 7031 
varnish. About 5 grams of Mn(NHy,)2(SO4)2-6H2O were 
glued on similar silver foils which had been glued to the 
glass plate B. A lead wire having dimensions 3.5 cm 
0.04 cm X0.01 cm was soldered to the silver foils and 
formed a thermal switch" between the glass plates B 
and D. The glass plates were separated from one an- 
other and from the main glass support by the glass 
tubes A and C which were 0.2 cm in diameter and had 
0.015 cm wall thickness. 


(c) Demagnetization Cycle 


A qualitative examination of the various possible 
angular distributions consistent with the decay scheme 
given in Fig. 1 for either 71 or 73 will show that at 90° 
to the alignment axis the maximum effect of the beta 
decay on the normalized intensity is of the order of 
4-5%. Since 3 is so low in intensity, 1% counting 
statistics are about the best possible, so that very low 
temperatures are essential if definitive results are to be 
obtained regarding the nature of the beta interaction. 
With the available apparatus, an initial temperature 
of 1.3°K and an external magnetic field of 7.5 kilogauss 
were attainable. Under these conditions final tempera- 
tures of about 0.03°K could be reached by single-stage 
demagnetization. Since this was clearly inadequate for 
this experiment, it was necessary to make use of the 
two-stage adiabatic demagnetization technique, dis- 
cussed in some detail by Daunt ef al.** and by Darby 
et al2® By using a simplified scheme, the initial tem- 


%3 J, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

* C. V. Heer and J. G. Daunt, Phys. Rev. 76, 854 (1949); J. G. 
Daunt and C. V. Heer, Phys. Rev. 76, 985 (1949). 

25 Darby, Hatton, Rollin, Seymour, and Silsbee, Proc. Phys. 
Soc. (London) A64, 861 (1951). 
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Fic. 3. Glass crystal mount. 


I div. = lcm 


perature was decreased from 1.3°K to about 0.3°K in 
the first stage of the demagnetization, thereby de- 
creasing the attainable temperature to about the lowest 
possible, 0.012°K. The cycle required 30 minutes to 
complete and the radioactive crystals warmed up to the 
bath temperature in about 23 minutes. The total heat 
input was estimated from the calculated entropy to be 
about 75 ergs/min. The 100 microcuries of radio- 
activity accounted for nearly all of this heat input. 


(d) Gamma-Ray Spectroscopy 


The scintillation counter crystals were cylinders of 
Nal(T!) 3 cm long and 3 cm in diameter, and were 
located 11 cm from the source throughout the experi- 
ment. The measured angular acceptance of the counter 
was 14.5°, and was determined to have a negligible 
effect on the measurement of the angular distribution. 
Just one counter was used for all the measurements, 
and the data for the two gamma-ray energies were 
taken simultaneously with this one counter. 

The pulse-height selector (PHS) spectrum of the 
gamma radiation from the source is shown in Fig. 4. 
The photopeaks due to the 0.511-Mev annihilation 
radiation, 0.805-Mev gamma ray, and 1.6-Mev gamma 
ray are indicated on the figure. The PHS was set from 
A-B for y1, and from C-—D for y; during the measure- 
ment of the angular distribution in the alignment 
experiment. 

The intensity of y1 was so much stronger than that 
of y3 that chance coincidences of two 0.805-Mev gamma 
rays resulting in photoelectric events in the scintillation 
counter appeared as single 1.6-Mev photoelectric 
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Fic. 4. Pulse-height spectrum of Co®* decay showing the an- 
nihilation radiation photopeak, 0.805-Mev gamma-ray photopeak, 
and 1.6-Mev gamma-ray photopeak. 


events. These chance 1.6-Mev events produce a so- 
called “sum line.” If Rog and Ri. are the counting 
rates due to photoelectric events for the 0.805-Mev 
and 1.6-Mev gamma rays respectively, then the chance 
coincidence rate, R,, will be 


R.= (Ro.s)*2t, (13) 


where / is the time that the pulse from the counter is in 
the voltage region corresponding to about 0.8 Mev. 
The counting rates were approximately 320/sec and 
1/sec for the regions A—B and C-—D respectively. The 
absorption measurements below show that the chance 
coincidence rate represented about 20% of the total 
counting rate observed at 1.6 Mev. 

In order to determine quantitatively the fraction of 
the total counting rate at 1.6 Mev due to these chance 
coincidences, the PHS was set from C-D and the 
counting rate taken as a function of absorber thickness. 
These data are presented in Fig. 5. The resulting 
absorption curve is the sum of two straight lines. The 
absorption coefficients of these two lines are 21.6 and 
5.6 g/cm* corresponding to gamma-ray energies of 1.9 
and 0.45 Mev respectively. The first is in reasonable 
agreement with the expected value for the 1.6-Mev 
gamma ray since the absorption coefficient varies slowly 
with energy in this energy region. The second is in 
agreement with the value one would expect for the 
absorption of chance coincidences of two 0.805-Mev 
gamma rays. The absorption coefficient in the latter 
case is just half the absorption coefficient for a single 
0.805-Mev gamma ray. The absorption coefficient of 
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11.2 g/cm? corresponds to a gamma-ray energy of 0.78 
Mev, in support of the conclusion that the lower ab- 
sorption coefficient component is a “sum line.” 

At zero absorber thickness the “sum line” accounts 
for 20.4% of the total counting rate. As a compromise 
between total counting rate and sum line contamina- 
tion, an absorber thickness of 5.6 g/cm? was used 
during the measurements of the angular distribution. 
This reduced the sum line contribution to the total 
counting rate from 20.4% to 10.8%. 

In an alignment experiment the counting rate is 
measured as a function of susceptibility at fixed angle. 
Depending on the angle of observation, the observed 
counting rate either increases or decreases through the 
course of the experiment as it would if the strength of 
the source were changing. The counting rate for a true 
gamma line is proportional to the source strength, but 
for a sum line the counting rate is proportional to the 
square of the source strength. Let fis, fos, and f, be 
the counting rates of the 1.6-Mev photopeak, 0.805- 
Mev photopeak, and sum line respectively, normalized 
to their values at 1.3°K, as functions of temperature. 
Then it can be shown that they are related to the 
normalized total rate, f1, by 


fi=fethie=xfos+ (1—x) fis, 


where x is the fraction of the total rate at high tempera- 
ture due to the sum line. The absorption measurements 
determine x. The alignment experiment determines /; 
and fos. Then fi» is calculated from Eq. (14). 


(14) 
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Fic. 5. Graph of absorption measurements of 1.6-Mev photo- 
peak of Co®* showing the contributions of the true 1.6-Mev line 
and sum line to the total absorption curve. 
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(e) Preliminary Measurements of the 
Angular Distribution 


In order to determine the plane of the tetragonal axes 
for the cobalt ions, a radioactive measurement is 
necessary since the magnetic properties of the crystals 
are determined by the copper ions. The 0.805-Mev 
gamma ray is known to produce an increase in counting 
rate at 90° to the alignment axes.‘ To determine ap- 
proximately the laboratory angle corresponding to the 
maximum counting rate, the sample was demagnetized 
and the counting rate determined at a fixed tempera- 
ture versus the laboratory angle ¢. The angle ¢ is that 
between the counter axis and the plane of the tetragonal 
axes. The angle @ between the counter axis and the 
tetragonal axis is related to ¢ by the equation 


(15) 


cos#= cosa cos¢g, 


where 2a is the angle between the two tetragonal axes 
shown in Fig. 2. 


IV. TREATMENT OF EXPERIMENTAL DATA 
(a) Radioactive Decay 


The data for y; were treated first. The counting rate, 
normalized to that at 1.3°K, was plotted versus suscepti- 
bility for each angle and a smooth curve drawn through 
each set of points. The deviation of each point from this 
curve was determined and these deviations plotted 
against the number of points in a given deviation 
interval. The standard deviation determined in this 
manner agreed with that calculated from the number of 
counts. All data were rejected which lay outside four 
times this standard deviation. Two experimental points 
were rejected in this way out of a total of 561. The 
susceptibility axis was divided into twenty bins and 
the ordinates and abcissas averaged for each bin. The 
resulting experimental points are given in Fig. 6. 
The statistical errors are not given on the graph for 
these points since they are so small. The errors for the 
86.5° points do not exceed +0.0011, while the errors 
for the other two angles do not exceed +0.0020. 

Nineteen crystals were used in the source, and some 
error was no doubt present because of failure to achieve 
the same orientation for all the crystals. Each crystal 
had one flat face bearing on the silver foil (see Sec. 
III-b) and at least one face bearing on an adjacent 
crystal. The 19 crystals were arranged with 12 on one 
side of the plate and 7 on the other side. Each crystal 
within one of these groups was accurately aligned with 
respect to all the other crystals in the group. The two 
silver foils were parallel to within 1°. These uncer- 
tainties introduce errors small compared to the sta- 
tistical errors. 

The normalized counting rate is changing with angle 
most rapidly in the region where it does not change 
with temperature, i.e., at the intermediate position of 
the counter. Therefore, in applying the theory to the 
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Fic. 6. Normalized counting rate versus 1/T* for the 0.805-Mev 


and 1.6-Mev gamma rays in Co®§ for three angles between the 
counting axis and the tetragonal axis. 


experimental curves, the data at the intermediate angle 
were most sensitive to the assumptions made in choosing 
the theoretical parameters, particularly the parameter 
\, defined in Eq. (6), describing the character of the 
beta transition. As pointed out in Sec. III-g, the 
orientation of the alignment axes with respect to the 
laboratory was determined initially only approximately. 
By using internal consistency arguments, however, the 
accuracy of the data enabled the angles 6 and a, and the 
parameter \ to be determined. The method used to 
determine these quantities is described in the following 
paragraphs. 

Since the susceptibility and B= A/4kT are in 1:1 
correspondence, the three values of normalized counting 
rate for a particular susceptibility all correspond to the 
same value of 8. Now the initial selection of angles 
(Sec. III-e) insures that one position corresponds to an 
angle with the alignment axes of about 90° while a 
second corresponds to an angle with the alignment axes 
of about a. In these regions of angle, the normalized 
counting rate varies slowly with angle. Therefore, by 
using Eq. (5) and assuming a definite value for X, 8 
is determined from the ¢~90° data, since in this region 
one had g~6. Given this value for 8, a is determined 
from the g~0° data. Given these values for 8 and a, 
the intermediate angle 6; is determined from the experi- 
mental data and the theoretical expression given in 
Eq. (5). 

The values obtained for a and 6; are functions of the 
parameter \ so that by using the values of normalized 
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Fic. 7. Intermediate counting angle versus \ for three values 
of absolute temperature. 


counting rate corresponding to one value of suscepti- 
bility, curves of both 6; and a versus \ may be plotted. 
Now regardless of the value of the susceptibility the 
values for 6;, a and \ must be the same. Thus sets of 
parametric curves of both 6; and a versus \ may be 
plotted with susceptibility as a parameter. Their 
intersection corresponds to that set of coordinates 
(6;,), (@,A) which fits the data at all temperatures. 
The curves of 6; versus \ are shown in Fig. 7 for three 
values of susceptibility. The values of 1/7 given for 
each curve correspond to the value of 6 derived for 
\=0.11. The curves of a@ versus \ are not shown, but 
the intersection yields the same value of \ as well as 
determining a. 

The statistical error in the raw data results in angular 
errors of the order of 0.2-0.3°. The fact that there is a 
common intersection to within the errors expected from 
the raw data shows that the data are internally con- 
sistent. The method of treatment is iterative so that 
the propagation of errors is very complex. The error 
assigned to A is +0.04. 

Once these three parameters have been established 
for the y; data, a relation is established between the 
magnetic susceptibility and the parameter 8 describing 
the theoretical curve. In order to determine the true 
normalized counting rate for y3; as a function of the 
magnetic susceptibility, the sum line must be subtracted 
as discussed in Sec. III-d. In order to effect this sub- 
traction, the experimental data were divided into bins 
as described in the first paragraph of this section. The 
ordinates and abcissas were averaged, and then at each 
value of the magnetic susceptibility the value of fo. 
and f; were taken from the experimental data and the 
corresponding value of fi. determined from Eq. (15). 
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The latter data are presented in Fig. 6 along with the 
yi data. Sample statistical errors are indicated on one 
point for each angle. The data at 86.5° were obtained 
with greatest precision for both gamma-ray energies. 
Since the two unknown angles a and 6; and the 
relation between the susceptibility and the theoretical 
parameter 6 were determined from the 7; data, the only 
problem in treating the y; data is the determination of 
\, if one assumes the 2— 2—0 cascade. This assumption 
will be discussed in Sec. V. By using the 7; results, 
curves of normalized counting rate for 3 versus B were 
plotted. Then theoretical curves of normalized counting 
rate versus 8 were calculated for various values of \. 
Next the sum of the squares of the deviations of the 
experimental points from each of the various theoretical 
curves was calculated. These data are presented in Fig. 
8. The vertical axis is the reciprocal of the sum of the 
squares of the deviations so that the peak value of 
each curve is proportional to its statistical weight, and 
the value of \ at this peak corresponds to the best fit. 


(b) Magnetic Susceptibility 


The susceptibility as a function of 1/T was deter- 
mined by using the y; data from the curve of suscepti- 
bility versus normalized counting rate at 86.5°. From 
a given value of normalized counting rate, 8 may be 
calculated by applying Eq. (5). Equation (2) then 
yields 1/T if A is known. The parameter A was meas- 
ured for stable Co**.!* The value of A for Co®* is given by 


(16) 


Since both (u/J)s53 and (u/Z)59 have been measured,!*:?6 
the experimental value of A59 determines Ass. Thus the 
relation between the susceptibility and 1/T is deter- 
mined. The Curie law part of the susceptibility occurs 
in the high-temperature region. 

According to Eq. (11), the ratio X(T)/[Xo(T)F (T)nts | 
represents the contribution of the interactions to the 
susceptibility, and should fit a parabola in 1/7. The 
constants A and ¢ in Eq. (11) were determined by curve 
fitting to be A= —(8.0+2.0)XK10-* K° and e=+(4.4 
+0.5)X10-> K™. This procedure yields a semiempirical 
determination of the relation between the absolute 
temperature and either the magnetic susceptibility or 
the magnetic temperature, which is defined by the 


relation 
T*=¢/X{T*). (17) 


V. RESULTS AND DISCUSSION 
(a) Radioactive Decay 
The curves shown in Fig. 7 relating to y: give the 


values 0;=55.0+0.3° and \o.3.=0.11+0.04. The cor- 


26 W. G. Proctor and F. C. Yu, Phys. Rev. 77, 716 (1950) ; W. G. 
Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 
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responding curves of a versus \ (not shown) give the 
values a=37.7+0.3° and Aog=0.12+0.04. These 
results are all for the beta transition to the first excited 
state in Fe®®, 

The character of the beta decay to the 0.805-Mev 
level has been determined by Grace.”’ His result indi- 
cates Aos=0.1, in agreement with the value of 0.11 
determined in this experiment. 

Another independent value for \o.s may be obtained 
as follows. The ratio of the magnetic moments of Co** 
and Co® have béen determined”* as a function of the 
assumed nature of the two decay schemes. For a com- 
plete Gamow-Teller decay in Co** and for a 5—4—2—0 
cascade in Co®, the ratio of magnetic moments was 
determined to be 1.10+0.03. Jeffries et al.“ have de- 
termined the absolute values of the magnetic moments 
of Co®® and Co® by means of a refined paramagnetic 
resonance technique. The ratio of magnetic moments 
as determined from their absolute values is 1.065 
+0.016. The results of Jeffries may be combined with 
the results of the Co'*—Co® ratio experiment above 
to determine an independent value for Ao.s. This method 
gives Aos=0.08+0.06 in agreement with the new 
results. 

At the lowest temperature reached, 0.012°K, the 
normalized counting rate for y3; was observed to be 1.23 
at 86.5° to the alignment axes. At T=0, the normalized 
counting rate at 90° to an alignment axis is 0.75 for an 
L=1 gamma ray in a 2—*&-+1—7— 0 cascade, 1.25 for 
an L=2 gamma ray in a 2—8~2—7— 0 cascade, and 
1.44 for an L=3 gamma ray in a 2—*®—3—1— 0 cascade. 
Since the observed counting rate for ys; is higher than 
that for y; in the known 2—8—>2— 7-0 cascade, it is 
not possible that 3 be part of a 2—8—1— 7-0 cascade. 
Moreover, the counting rate at the lowest temperatures 
is substantially less for y; than that theoretically ex- 
pected for a pure L=3 gamma ray in a 2—*8&3—7—0 
cascade. A large admixture of L=2 and a change of the 
decay scheme to include a heretofore unobserved spin 1 
level would be necessary for y; to be partly L=3. Thus 
we conclude that +; is L=2 and part of a 2—8+2—7—-0 
cascade, in agreement with the results of Frauenfelder 
and co-workers. Consequently, the difference in the 
angular distributions for y: and y3; must result from 
different values for \. The results presented in Fig. 8 
give \1» for each of the three counting angles. The 
weighted average of these three values is A16=0.45 
+0.11. 

The value of K, Eq. (6), calculated from the experi- 
mental data,!’ ranges from about 0.5 to 1.4, depending 
on the case. If K is taken to be unity, then in the beta 
decay to the 0.805-Mev level in Fe®* the ratio of nuclear 
matrix elements | /1|?/| /o|? is about $, whereas in the 
decay to the 1.6-Mev level this ratio is about unity. If 


27M. A. Grace (private communication to J. C. Wheatley). 
28 Wheatley, Griffing, and Hill, Phys. Rev. 99, 334 (1955). 
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Fic. 8. Reciprocal of the sum of the squares of the deviations 
of the experimental curves shown in Fig. 6 from theoretical curves 
calculated for various values of X. 


K is not unity, then the ratio of nuclear matrix elements 
above is changed proportionately. 

The values of \ were obtained by using orientation 
parameters f;, determined both for the approximate case 
with B=0, and for the expected case with A/B=4. 
The values of \ obtained as described in Sec. IV-a were 
the same for both cases to within the assigned error. 
Thus A is independent of the exact validity of A/B=4. 
Moreover, \ is determined through internal consistency 
arguments without ever invoking any particular mag- 
netic temperature-absolute temperature relation and 
therefore is independent of this relationship. 


(b) Magnetic Susceptibility 


The curve of 1/7* versus 1/T determined as discussed 
in Sec. IV-b is given in Fig. 9, where the smooth curve 
represents the semiempirical formula and the circles 
the experimental points. The treatment of the y; data 
to determine the 7—7* relation, Fig. 9, depends on the 
assumed parabolic dependence of the contribution to 
the susceptibility of the interactions. The fact that the 
parabola represented the data very well in the range of 
temperature from 1/T=30 to 1/T=85 supports this 
assumption. The errors assigned A and e take into 
account all the sources of error which were considered 
and are therefore not statistical errors. The effect of the 
magnetic dipole-dipole and exchange interactions on 
the paramagnetic susceptibility was estimated in Sec. 
II-c by using the theory of Daniels'* in conjunction 
with the experimental data of Benzie et al.2° The 
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Fic. 9. Relation between 1/T and 1/7*. The solid curve fits a 
semiempirical formula. The circles are experimental points. 


numerical results of these calculations are 


Amax>= —8.8xX 10-3 gg 
=+7.5X10-* K° 
e=+4.4X10-5(K°)? (either). 


(antiferromagnetic) 


(ferromagnetic), 


These results are to be compared with the experimental 
results of the present work, given by 


A= — (8.042.0)X10-* K°, 
e=+ (4.4+0.5)X10-5(K°)?. 


The calculated sign of ¢ is necessarily positive, but the 
calculated sign of A is ambiguous depending on whether 
the exchange interaction is antiferromagnetic or ferro- 
magnetic. A comparison of the theoretical and experi- 
mental values shows that the experimental results are 
consistent with a large antiferromagnetic exchange 
interaction and a small magnetic dipole-dipole inter- 
action between paramagnetic copper ions. 

The paramagnetic susceptibility of concentrated 
Cu-Ky Tutton salt has been measured in the tempera- 
ture range above 0.07°K by DeKlerk,” Garrett,*® and 


® D. DeKlerk, Physica 12, 513 (1946). 
» C. G. B. Garrett, Proc. Roy. Soc. (London) A203, 375 (1950). 
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Cooke et al.*! The absolute values of A obtained by these 
investigators disagree in magnitude but are all positive 
and therefore consistent with a ferromagnetic rather 
than an antiferromagnetic exchange interaction. 

It is felt that it is completely unreasonable to assume 
that the measured A and B constants in the spin 
Hamiltonian are sufficiently incorrect (they would have 
to be increased by about a factor of 4) that an error in 
the hfs correction alone would account for the negative 
sign of A obtained in this work. A set of nineteen single 
crystals were used instead of an ellipsoid. It is con- 
ceivable that this had some effect on the low-tempera- 
ture susceptibility. 

None of the sources of error which have been con- 
sidered will produce a correction which would change 
the sign of A from minus to plus. Therefore, it must be 
concluded either that in fact in these crystals the ex- 
change interactions are antiferromagnetic or that there 
is some unknown factor which causes a systematic error 
in the conversion, via the theory, of the values of experi- 
mental normalized counting rate to the values of 1/T. 
In view of the above, there is still some question as to 
the validity of using the radioactive counting rate as a 
thermometer. 

It is interesting to note that in similar experiments by 
Poppema ef al.5 using Co® in dilute cobalt ammonium 
Tutton salt crystals, a relationship between T and 7T* 
was obtained which was unexpected and unexplained. 
T* should have been greater than T, whereas in fact it 
was found to be less. In the experiments of Bleaney 
et al. using copper Tutton salts, the contribution of 
interactions also appears to make T less than T*, 
contrary to expectations. 
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The directional correlation in the 2.86-0.72 Mev cascade in B™ has been studied by utilizing the 
Be®(d,n)B*()B" reaction. At low bombarding energies and with thick targets the gamma-gamma 
correlation appears to be substantially independent of the preceding (d,n) reaction. With spins of 3 and 1 
for the two low states of B", the observed correlation is consistent with the schemes: 2(93%D, 7%Q, 0 
phase)1(Q)3; 2(Q)1(Q)3; 1(89%D, 11%Q, w phase)1(Q)3, or 1(11%D, 89%Q,  phase)1(Q)3. 





HE energy levels in B® have been the subject of 

considerable experimental and theoretical in- 
vestigation.! In the present experiment we have 
extended some measurements made earlier? on the 
angular correlation in the 2.86-0.72 Mev cascade, 
employing the Be®(d,2) B'* reaction. 

A thick target of beryllium was bombarded with 
low-energy (<0.7 Mev) deuterons. The 2.86-Mev 
gamma ray was detected with a NalI(TI) crystal, 
which was either 2 in. long and 1.5 in. in diameter or 
3 in. long by 2.5 in. in diameter. The pulses from the 
photomultiplier were amplified and analyzed with a 
single-channel differential discriminator. The 0.72-Mev 
gamma ray was detected in similar fashion with a 
crystal either 1.25 in. long and 1.5 in. in diameter or 2 
in. long by 1.5 in. in diameter. Output signals from the 
two channels were analyzed in a circuit which measured 
both real and accidental coincidences. Concidence 
spectra were obtained by observing the coincidence 
yield as a function of the bias settings on the dis- 
criminators. From these spectra it was established? that 
2.86-0.72 Mev coincidences could be observed with 
negligible contributions from other coincident radiations. 

In selecting a pulse-height setting for the 2.86-Mev 
gamma ray, the total conversion, or “‘no-escape” peak 
was favored in order to minimize the possibility of 
introducing crystal-to-crystal events. The setting for 
the 0.72-Mev gamma counter was tested with a Na” 
source. For a chosen setting of this counter, the dis- 
criminator of the other counter was changed to accept 
the 1.28-Mev radiation. The coincidence yield obtained 
with this arrangement indicated the extent to which the 
setting of the 0.72-Mev counter included coincident 
0.51-Mev radiation. In addition to the energy dis- 
crimination, the counters were shielded with lead for 
many of the runs, in order to reduce residual crystal-to- 
crystal effects. In order to reduce geometrical asym- 
metries, the final collimation of the beam was achieved 
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by covering the beryllium target with a nickel foil 
having a §-in. aperture. Distances from the target spot 


to the counters were measured to an accuracy of about 
107 


2/0: 

The correlation function will be designated by 
W (61,02,6), where 61 and 62 are the polar angles of the 
2.86- and 0.72-Mev gamma rays, respectively, measured 
with respect to the beam, and ¢ is the azimuthal angle 
between the gamma rays. Measurements were made 
keeping two of these angles fixed and varying the third 
angle. The yield recorded in the fixed counter was used 
to monitor the measurements. The rotating counter is 
also a fairly satisfactory monitor when it is recording 
the 0.72-Mev gamma ray, since extraneous radiations 
are excluded quite effectively with this setting and 
earlier measurements in this laboratory have shown the 
0.72-Mev radiation to be isotropic.* No evidence was 
obtained for anisotropy of the 2.86-Mev gamma ray, 
but a small contribution of 3.1-Mev radiation from 
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Fic. 1. Observed 
angular correlation func- 
tion. Triangles repre- 
sent measurements in 
the quadrant 0<@<7/2; 
circles in the quadrant 
a/2 <9 £w;and squares 
in the quadrant «<0 
<3n/2. Curves (a) and 
(c) were obtained with 
one geometry; curves 
(b), (d), and (e) with 
a “reflected’”’ geometry. 
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3 P. R. Chagnon (unpublished). 
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Fic. 2. Observed 
i I angular correlation func- 
Bi 7 tion. Upright triangles 
are in the quadrant 
‘ 5 es 0<@<x/2; circles in 
| +— ; the quadrant 7/2 <0 
Pe ; «*--, <x; squares in the 
quadrant r<0@ <3n/2; 
and inverted triangles 
W(11/4,6,, 7) in the quadrant 
3x/2<0<2x. The ge- 
ometry in (g) is the 
mirror image of that in 
(f), each angle being 
replaced by its negative. 
Curve (i) was obtained 
specifically to investi- 
gate the one high point 

in (A). 
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C"(d,py)C® at times introduced asymmetries into the 
measured yield, depending on geometry and beam 
energy. 

The results shown in Figs. 1 and 2 are plotted to a 
cos’@ scale, where @ is simply the angle between the two 
gamma rays. This treatment is of course appropriate 
only if the gamma-gamma correlation is unaffected by 
the preceding (d,n) transitions. It was hoped this 
result could be achieved, at least approximately, by 
the use of a low bombarding energy and a thick target. 
The extent to which the correlation is unique can be 
judged from the agreement among the curves in Figs. 1 
and 2 taken at two different bombarding energies and 
for a variety of angular arrangements. Figure 3 gives 
the results for two correlations which should be isotropic 
if the direction of the deuteron beam is immaterial. 

As a further test, the dependence of the correlation 
function on the alignment of the initial radiating state 
was computed for a typical assignment of quantum 
numbers in the cascade. No orientation, other than 
random, was found which could produce similar 
correlation functions for the various cases in Figs. 1 
and 2 and isotropy for the two examples of Fig. 3. 

We conclude from all the measurements that, to a 
good approximation, the correlation is independent of 
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. Fic. 3. Observed 
angular correlation func- 
tion. The square is for 
6,=—2/2 (or 32/2); 
the circles are for 0 < (0; 
or 02) £+7/2. 
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the direction of the deuteron beam and is represented 
by 1+ A: cos’, with A2=—0.05+0.02, where @ is the 
angle between the two gamma-ray directions. This 
result includes corrections for the finite solid angles of 
the detectors, effects arising from the motion of the B” 
nucleus, variations in counter distance, absorption in 
the beryllium target, and a small amount of crystal-to- 
crystal scattering. None of these corrections was 
greater than 0.01 and usually they were very much less. 

The reproducibility and general consistency of the 
measurements can be judged by comparing curves 
taken under the same physical but different experi- 
mental conditions. In curve () of Fig. 2, and perhaps 
also in (f) and (g), there is an indication of a lack of 
symmetry about 6=90°, as evidenced by the high yield 
obtained in one of the quadrants adjacent to the fixed 
counter. Despite the precautions taken, we are inclined 
to attribute this effect to an incipient crystal-to-crystal 
scattering, probably associated with the neutron 
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Fic. 4. As, the correlation coefficient referred to the fixed 
gamma axis, plotted as a function of a*, the ratio of quadrupole 
(Q) to dipole (D) radiation in the first transition. The (+) and 
(—) curves correspond to +a and —a, i.e., to phases of 0 and x. 


irradiation of the crystals. The correction for crystal-to- 
crystal scattering which amounted to about 0.01 in 
Az was arrived at by a theoretical consideration of its 
angular dependence. 

There can be no certainty that the correlation is 
unattenuated by the motion of the B'* (0.72 Mev) 
nucleus in the target. One may surmise that for a 
light nucleus traveling in a metal target the measured 
lifetime* of 8X10 sec is short enough to prevent 
appreciable attenuation. The best evidence however 
is the fact that the correlation measured in the 1.03- 
0.72 Mev cascade?’ appears to have the maximum 
theoretical value. 

We consider only the case of spin 1 for the first excited 
state. All the values in Table I are computed for pure 
transitions. The experimental value of —0.050.02 

‘J. Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953) ; 


J. C. Severiens and S. S. Hanna, Phys. Rev. 100, 1255 (1955). 
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2.86-0.72 MEV 

rules out a spin assignment of 0 or 3 for the 3.58-Mev 
state (barring an attenuation of the coefficient in the 
spin 0 case). For spin 1 or 2, a dipole-quadrupole mixture 
is possible in the first transition. Figure 4 gives A» 
as a function of a’, the amount of mixing. The observed 
value of A» agrees with a spin assignment of 2 with 
a’ =0.075 (0 phase) or ©, or with an assignment of 1 
with a@?=0.12 (@ phase) or 8.0 (x phase). The elimina- 
tion of a spin assignment of 0 or 3 for the state at 
3.58 Mev is in agreement with conclusions!? reached 
from a consideration of intensities in the decay scheme 
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TABLE I. Theoretical values of Az in the expression 1+A 2 cos*#. 





A2 A: 
—0.10 
+0.05 
—0.01 


0(D)1(Q)3 
1(D)1(Q)3 
2(D)1(Q)3 


+0.05 
—0.05 
+0.02 


1(Q)1(Q)3 
2(Q)1(Q)3 
3(Q)1(Q)3 
ment of spin 2 rather than 1. If the spin is indeed known, 
then the correlation measurement provides a measure 
of the dipole-quadrupole mixture in the 2.86-Mev 


in B". In addition, the decay scheme favors the assign- _ transition. 
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Nucleon Energy Levels in a Velocity-Dependent Potential* 
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The neutron and proton level sequences in a diffuse, velocity-dependent potential have been investigated. 
A velocity-dependent interaction is used which manifests itself by attributing to a nucleon inside nuclear 
matter an “effective mass” which is a function of its position. Following Brueckner, Johnson and Teller, and 
Duerr, the effective mass in the center of the nucleus is chosen to be one-half the free-particle mass. The 
potential form was taken as V(r) = —Vo/{1+exp[a(r—a)]}, and for protons a Coulomb potential derived 
from a uniform charge distribution extending to r=a was added. The proper neutron shell structure and level 
sequence was obtained with the parameters a=1.1610" cm—, a=1.3A!X10-" cm, Vo=69 Mev, and a 
spin-orbit coupling 33 times the Thomas term. For protons, using the same a, radius, and spin-orbit coupling, 
it was found that the potential depth had to be increased by roughly 13 Mev to bind the correct number of 
protons in Pb™®, If Pauli principle correlations are included, then a deeper proton potential is obtained. This 
correction depends critically on the form of the nucleon densities. Since a self-consistent treatment has not 
been made, this effect has been estimated in two ways: (1) A Fermi-Thomas approximation was used to 
compute the densities. In this case, the correct neutron-proton ratio is obtained but the correct proton 
level sequence is destroyed. (2) The neutron well depth was increased by an amount (V+4Z)/(Z+4N). 
In this approximation the correct proton level sequence is obtained but it is not possible to bind the proper 
number of protons. 


INTRODUCTION tion must effectively vanish if two particles are suffi- 
ciently close) instead of a product of single-particle 
states. Further, the apparent short mean free path for 
collisions of nucleons in nuclei, indicated by the success 
of Bohr’s compound nucleus model,’ also violates the 
idea of an independent-particle model. Indeed, for some 
time it was felt that a model in which the nucleons were 
pictured as moving in approximately independent orbits 
under the influence of a mean potential generated by 
the other nucleons in the nucleus, could not be at all 
successful. 

However, once it was realized that a strong spin- 
orbit interaction would give reasonable results when 
taken in conjunction with a smooth average potential, 


HE phenomenological shell model of the nucleus 

proposed independently by Mayer and by Haxel, 
Jensen, and Suess! has achieved considerable success, 
particularly in explaining ground state properties of 
nuclei.2 This might well be considered surprising in 
view of the strong two-body interactions exhibited, for 
example, in nucleon-nucleon scattering. Such forces 
would imply a strongly correlated wave function (in- 
deed, if repulsive cores are introduced, the wave func- 
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the idea of a single-particle model was revived. It is 
well known‘ that this average potential cannot arise 
from purely attractive Wigner-type forces since these 


3N. Bohr, Nature 137, 344 (1936). 
4 See for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952). 
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do not lead to saturation. On the other hand, introduc- 
ing two-body exchange forces is unsatisfactory since 
the condition for saturation gives more exchange than 
seems to be required to explain the two-body scattering 
data. Therefore, in order to obtain a total nuclear 
energy proportional to A (the mass number) and a 
radius proportional to A}, one is essentially left with 
the need for repulsive and probably velocity-dependent 
forces which could be of either two-body or many-body 
character.® 

Johnson and Teller® have postulated the existence of 
a smooth shell-model-like nuclear potential, generated 
by a scalar meson field, and have examined under what 
conditions this can lead to saturation of nuclear forces. 
They find that if the potential is made velocity-de- 
pendent in such a way that within nuclear matter a 
nucleon moves as if it had a “‘reduced mass,” then the 
experimentally observed saturation properties are re- 
produced. Further, according to their theory the spin- 
orbit interaction is larger than the usual Thomas 
term,’ and in heavy nuclei approximately the correct 
neutron-proton ratio is obtained. (This last result must 
be modified in view of further calculations described 
in this paper.) 

This theory has been reformulated by Duerr® in a 
relativistically invariant way which avoids the collapse 
of the nucleus at high momenta—a fault of the Johnson- 
Teller model. In Duerr’s theory the nucleons are as- 
sumed to interact with an attractive scalar and a re- 
pulsive vector meson field. At normal densities the 
former gives a strong attraction and the latter a re- 
pulsion. However, at higher momenta the attraction 
decreases, leading to an over-all repulsion and hence to 
saturation. The potential experienced by a nucleon is 
the sum of the scalar and vector fields, both of which 
have a magnitude of several hundred Mev. On the 
other hand, the force exerted on an antinucleon is the 
difference of the scalar and vector interactions and 
consequently is very large. This has the interesting 
effect that the cross section for the interaction of an 
antinucleon with matter is considerably larger than 
that for a nucleon.* This difference seems to be ob- 
served experimentally.” Since the spin-orbit coupling 
arises through interactions in negative-energy states, a 
large antinucleon interaction implies a large spin-orbit 
coupling, as required by the shell model. 


5 See for example, S. D. Drell and Kerson Huang, Phys. Rev 
91, 1527 (1953), who have shown that in the perturbation limit 
the three-body forces derivable from pseudoscalar meson theory 
with pseudoscalar coupling are sufficient to give saturation. 
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Rev. 50, 783 (1936). 
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% Brabant, Cork, Horowitz, Moyer, Murray, Wallace, and 
Wentzel, Phys. Rev. 101, 498 (1956); Chamberlain, Keller, 
Segré, Steiner, Wiegand, and Ypsilantis, Phys. Rev. 102, 1637 
(1956). 
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On the other hand, Brueckner and his co-workers! 
have attempted to make a self-consistent nuclear model 
based on two-body interactions which give roughly the 
correct scattering up to 90 Mev. These potentials, 
which are derived from pseudoscalar meson theory 
neglecting the pair term,” lead to saturation because of 
their velocity dependence and nonmonotonic character. 
Despite the assumption of strong two-body forces, 
which means highly correlated wave functions, a trans- 
formation is introduced (equivalent to neglecting 
“incoherent scattering” on exclusion principle argu- 
ments) which, for an infinite nucleus, reduces the wave 
function to the product of plane waves moving in a dis- 
persive medium. Since the scattering amplitudes have 
then to be evaluated in this medium, a self-consistent field 
problem arises. It is interesting to note that although 
these authors start from a completely different point of 
view than do Duerr or Johnson and Teller, they arrive 
at the same conclusion—namely that nucleons inside 
nuclear matter move as if they had an “effective mass” 
m=(.5mo, where mo is the mass of the free nucleon. 
(Note: m is defined throughout this work as the 
“effective mass.’’) 

Although both the Duerr-Johnson-Teller and Brueck- 
ner theories lead to the study of a self-consistent field 
problem, these authors have neglected this and evalu- 
ated the constants of their theories in the Fermi- 
Thomas approximation. The purpose of this paper is 
not to consider the question of self-consistency but to 
take the simplest form of the single-particle equation 
(which is similar for all the above models) and see 
whether it is indeed possible to reproduce the shell- 
model level sequence. It should, therefore, be stressed 
that this work provides only (a) an affirmative answer 
to the question of whether the shell-model level se- 
quence can be obtained with this type of velocity de- 
pendence and (b) eigenvalues and eigenfunctions which 
could be used as a starting point in making a self- 
consistent calculation. 


WAVE EQUATION 


The single-particle equation derivable from the 
Johnson-Teller Hamiltonian is 


1 
[> p+ vin p= ky, 


2m 


where 
m=mo/[1+KV(r) ]. 

The value of K is chosen to approximately satisfy the 
saturation condition and V(r) is, ideally, the self- 
~ 1 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954). K. A. Brueckner, Phys. Rev. 96, 508 (1954); 97, 1353 
(1955). K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). 

12K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
(1953). 

3 See for example, R. J. Eden and N. C. Francis, Phys. Rev. 
97; 1366 (1955) for a more detailed discussion of this type of 
approach. 





NUCLEON ENERGY 


consistent potential in which the particle moves. The 
spin-orbit interaction is taken'to be the usual Thomas- 
type term multiplied by an appropriate constant, X. 
Therefore, for neutrons the radial Schrédinger equation 
to be solved is 


wr Td _dR 
rP[1i+KV(r) | 
2my r” dr dr 
h® 1(l+1) 
[1+KV(r) ] 


2m Pr 


+(vins 


Nh? 1 avy l 
| R= ER. (3) 
4mc? r dr | — (Il+1) 


where / is the orbital angular momentum of the par- 
ticle, R is the radial wave function, and the operator 
ol has been replaced by / and — (/+-1), its eigenvalues 
when operating on a state with j=/+} and j=/1—}3 
respectively. 

Since a self-consistent treatment is not attempted, 
the Woods-Saxon" form of the potential 


V (r)= —V>/[1+expa(r—a) | (4) 


has been arbitrarily assumed. This has previously been 
investigated in connection with the static-shell-model 
level sequence.!° 

The level sequence obtainable from this type of 
interaction is a function of the five parameters K, Vo, 
a, a, and \. From considerations of the volume energy 
alone, Brueckner, Duerr, and Johnson and Teller 
arrive at the conclusion that the “effective mass” of a 
nucleon inside nuclear matter should be between 40% 
and 60% of the free nucleon mass. In view of this, K is 
chosen to be 


K=-1 Vons (5) 


where Vo, is the neutron well depth. This implies that 
in the center of the nucleus a nucleon has a mass of 
approximately 0.5mo. 

The well depth, Von, was chosen in such a way that 
the energy below the top of the well of the last filled 
level in Pb?’ was roughly the same as in the static 
case.!® This allows comparison of the behavior of the 
uppermost levels in the static and velocity-dependent 
wells when they are “bound” by the same amount. 
When a self-consistent calculation is made, the energy 
below the top of the well is not necessarily equal to the 
experimentally observed separation energy, since in 
order to calculate the latter the change in energy of the 
meson field and the change in energy of the nucleons 
due to removal of one of them, must also be included. 

The “nuclear radius” a was taken to be a=roA}, 
where 7 was chosen to be 1.3X10-" cm. This will lead 
to a radius of the charge distribution which is approxi- 
4 R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
15 Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). 
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mately 10% larger than obtained from high-energy 
electron scattering data.'* However, this was not felt 
to be important since the level sequence is invariant 
[i.e., Eq. (3) is invariant] under the transformation 


Vore?’=Vo're”, 
AVo=N'Vo'" 
ary=a'To’, 
KVo=K'V, 

ror =f", 
Er? = E'r”, 


and so the eigenvalues for other radii can easily be 
obtained. 

Duerr’s theory gives an expression for the spin-orbit 
coupling. However, the constants he derives are based 
on the approximation of an infinite nucleus, and hence 
may not be too reliable. The constant \ has, therefore, 
been kept as an open parameter. This constant, to- 
gether with a, has been adjusted to give the observed 
shell-model level sequence for neutrons. 

To study the proton level sequence the same a, X, K, 
and ro were used. Further, it was assumed that the 
Coulomb potential a proton experiences is derivable 
from a uniform charge distribution extending out to 
r=a. This implies that for protons an additional 
potential 


for r>a 


must be added to Eq. (3). 

Equation (3) can be readily solved in the limit that 
the potential is a square well. In this case, the solution 
for r <a is, as in the static case (K=0), a spherical 
Bessel function with argument 


[(2m/h?) (Vo—E) }'r = (mo/h?) (Vo—£) }r. 


For r>a, the solution is the same as in the static case, 
a spherical Hankel function of argument (2mol/h*)'r. 
The connection condition at r=a is now 


1 dR| 1 dR 


; | . 
m df \inside Mo OF | outside 
AVo R(a) | l 
A. - | en 
4mercr a f (1+1) 


From Eq. (8) it is seen that there is a finite discon- 
tinuity in the derivative of the wave function which 
arises from the form of the velocity dependence as well 

16 Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 
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as the usual one due to the spin-orbit interaction. If 
the kinetic energy term in Eq. (3) had been taken as the 
non-Hermitian (1/2m)p* rather than p-(1/2m)p, then 
the connection condition at the nuclear radius would 
have been 


dR| dR| 


df | inside df | outside 


AVo R(a) 
—— ana 
4moc? a 


}. ©) 


— (I+1) 


In the static case (K=0), the square well gave no shell 
at N=126 and led to an unsatisfactory level sequence. 
In the velocity-dependent case the results are con- 
siderably worse. The high angular momentum states, 
which were already too tightly bound, are now pulled 
down even further. This can be seen as follows: The 
connection condition, Eq. (9), is essentially the same 
as the condition in the static case except that the spin- 
orbit coupling is changed and that (V—£) in the argu- 
ment of the interior wave function is changed to 
(V—E)/2. This means that if two levels with different 
angular momenta are bound by the same energy in the 
static potential, they will still be bound by the same 
energy in the velocity-dependent well if (In2)(AVo) vet. dep. 
=(AVo)static: The spacing between all levels will be 
roughly doubled provided the same number of levels 
are bound, since Vy, dep.~2V static. Therefore, if an 
equation with a kinetic energy term (1/2m)p* is used, 
no great violence is done to the level sequence. 

On the other hand, the operator p-(1/2m)p, which 
has been used, gives rise to a term K(dV/dr)(dR/dr) 
in the radial equation. This term is responsible for the 
additional discontinuity in the wave function and is the 
major cause for the disrupted level sequence. In the 
square-well limit, this term gives rise to a 6-function 
attraction since (1/R)(dR/dr) must always be negative 
at the radius of the potential for a bound level. Further- 
more, the term is likely to be more important for levels 
with large angular momenta and few radial nodes since 
for these the wave function is larger at the edge. As an 
example of this effect consider the behavior of the 3s 
and 1h levels in Ce™ neglecting spin-orbit coupling 
(i.e., A=0). In the static case with Vo=42.8 Mev, the 
3s level is bound by 10.94 Mev and the 1h state is 
above it at 10.73 Mev. Using Eq. (9) with Vo=72 Mev, 
the 3s level is at 8.79 Mev and the 1h level is above it at 
8.43 Mev. If the matching condition, Eq. (8) is used, 
then the 3s level is pulled down to 12.23 Mev and the 
1h level is at 14.62 Mev. In addition, if the spin-orbit 
coupling (with A=39.5) is included, the center of 
gravity of the 1/42 and 1hj12 levels using Eq. (9) is 
depressed by 1.95 Mev and the two levels are split by 
13.1 Mev, whereas with Eq. (8) the center of gravity 
descends 2.30 Mev and the splitting of the levels is 
14.0 Mev. 
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The foregoing discussion of the square-well limit 
suggests that it may be necessary to use a somewhat 
smaller \ and a larger potential surface thickness than 
was necessary in the static well to obtain the correct 
level sequence. 

The differential analyzer at UCRL was programed 
to study the eigenvalue problem. Methods exactly 
analogous to those described previously! were used to 
find solutions. As in that case, the errors introduced by 
the boundary condition approximations were con- 
siderably less than those inherent in the machine. In 
absolute magnitude the latter were increased, over the 
static case, by the doubling of the energy scale and the 
necessary use of two input plots—one of the potential 
and one of the effective mass. The eigenvalues quoted 
here are accurate to approximately 0.2 Mev in relative 
spacings. The absolute magnitude is probably a little 
less accurate. 


RESULTS 
(a) Neutrons 


For the purpose of comparison and orientation, the 
top levels in various nuclei were first investigated with 
the parameters that were optimum in the static case, 
a=1.45X10% cm, A=39.5, ro=1.3K10-" cm. The 
well depth, Von, was taken to be 72 Mev, which gives 
a “binding” of 7.9 Mev for the 31/2 level in Pb*°*. The 
results are shown in Fig. 1. 

It can be seen that although the situation is very 
greatly improved from the square-well limit—a shell 
is obtained at V= 126 and the high angular momentum 
levels have been raised—itffis§by no means ideal and 
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Fic. 1. Top neutron levels in nuclei with N=20, 28, 50, 82, 
and 126. The parameters used to determine the energy levels in 
the diffuse potential are: a=1.45X10"% cm, Vo=72 Mev, a 
=1.3A!X 10-8 cm, and A=39.5; mese=0.5mo at r=0. The square- 
well level sequences for the same values of Vo, a, and X are also 
shown. The dotted lines indicate unfilled levels in both the 
square and the diffuse potential. 





NUCLEON E 


does not yet display the satisfactory characteristics ob- 
tained in the static case. The high angular momentum 
states are still somewhat too tightly bound. For ex- 
ample, the 1/11/2 level lies too low in the well and this 
would have the consequence that the ground state 
configurations beyond V=64 would be either 1/41/2 or 
allowing for pairing, possibly 2d5)2 or 1gz/2, which is 
not observed. 

Since the 35s1/2 level fills in together with the 1/412, 
these two levels should lie approximately at the same 
energy. Similarly, the 192 level should probably lie 
above the 21/2 since the last three odd neutron nuclei 
before the N=50 shell, Sr*’, Kr*®, and Se” all have 
spins consistent with a 1gs/2 configuration. Finally, in 
K*® the 2sy2 and the 1d5;2 levels are split by 8 Mev 
whereas the shell spacing between the 2d3;). and the 
1fz2 is only 4.1 Mev, so that a strong shell should 
appear at V= 14 rather than at V= 20. In view of these 
considerations it is apparent that both a and \ must 
be changed. 

In order to find a more suitable set of potential 
parameters, the behavior of several representative 
energy levels was investigated as the surface thickness 
A was varied. [The surface thickness, A, is defined as 
the distance from the point where the potential has 90% 
of its maximum value to the point where it has 10%, 
A= (2 In9)/a. | 


It was demonstrated in the static case that treating 
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Fic. 2. The upper panels show the wave functions of the 3s1/2 
and 11/2 levels in a square and a diffuse (a=1.1610" cm™) 
velocity dependent potential. The lower panels compare the 
wave functions of the same levels in a static and velocity-de- 
pendent potential, both with a= 1.45 10% cm". 
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Fic. 3. The energy shift of four representative levels as the 
surface layer of the potential is increased is shown in this figure. 
The points indicate the magnitude of the errors in the eigenvalues 
determined with the differential analyzer. These calculations are 
made with V»>=72 Mev, A=39.5, and a=1.34!X10-® cm. 


the potential slope by first-order perturbation theory 
was quite inadequate for quantitative estimates. The 
introduction of a velocity dependence increases the 
dependence of the wave function on the surface thick- 
ness, A. This can be seen in Fig. 2. Thus first-order 
perturbation theory is of even less use than in the 
static case for estimating the behavior of energy levels 
when the surface thickness is varied. 

In Fig. 2 there is also a direct comparison between 
the wave functions in the velocity-dependent and static 
cases for a surface thickness, A=3.03X10-" cm. It 
may be seen that the wave functions in the former case 
reach their last maxima at larger values of r than in the 
latter case. This is so because in the velocity-dependent 
case the nucleon mass is closer to my for r>a than for 
r<a and the “effective potential,” mV, thus becomes 
more important for large r. The effect may also be 
regarded as an increase of (In2)/a in the “effective” 
nuclear radius of the “effective potential.’ This in- 
crease in the radius obviously tends to increase the 
binding energies of the levels with increasing A which 
opposes the usual effects tending to raise levels, and in 
fact overcomes them for large values of A. (See the 
351/2, 2d3/2, and 1h9/2 levels shown in Fig. 3.) 

However, as far as the relative shift of levels of 
different angular momenta is concerned, the general 
behavior is similar to the static case: As the thickness 
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of the surface increases, the higher angular momentum 
levels shift upwards in the well relative to those of lower 
angular momentum. The more tightly bound a level, 
and the fewer nodes it has, the more rapid is the shift 
as A changes. Also, for a fixed value of A, levels of 
total angular momentum j=/+ 3 move downwards and 
of j7=/—} move upwards when A is increased, and the 
magnitude of the splitting of two such levels is roughly 
proportional to the orbital angular momentum, /. 

There are two other effects, which like the increase 
in the “effective” radius, tend to obscure rather than 
alter the behavior of the energy of levels with changing 
A. First, the derivative at the origin of the curves shown 
in Fig. 3 is negative, although it very rapidly becomes 
positive. Intuitively this can be seen in the limit from 
the “effective potential” argument given above. Alter- 
natively, it can be rigorously derived in the limit from 
the equation 


dE, dEpg ~ dH 
—= — — = -f R°—7r"dr, 
dA dA 0 dA 


(10) 


where X& is the radial wave function, £z is the binding 
energy in the diffuse potential, and L,= (“binding 
energy” in square well)— (‘‘binding energy” in diffuse 
well). In the limit that A—0, this leads to 


In2 
= ———@°R*(a)[4Vo—4Es |}. 
dA 2 In9 


dE, 


(11) 


Equation (11) yields a negative slope of ~(—0.9) for 
the 3sy/2 level and ~(—5.1) for the 1/11/2. These slopes 
are omitted from Fig. 3 because it is difficult to deter- 
mine eigenvalues on the machine in the region of small 
A owing to the sharpness of the potential edge. Further- 
more, this region is of little interest from the point of 
view of obtaining good level sequences. However, Eq. 
(10) provides a very useful check on the 351/2 level 
curve in Fig. 3 since the machine eigenvalues are not 
accurate enough to distinguish the shape without the 
aid of a calculated derivative. 

Second, the magnitude of the spin-orbit splitting, for 
fixed A, decreases with increasing A. The splitting of the 
11/2 and 1/g/2 levels in Ce! for \= 39.5 decreases from 
14.1 Mev for A=0 to 9.1 Mev at A=5X10-" cm, which 
is less than two-thirds of its original value. This can 
be considered partially as a consequence of the effective 
doubling of the spin-orbit term outside the nuclear 
radius and partially as a consequence of the decrease 
in magnitude of the wave function near the nuclear 
radius as A is increased (see Fig. 3). Despite this, for 
fixed A in the region of interest, one can roughly take 
the spin-orbit splitting as proportional to \ and the two 
levels as having a fixed center of gravity. 

Bearing all these facts in mind, plus the fact that the 
lighter the nucleus the farther a given angular mo- 
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mentum level is shifted when A is changed,'’ it is pos- 
sible to make rough predictions about the positions of 
levels for a given A and ) in the region of interest. The 
most critical region for choosing the parameters a and 
\ is again near the 82 shell where the 3s1/2, 2d3;2, and 
1h41/2 levels are all in competition. From single-particle 
assignments? it is clear that the 2d3;2 and the 1hy1/2 
levels must lie above the 31/2 level. The requirement 
that the 1/12 level lie between the 35/2 and 2d3/2 
levels (as in the static case) is unnecessarily stringent 
since the 1/1/2 state, due to its high angular momentum 
fills in pairs with appreciable pairing energy.'® It has, 
therefore, been allowed to lie slightly above the 2d3)2 
level. In order to raise the 1/41/2 level relative to the 
other two levels, it is necessary to decrease \, increase 
A, or to do both. Making the restriction that the 2d3, 
level lies above the 3s,;2 level and at the same time 
minimizing both \ and the surface thickness, the follow- 
ing “final” parameters’ are obtained: \=33, a=1.16 
X10" cm=, and Vo,=69 Mev. (The well depth was 
chosen to bind the 31/2 level in Pb*** by approximately 
7.4 Mev.) 

The purpose of trying to keep both a and A minimal 
is to obtain as close agreement as possible with the 
electron scattering measurements of the surface thick- 
ness, and Duerr’s prediction for the magnitude of the 
spin-orbit interaction. Also it is not desirable to exag- 
gerate the crossovers of the 2/7/2 and 1/g,2 levels, the 
2dsj2 and 1gz/2 levels, and the 23/2 and 1f5/2 levels. 
These crossovers would be increased by an increase 
in either A or X. If for neutrons the 2/7/2 level is too 
much more tightly bound than the 1hg;2 level, then it 
cannot be expected that the correct level sequence will 
be obtained for protons since, in the proton case, the 
1hg,2 level must lie below the 2/7/2 state to give the right 
spin and parity for the ground state of Bi”. 

In the region V=50 to 64, it is not certain that the 
2ds/2 level lies much below the 1g7/2 since these levels 
fill in together. In addition, from the ground state 
spins of Cr* and Fe®’, the 25/2 level is assigned to lie 
below the 1/52, but the spacing between these levels 
should be considerably smaller than the shell spacing. 

It can be seen from Fig. 4 that very good agreement 
with assignments from ground state spins and parities is 
indeed obtained with these parameters, except in the 
region in the middle of the V=82 to N=126 shell, 
which is for neutrons the region of strong distortion. 
Some criticism might perhaps be made of the spacings 
of levels. For example the 1g9/2 level now lies correctly 
above the 21/2 level, but in Zr® it is 2.4 Mev above it. 


17 The 17 states in Pb’, for example, behave, as in the static 
case, remarkably like the 1/ states in Ce and the 1g states in 
Zr, etc. 

18 R, D. Lawson and A. A. Ross, Bull. Am. Phys. Soc. Ser. IT, 
1, 246 (1956). 

1 @ could actually be very slightly larger if the 1/1/2 state re- 
turned to its previous position between the 2d3/2 and 351/2 levels. 
The latter are so close, however, that it is not possible to quote 
more exact minimum values. 
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In view of the assignment 21/2 to Se”’ as well as to 
Zn®, this seems large. Similarly, in V* the unfilled 
2p3/2 and 1f5/2 levels are split by 2.6 Mev. Other levels 
which might properly be closer together show similar 
wide spacings. 

However, two things should be remembered. In the 
first place the large splitting of the 23/2 and 15/2 levels 
in V* does not persist as more nucleons are added (in 
Zr®™ these levels are only split by 0.2 Mev) and hence 
when the 23/2 and 1/;/2 particles start to fill in, it is 
likely that the energy difference between these levels is 
less than 2.6 Mev. Secondly, all level spacings are 
roughly doubled since the well depth is roughly doubled. 
This circumstance is indeed desirable from the point of 
view of explaining the frequencies encountered in the 
nuclear photoeffect.”° 

The shells occur at the proper places with spacings 
of about 6 Mev and hence are unmistakable. The over- 
all conclusion is that a satisfactory neutron shell struc- 
and level sequence can be obtained for a velocity- 
dependent potential of this type. 


(b) Protons 


In the static case it is well known that the same 
nuclear potential will not bind the correct number of 
neutrons and protons. This can be seen, in the square- 
well limit, by a Fermi-Thomas argument, showing that 
the difference between the maximum kinetic energies of 
the correct numbers of neutrons and protons is only 
just over one-half the height of the Coulomb potential 
at the radius of the nucleus. As has been pointed out by 
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Fic. 4. Top neutron levels in nuclei with N=20, 28, 50, 82, 
and 126. The parameters used to determine the energy levels in 
the diffuse potential are: a=1.16X10"% cm™, Vo=69 Mev, a 
=1.3A!X 10-8 cm, and A\=33; merp=0.5mo at r=0. The square- 
well level sequences for the same values of Vo, a, and ) are shown. 
Dotted lines indicate unfilled levels in both the square and the 
diffuse potential. 


2S, Rand, Phys. Rev. 99, 1620 (1955). 


ENERGY 


LEVELS 407 
McMillan,” it may also be seen from the symmetry 
energy term in the semiempirical mass formula.” On 
the other hand, a Fermi-Thomas estimate for a square 
well in which one decreases the effective mass of a 
nucleon to approximately one-half of its free value 
indicates that in this case the same nuclear well will 
bind the correct number of neutrons and protons.® 
However, as soon as the sides of the well are sloped, 
the protons not only move in a well which is shallower 
because of the Coulomb potential, but also one which 
has a smaller radius. They are restricted to a smaller 
volume than the neutrons* and therefore it is still 
necessary to increase the proton nuclear well depth. In 
fact it was found in Pb** that, to obtain comparable 
binding for top neutron and proton levels, it was 
necessary to choose a proton well depth roughly 12 
Mev deeper than the neutron well depth. In the static 
case a difference of 14 Mev was necessary, which is, of 
course, proportionally larger since the well depth for 
neutrons was then only 42.8 Mev. In the static case, 
this increase was also greater than estimated by a 
Fermi-Thomas calculation. 

That the neutron and proton well depths are different 
is perhaps not too surprising in view of the fact that 
throughout all these considerations the exclusion prin- 
ciple has been neglected. One can crudely estimate the 
effect of the Pauli correlations by assuming that in the 
vicinity of a nucleon half of the like nucleons are suffi- 
ciently excluded (since half will have parallel spin) to 
give no contribution to the force field. Since in a heavy 
nucleus there are more neutrons than protons, this 
would provide a deeper well for protons. Taking this 
quite literally gives for the proton potential 


‘ P Pn(r)+3pp(r) 
V(r) =Va(r)|- , 
Pp(r) +3pn(r) 


(12) 


where V, is an appropriately chosen neutron well, and 
pn(r) and p,(r) are, respectively, the neutron and proton 
radial density distributions. 

The factor one-half appearing in this argument is 
certainly an upper limit on the exclusion effect since it is 
based on the assumption that the nucleon is essentially 
a 6-function source for the meson field.** The exclusion 
effect is, of course, properly handled by introducing 
nucleon densities derived from antisymmetrized wave 
functions into the Duerr-Johnson-Teller field equations. 
However, it is hoped that some idea of the magnitude 
of the effect can be obtained from Eq. (12). 

In general, if Eq. (12) is used, the top proton level 
is sufficiently bound compared to the top neutron, 


*1W. G. McMillan, Phys. Rev. 92, 210 (1953). 

22N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939); 
E. Fermi, Nuclear Physics (University of Chicago Press, Chicago, 
1950); A. E. S. Green, Phys. Rev. 95, 1006 (1954). 

23M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 

* This assumption also violates the contention that the meson 
field is classical, since under these conditions the quantum fluctua 
tions are not obviously small. 
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Fic. 5. Top proton levels in selected nuclei. The top proton 
levels in K®, Ni58, Sn"6, and Pb”’ are shown for the parameters 
a=1.16X10" cm™, a=1.3A!X10- cm, and \=33. The well 
depths have been adjusted according to Eq. (13) in the text. The 
top proton levels in Pb®* and K® for the parameters a= 1.45 X 10% 
cm, a=1.3A!X 10-8 cm, and \=39.5 are also shown. The well 
depths have been arbitrarily adjusted to bind the proper number 
of protons. Dotted lines indicate unfilled levels. 


since in addition to an over-all increase in depth, the 
proton potential also has a larger effective radius than 
the neutron potential. This follows because the proton 
density has less radial extent than the neutron density 
when the potential radius is the same. Such a proton 
potential appears also, in first approximation, to give a 
characteristically unsatisfactory level sequence. This 
latter effect arises because, compared to the neutron 
density distribution, that of the protons has a hole at 
the center and a steeper slope, both effects being due 
to the additional Coulomb potential. Thus the proton 
potential is depressed at r=0 and has a larger surface 
layer. This shape tends to undo the desirable effect of 
the Coulomb potential which, for example, in the static 
case reversed the ordering of the proton 3s1/2 and 2d3/2 
levels compared to the neutron ordering. If the densities 
obtained in the static case’® for Au’ are used to calcu- 
late the proton potential according to Eq. (12), the 
above-mentioned effects obviously lead to a potential 
of hopeless shape. These effects are less pronounced 
but still present even if the Fermi-Thomas approxima- 
tion for the densities is used. Assuming Eq. (12) and a 
Fermi-Thomas nucleon distribution, the last filled pro- 
ton level in Pb** is bound by approximately 1 Mev 
more than the last neutron level, but the 1h9/2 and 2f7/2 
levels appear in the wrong order. The full understand- 
ing of this situation requires a self-consistent field 
calculation. 

For the present purpose, it has been assumed that 
pn and pp inside the nucleus are constant and that both 
drop to zero simultaneously. Equation (12) can then 
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be rewritten as 
V p(r) = Vin(r)(N+43Z)/(Z+43N), 


where NV and Z are the number of neutrons and protons 
respectively in the nucleus. For convenience we have 
used Eq. (13) in adjusting the depth of the proton 
potential. Such a well does not bind quite the proper 
number of particles since the radius is no longer en- 
larged. It gives, however, a level sequence in close 
agreement with experiment. The results obtained when 
the proton well is adjusted according to Eq. (13) are 
shown in Fig. 5. Where levels of interest are outside the 
well, they are shown by extrapolating from their posi- 
tions in a deeper well. The value of K, though chosen 
arbitrarily in this work, is in principle determined from 
saturation conditions. Therefore, it is taken to be the 
same for neutrons and protons, which implies a smaller 
effective mass for protons than for neutrons. 

From Fig. 5 it is seen that good shell structure and a 
reasonably satisfactory level sequence are obtained on 
the basis of the above assumptions. For example, the 
required crossover of the 2d3,2 and 35,2 levels has 
occurred. On the other hand, the 1/92 level is actually 
0.1 Mev less tightly bound than the 2/7/2 level.*® This is 
close enough so that if a self-consistent Coulomb po- 
tential were used, it is probable that the desired cross- 
over would occur, thus giving the correct assignment of 
1ho/2 for the ground state of Bi*”. 

It has already been remarked that the surface thick- 
ness of the potential has to be chosen approximately 
0.8X 10-* cm greater than in the static case in order to 
achieve the same level ordering. It would be of interest 
to know whether this is likely to bring the proton den- 
sity into closer agreement with results from the high- 
energy electron scattering experiments'® which give a 
radius of (1.07+0.02)10-" cm and a surface thick- 
ness roughly constant for all A and equal to (2.4+0.3) 
X 10-8 cm. In the static case the quantities 


(13) 


2moLV.(r) — Es | i 
) and 
h? 


p,»(r)= const( 


2moLV »(r)—Ve(r)—Es]\? 
px(r)=const(- re ) , (14) 
2 


where Ez is the “binding energy” of the last bound 
level, gave a reasonable estimate of the actual densi- 
ties.'° In this case we have made an estimate, replacing 
mo by m. It is less certain how accurate this is since it 
does not distinguish between the different forms of 
Eq. (3), that is, the approximation does not distinguish 
between the equation with (1/2m)p® and p-(1/2m)p. 
However, the changes in the wave functions from the 
static case are not too drastic and hence it is probable 
that an estimate based on Eq. (14) with mo replaced by 


3% This is aes a smaller spacing than our accuracy can 
determine. 





NUCLEON 


m, will not be too unreasonable. According to this, the 
proton distributions in Pb* and Sn''® have radii of 
7.56X10-" cm (ro=1.276K10-"A!) and 6.05X10-" 
cm (ro=1.24110-"A!), and surface thicknesses of 
2.28 10-" cm and 2.36X10-" cm respectively. The 
difference in these two results is due partly to the 
difference in “binding energies” of the top levels (7.33 
Mev in Pb” and 6.1 Mev for Sn*) and partly to the 
difference in the Coulomb potential. The increase in 
the radii compared to the static case is mainly a conse- 
quence of the difference in the radii of the potential and 
the “effective potential,” which has already been 
pointed out. Although these radii are larger than the 
values obtained from high-energy electron scattering,!® 
they could easily be remedied without impairing the 
level sequence by choosing a smaller initial potential 
radius, ro. On the other hand, the surface thicknesses 
compare quite favorably with the experimental results. 


COMPARISON WITH DUERR’S MODEL 


In this section we wish to examine the effect of using 
Duerr’s® relativistically invariant formulation of the 
Johnson-Teller model. For this purpose we shall look at 
the nonrelativistic limit of Duerr’s Dirac Hamiltonian 
for the nucleon, and try to estimate how much change 
would be introduced in the results quoted in this paper 
by the use of his equations. Using the Foldy-Wouthuy- 
sen transformation,” Duerr shows that his Hamil- 
tonian reduces to 


9 


1 2 <i 1 
P p+P + r| 
Smo 1—ad 1—ad 1—a@ 


Vodou 
(1—a@) 


1 
— Lamp — bmodo W+—V - 


8mo 


1 
+—————-[¥ (adt+boo)X plv=0, (15) 
4m(1—a)? 


where /# and c have been set equal to unity,?” @ and go 
are the scalar and vector meson fields respectively, and 
a and 6 are constants which determine the strengths of 
these fields. The term [bmodo—amod] corresponds to 
the mean potential V(r). The last term in the equation 
gives the spin-orbit coupling. The term containing V’ 
operating on ¢ and ¢» has been omitted in the Hamil- 
tonian considered in our paper. 

The simplest assumption to make is that the two 
fields ¢ and @o have the same radial dependence. This 
is obviously not necessary but no direct information is 
available about this, since Duerr neglects gradient 
terms which give information on the meson masses. It 


26 L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 

27 It should be noted that if the symmetrized form of the opera- 
tor ~?/2m had been taken, Eq. (3) would have contained three 
terms similar to the first three terms in Eq. (15). See for example 
H. Weyl, Gruppentheorie und Quantenmechanik (Verlag Von S. 
Hirzel, Leipzig, 1928). 
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has therefore been assumed that both fields have the 
same radial dependence: 


Vy 
1+exp[a(r—a) ] 


and 


Modo = 


V» 


(16) 


moboo= - 
1+exp[a(r—a) ] 

In view of the large surface thickness of the poten- 
tial, Duerr’s values for af and bqo shall not be used 
since these numbers would probably not be the same if 
surface terms had been included in his calculations. 
Instead, it shall be required that the sum of the fields 
(16) be 69 Mev, the neutron well depth, and that the 
effective mass of a nucleon at r=0 be 0.5m» (which, in 
Duerr’s theory means that a@=0.5 at r=0). The con- 
stants in (16) then become V,=469.75 Mev and 
V2=400.75 Mev. 

If we define f=mo/m, then 8m» times the “kinetic 
energy” operator in Eq. (15) becomes 


2p:-fp+pf+fp 
=2p:fp+p-fp+p-Lp,fl+p:fp+Lip]:p 


=4p-fp—v’f. (17) 


Thus when the Hermitian form is taken in a sym- 
metrized manner, a small correction which is effectively 
a contribution of (h?/8m)¥?f to the potential well 
depth is introduced : 


—Vvf= (18) 


h? h? | 
Smo 


8m 


The first term in this equation is similar to the spin- 
orbit term (forgetting temporarily the changed form 
of the effective mass which we shall consider presently) 
but acts equally on all energy levels. For the surface 
thickness considered here, A~3.8 X 10-" cm, this should 
have little relative effect between different levels, but add 
an energy (mc?/AVo)[1/(2/+1) ]X (spin-orbit splitting 
of levels) to each energy level. For the / states in Ce! 
this amounts to approximately 0.33 Mev and for the 
d states to 0.24 Mev, which does indeed appear negli- 
gible. The second term makes the slope of the potential 
appear slightly less sharp since f”’ is negative inside the 
nuclear radius and positive outside. The change is very 
small and for a= 1.16 10-" cm it leads to an apparent 
increase in A of ~0.1X 10-" cm. 
On the other hand, the extra term 


l Vboo l 

| . |- V-fPvs 
8mo (1—a)?J_ 16m 

DF frf’ 
-—|-s"+ —-- 
2mol 4 tr i 


f(f’)? 
(19) 


has the opposite effect from Eq. (18) since all terms are 
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of opposite sign. Inside the nucleus it is of the same 
magnitude as Eq. (18) and hence we can roughly neglect 
the sum of all these terms. 

Of far larger consequence is the change in form of the 
effective mass itself. If the constants in the two formu- 
lations are chosen to give the same effective mass both 
inside and outside nuclear matter, the effective mass 
will still have a considerably different value in the 
surface region in the two cases. In the Duerr formula- 
tion, the effective mass is 


1 V(r) 
mM p= (1—ad)mo= (1+ ms for 
‘ae gf 


0 


m=(0.5m,) at r=0, 
whereas throughout this work an effective mass de- 
fined by Eqs. (6) and (5) has been used. Thus by 
definition, for all r, mp>m (e.g., at the nuclear radius 
mp= imo whereas m= }mo). Consequently, the “ef- 
fective potential,” mV, in Duerr’s case for the same 
V(r) is actually greater. One can get a rough estimate 
of this effect by examining the change in the “effective 
potential” : 
V ete? (r)=mp(r) V(r), 


Vere? 7 (7) =m/(r) V(r). 


Duerr’s effective potential extends 0.167A, 0.053A, and 
0.018A further out at 9/10, 1/2, and 1/10 of its maxi- 
mum value respectively than the effective potential of 
Johnson and Teller. Thus it is obvious that this change 
of form has quite an important effect for the values of 
A considered. According to the above estimate, this 
can be roughly split into two parts: an effective change 
in radius of approximately 0.054 with a corresponding 
increase in the binding energy of all levels, and a de- 
crease in the slope of the effective potential for the 
same slope in V(r), by an amount of the order of 
0.15A. For A=3.8X10-" cm this is not a negligible 
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AND MARK 
effect. Hence, to achieve the same level sequence, an 
a of 0.99 10" cm (A=4.45X 10-" cm) or less would 
probably be necessary. To obtain the same binding 
energies with the Duerr equation, the potential depth 
would have to be decreased by amounts depending on 
the change in the potential radius. Since this change is 
a constant, (0.05A), the effective potential depth should 
have a slight dependence on 4. 

A final remark should be made about the spin-orbit 
coupling term predicted by Duerr. This can be re- 
written as 


870.5 


h? 1dvV(r) h? 


1 dV(r) 
sete in ae ID —- — el, 
69 4mp’c?r dr 4mp?c?r dr 

which differs from the expression we have used not only 
in magnitude but also in form since the normal mass 
has been replaced by the effective mass. Unfortunately, 
this means that it is not accurate to quote a single ) to 
which Duerr’s expression is equivalent because this 
equivalent » will vary from level to level. Since the 
spin-orbit potential is a purely surface effect, a crude 
estimate can be made by replacing mp with }mpo, the 
effective mass in the region where dV /dr is a maximum. 
This gives \= 22.5, some 60% of the value used in this 
paper. Actually the equivalent A will be greater for 
eigenfunctions which have their last maxima inside the 
nuclear radius, such as those with only one node. How- 
ever, the spin-orbit term predicted by Duerr is of the 
right order of magnitude for the shell model, but it is 
not clear whether the Duerr formulation is quantita- 
tively sufficient to reproduce the experimental level 
sequence. 
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Magnetic Moment of the Second Excited State of F'"} 


P. LEHMANN, A. LEVEQUE, AND R. Pick 
Section des Réactions Nucléaires a Basse Energie du Service de Physique Nucléaire, 
Centre d’ Etudes Nucléaires de Saclay, GIF-sur-Y VETTE, France 
(Received June 4, 1956) 


The perturbation of the angular distribution of the 197-kev gamma rays following inelastic scattering 
of protons in F* has been measured as a function of an external magnetic field and the magnetic moment 
of the 197-kev state has been extracted from these measurements. A value of + (3.70+0.45) nuclear mag 
netons has been found. The lifetime of this state has been determined precisely : r= (1.23+0.07) X 1077 sec 


I, INTRODUCTION 


[pita coupling calculations have re- 
cently been carried out for nuclei of mass 18 and 
19,1" and the properties of the even-parity levels of 
these nuclei were found to agree well with the experi- 
mental values. It is therefore of interest to accumulate 
more experimental information about these levels. 

The lifetime®* of the 197-kev state in F" is long 
enough for a static magnetic field H to cause a strong 
perturbation of the angular distribution of the aniso- 
tropic y rays. A quantitative determination of this 
effect as a function of H can then yield a value of the 
magnetic moment of the intermediate nuclear state yu. 
For a liquid source, this angular distribution, measured 
in a plane perpendicular to the applied field, has been 
shown® to be of the form 


w@)= f {1+ Ave *P.[ cos(9@—w/) Jet, (1) 


where A» is the coefficient of the unperturbated distri- 
bution; A and A» are the decay constant of the y 
emitting state and the quadrupole interaction constant,° 
respectively ; w=yH//Jh is the Larmor frequency. 


Il. EXPERIMENTAL METHOD 


The 197-kev state was excited by inelastic scattering 
of protons on F" in a liquid medium, and the ratio of 
the counting rates of two y detectors arranged sym- 
metrically with respect to the proton beam was meas- 
ured as a function of the applied magnetic field. For 
6=45°: the ratio 


R=W (w)/W(—6, w)=W(—6, —w)/W(+6, —w) (2) 


goes through an extremum for a field strength H,, 
corresponding to a Larmor frequency of 


wm=43(A+Az). (3) 


tA preliminary report on this work has been published in 
Lehmann, Leveque, and Fiehrer, Compt. rend. 241, 700 (1955). 

1 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 

2M. G. Redlich, Phys. Rev. 99, 1427 (1955). 

3 Thirion, Barnes, and Lauritsen, Phys. Rev. 94, 1076 (1954). 

4 Jones, Phillips, Johnson, and Wilkinson, Phys. Rev. 96, 547 
(1954). 

6 A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 


It has been shown® that Az is roughly proportional to 
the macroscopic viscosity of the solution. Experiments 
made with two different viscosities should then allow 
extrapolation to zero viscosity (A2=0). 


III. EXPERIMENTAL ARRANGEMENT 


The proton beam from the Saclay 5-Mev electrostatic 
accelerator entered a liquid cell through a platinum 
window 5 yu thick. The continuously circulating liquid 
was a solution of potassium fluoride in water with a 
concentration of 600 g/l or 300 g/l. The gamma-ray 
detectors were 1X1 inch Nal(TI) crystals mounted on 
EMI 6260 photomultipliers. The detectors were care- 
fully shielded from the magnetic stray field and from 
the scattered gamma rays. The magnet itself was 
designed to minimize the scattering of gamma rays by 
keeping the coils away from the gap as much as possible. 
The magnet was carefully demagnetized between the 
measurements and its field was measured with a coil 
meter. 

The outputs of the amplifiers following the multipliers 
were connected to 10-channel pulse-height selectors of 
the standard Saclay type. 

The measurements were made in the following order: 
(i) without any field, (ii) field in one direction, (iii) 
field in the opposite direction, (iv) without any field, 
and repeated twice in this order for every value of the 
field. 


IV. RESULTS 


Figure 1 shows the results obtained with the 600-g/] 
solution. The curves have the form predicted by Eq. (1) 
The best fit is obtained for H,,= (587+12) gauss. 

Another curve obtained with the 300 g/l! solution 
yields essentially the same value. A careful comparison 
of the two curves shows that the position of the maxima 
cannot differ by more than 5%. 

The ratio of the viscosities of the solutions was 
measured both at 5°C and 33°C with a Baumé visco- 
simeter and can be estimated to be around two at the 
unknown local temperature in the region of the proton 
beam. In the result the possibility of quadrupole effects 
has been taken into account by assuming a systematic 
error of 2.5%+42.5% 


*P. B. Hemmig and R. M. Steffen, Phys. Rev. 92, 832 (1953 
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Fic. 1. Experimental points showing the ratio of the counting rates of the two detectors as a function of the magnetic field. 
The two solid lines are theoretical curves calculated for «= +4.1 and n= +3.5. 


The precision of the value of u was limited by the 
20% error of the lifetime of the 197-kev state given in 
the literature. A somewhat more accurate measurement 
has been performed using the delayed coincidence 
method. This experiment has been described previ- 
ously.’ The result, 7=(1.23+0.07)X10~’ sec or 
A= (0.81+0.05)X107 sec, yields a value for the 
magnetic moment of +3.70+0.45 nuclear magnetons, 
in agreement with the value 3.3 obtained by Elliot in 
preliminary calculations.*-* 


7 Fiehrer, Lehmann, Lévéque, and Pick, Comp. rend. 241, 
1748 (1955). 

8 J. P. Elliot (private communication). 

* Note added in proof.—Similar experiments using liquid sources 
of O'* have been made at Cavendish Laboratory [ Phillips, Jones, 


The present value is somewhat larger than those 
obtained using a solid target and neglecting quadrupole 
effects.*:” 
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and Johnson (to be published) ]. The results are in good agree- 
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Measurement of Energy Levels in F’® and Ot 


G. L. Squires,* C. K. Bocketman,{ AND W. W. BuECHNER 
Physics Department and Laboratory for Nuclear Science, Massachusetls Institute of Technology, Cambridge, Massachusetts 
(Received July 5, 1956) 


The broad-range magnetic spectrograph of the Massachusetts Institute of Technology High Voltage 
Laboratory has been used to study the proton groups from the reaction F!°(p,p’)F'* and the alpha-particle 
groups from the reaction F'(p,a)O'*. The incident protons had an energy of 7 Mev and were produced 
by the MIT-ONR Van de Graaff generator. The ground-state Q value for the F!°(p,a)O"* reaction was 
found to be 8.110-+0.010 Mev. Values of the energy levels of F'® and 0" are given up to 4.05 and 11.3 


Mey, respectively. 


I. INTRODUCTION 


NERGY levels of F' have been measured by 

Arthur et al.! by the magnetic analysis of protons 
inelastically scattered by F'’. In the region up to 4.1 
Mev, they found levels at 1.37, 1.59, 2.82, 3.94, and 
4.06 Mev. Since their work, additional levels have been 
found at 0.110, 0.197, and 1.452 Mev by several 
methods,?* chiefly by the measurement of the energies 
of the gamma rays that follow inelastic proton or 
alpha-particle scattering from F". In addition, two 
further levels at 0.9 and 2.2 Mev have been reported 
by Seale, who measured the energies of the neutron 
groups from the reaction O!8(d,n)F™™*. 

The energy levels of F" are of considerable theoretical 
interest.*> Therefore, to check the previously reported 
values and to search for further levels, the levels up to 
4.05 Mev have been measured once more, by the 
magnetic analysis of the proton groups inelastically 
scattered by F". 

At the same time, the alpha particles from the 
reaction F!(p~,v)O'* were analyzed. From these 
measurements, values for the energy levels of O'8 
up to 11.3 Mey were obtained. 


II. DESCRIPTION OF EXPERIMENT 


The MIT-ONR generator and the analyzing spectro- 
graph have been described previously.*:’ 

In the present experiment, the target was a thin 
layer of barium fluoride evaporated onto a thin gold 
film stiffened by Formvar. The energy of the incident 
protons had various values between 7.0 and 7.3 Mev 


t This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* Now at the Cavendish Laboratory, Cambridge, England. 

t Now at Yale University, New Haven, Connecticut. 

' Arthur, Allen, Bender, Hausman, and McDole, Phys. Rev. 
88, 1291 (1952). 

2 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 


, Wilkinson, and Alburger, Phys. Rev. 101, 1485 

(1956). 

4R. L. Seale, Phys. Rev. 92, 389 (1953). 

5 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 

6 Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 91, 
1502 (1953). 

7 Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956). 


and was determined by measuring the energy of the 
protons elastically scattered by F'*. The beam current 
was about 0.1 microampere. The majority of the 
bombardments corresponded to 600 microcoulombs of 
incident protons. However, the elastically scattered 
proton group obtained from such an exposure was too 
intense to be countable. To locate this group, a separate 
bombardment of 40 microcoulombs was made. 

Measurements were made at scattering angles of 
60, 90, and 130 degrees in the laboratory system. 
The target was set up at 45 degrees to the incident 
proton beam in each case. For the measurements at 60 
degrees, the incident protons passed through the 
gold before striking the barium fluoride; for the 
measurements at 90 and 130 degrees, the protons struck 
the barium fluoride before the gold. At each of the 
scattering angles, plates were exposed at three values 
of the spectrograph magnetic field. In this way, protons 
were recorded over a range of energy from 1.5 to 7 
Mev, and alpha particles, over a range from 2.7 to 
13 Mev. The target contained several impurities. 
Apart from barium and gold, the chief of these were 
C®, C8, O', and S*. The mass of the target nucleus 
corresponding to a particular group of scattered particles 
can be calculated from the variation of the energy of 
the group with the scattering angle. The proton and 
alpha-particle groups from impurities in the target 
were thus readily separated from those that were 
due to FY. 


III. RESULTS 


A typical set of results for the proton groups is shown 
in Fig. 1. The energy levels of F’ are listed in Table I, 
together with values from previous experiments.'*:* 
Each value in the left-hand column of the table is the 
mean of the three values obtained at the three scattering 
angles. The spread in the individual values indicates 
that they are reproducible to 1 kev. 

A typical set of results for the alpha-particle groups 
is shown in Fig. 2. The groups labeled A and B have not 
been identified. Group A may correspond to the 
reaction Na™(p,v)Ne?™*, with the Ne” in an excited 


5 Gossett, Phillips, and Eisinger, Phys. Rev. 98, 724 (1955), 
and J. M. Freeman, Phys. Rev. 99, 1446 (1955). 
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Fic. 1. Spectrum of protons scattered from a barium-fluoride target. The excitation energies of the recoil nuclei are given in Mev. 
Peaks not attributed to F” are labeled. 


state at 5.4 Mev. However, the corresponding alpha- 
particle group does not appear at the other scattering 
angles. 

The ground-state Q value for the reaction F!(p,a)O"® 
was found to be 8.110+0.010 Mev. The energy levels 
of O'* are listed in Table IT, together with values from 
previous experiments.” The values given in the 
left-hand column of Table II were obtained by sub- 
tracting the measured Q values from 8.110 Mev. The 


TABLE I. Energy levels of F® (in Mev). 
Value fron 


present 


experiment 


Value from 
previous 
experiments 


0.110+0.001* 
0.197+0.001* 
1.342+0.010 
1.452+0.010 
1.551+0.010 
2.82 +0.03 

3.94 +0.03 


0.111+0.002 
0.197 +0.002 
1.350+0.005 
1.462+0.005 
1.558+0.005 
2.784+0.008 
3.912+0.010 
4.002+0.010 


4.036+0.010 4.06 +0.03 


* These values are the weighted means of the values given in references 
2 and 8. 

> See reference 2. 

© See reference 8 

4 See reference 3 

* See reference 1 


® Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 
 R. W. Hill, Phys. Rev. 90, 845 (1953). 

J. W. Bittner and R. D. Moffat, Phys. Rev. 96, 374 (1954). 
12 W. F. Hornyak and R. Sherr, Phys. Rev. 100, 1409 (1955). 


values of the O'® energy levels are again the mean of 
three values, one from each scattering angle. The 
spread in the individual values indicates that they are 
reproducible to 4 kev. 

In addition to random errors, there are several 
sources of systematic errors in the measurements. 
These have been discussed in a previous paper.” The 
two most important are (1) the effect of surface 
contamination on the energies of the incident and 
emitted particles and (2) uncertainties in the calibra- 
tion of the spectrograph. The errors in our energy-level 
values given in Tables I and II represent a combination 
of the random and estimated systematic errors. 

The F"® levels given in the left-hand column of 
Table I are all that have been found. The measurements 
indicate that, in the region up to 4.05 Mev, there are 
no other levels that give rise to proton groups with 
heights greater than 2% of the height of the group 
corresponding to the 1.558-Mev level. It can be seen 
that we do not observe the levels at 0.9 and 2.2 Mev 
reported by Seale. Apart from this, our results are 
consistent with those obtained in previous experiments. 
As far as we are aware, the level at 4.002 Mev has not 
been previously reported. 

The values of the 0" energy levels are also consistent 
with previous values. Hill'® has found a broad level at 
9.58 Mev. At 130 degrees, we observed a weak broad 


18 Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951). 
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Fic. 2. Spectrum of alpha particles obtained from the proton bombardment of a barium-fluoride target. The excitation energies of the 
O'* recoil nuclei are given in Mev. The peaks labeled A and B are discussed in the text. 


TABLE IT. Energy levels of O'* (in Mev). 
Value from 
previous 
experiments 
6.06 
6.14 
6.91 
7.12 
8.87 +0.02 
9.835+0.010 
10.35 +0.02 
11.10 +0.02 


Value from 
present 


experiment Reference 


6.051+0.010 
6.131+0.010 
6.920+0.010 
7.120+0.010 
8.874+0.012 
9.852+0.012 
10.363+0.014 
11.085+0.014 


® See reference 2. 
b See reference 9. 
¢ See reference 10. 
4 See reference 11. 
¢ See reference 12. 


group of alpha particles corresponding to this level, 
but at 60 and 90 degrees, the group was so weak as to 
manifest itself only as an apparent increase in the 
background. Apart from this, all the O"* levels that we 
found are given in Table II. There are no other levels, 
in the region of investigation, giving rise to alpha- 
particle groups with heights greater than 5% of the 
height of the group corresponding to the 8.874-Mev 
level. 

The width at half-height of the alpha-particle group 


corresponding to the ground state of O'® was about 20 
kev. This broadening is due partly to the apparatus 
itself and partly to the thickness of the target. The 
levels in Table II from 6.051 through 9.852 Mev gave 
rise to groups whose widths were also about 20 kev, 
which indicated that these levels are narrow. The 
widths of the groups corresponding to the 10.363- and 
11.085-Mev levels were about 25-30 kev. Bittner and 
Moffat" have reported a tentative level at 11.10 Mev 
with a Ij) value of 10 kev. Hornyak and Sherr,” 
observing proton-gamma coincidences from the inelastic 
scattering of protons by O'*, have found a level at 11.08 
Mev. However, they deduce from the coincidence rate 
that the width is considerably greater than 10 kev. 
Therefore, the width of our 11.085-Mev level indicates 
that it corresponds to the level found by Bittner and 
Moffat. 
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Effect of Proton-Proton Scattering on an Initial Longitudinal Spin Polarization* 
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The Wolfenstein A parameter for proton-proton scattering is measured for three angles at an incident 


laboratory energy of 316 Mev. 


INTRODUCTION 


HIS report is a description of the last in a series 

of measurements performed at Berkeley on the 
proton-proton system at 316 Mev. The object of this 
experiment is to obtain information concerning the 
scattered spin polarization when the initial polarization 
is along the direction of motion. Three scatterings are 
therefore required ; the first and last act as polarizer and 
analyzer, by means of which the unknown parameters 
of the second scattering are to be determined. In this 
way we are able to measure another independent 
parameter of the proton-proton system, denoted by 
Wolfenstein! as A (6). 

To obtain a longitudinal component of polarization 
it is necessary to employ an auxiliary magnetic field, 
since the polarization produced at the first target is 
perpendicular to the plane of the scattering. This 
requirement may be compared to the conditions for the 
other triple-scattering experiments already performed 
at this laboratory; namely the measurements of the 
D and R parameters.? These are concerned with com- 
ponents of the final polarization when the initial polari- 
zation is perpendicular to the direction of motion. 


THE POLARIZED BEAM 


The polarized 316-Mev proton beam* was produced 
by a 13° left elastic scattering of the internal circulating 
beam of the 184-inch cyclotron from target No. 1, of 
beryllium. The polarization vector of the first scattered 
beam, (@);, is directed upward, perpendicular to the 
plane of the scattering, and has the magnitude 
P,=0.69+0.05. The beam is brought into the experi- 
mental area (cave) through a 2-inch-diameter collimator 
at a rate of 3X 10° particles per second. Here it enters a 
horizontal magnetic field which deflects it upward by 
an angle = 28.4°. Figure 1 outlines the experimental 
geometry in the cave. When the beam emerges from the 
magnet the polarization vector is no longer perpendicu- 
lar to the direction of motion, but has been rotated 
backward through an angle x, in the vertical plane. 
Consequently the beam has acquired a longitudinal 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1L. Wolfenstein, Phys. Rev. 96, 1654 (1954). 

2 Ypsilantis, Wiegand, Tripp, Segré, and Chamberlain, Phys. 
Rev. 98, 840 (1955). 

8 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 102, 1659 (1956). 


component of polarization equal to — P; sinx, with re- 
spect to the direction of motion. 

That the angle x is different from zero after passage 
through the horizontal magnetic field is due to the 
anomalous part of the proton magnetic moment. The 
following formula, derived by Garren‘ and contained in 
the work of Mendlowitz and Case,® gives the relation 
between x and 2 as defined in the previous paragraph: 


x=7(up—1)2. (1) 


Here, y represents the ratio of relativistic mass to rest 
mass and yu, is the proton magnetic moment in units 
of the nuclear magneton. For 316+10-Mev protons 
and 2= 28.4°+0.25°, x has the value 66.5°+0.7°. 


SCATTERING GEOMETRY 


The disposition of the second and third scattering 
planes is described below and depicted in Fig. 1. 
Proceeding upward from the magnet, the beam en- 


9 


counters the second target, composed of 1.13 g/cm? 
liquid hydrogen. We fix our attention on protons that 
are scattered at an angle @, in a plane m2, which is 
perpendicular to the vertical plane passing through the 


Fic. 1. Perspective drawing of the A experiment geometry. 
(Not to scale.) The circles labeled 2 and 3 represent the hydrogen 
target and the analyzing target respectively. The first scattering 
inside the cyclotron is not shown. The plane labeled m is the 
vertical plane containing the deflected beam, while the planes 72 
and x; are, in order, the planes of second and third scattering. 
The pianes 7; and 72 are perpendicular as are the planes m2 and 
x3. The vector ng lies in the vertical plane. The vector H represents 
the horizontal magnetic field. 


4A. Garren, Atomic Energy Commission Report NYO-7102 


(unpublished). a 
5 H. Mendlowitz and K. M. Case, Phys. Rev. 97, 33 (1955). 
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p-p SCATTERING 
deflected beam. These scattered protons are allowed to 
scatter again at the third target, in a plane 73 chosen 
perpendicular to m2 and containing targets 2 and 3. The 
third or analyzing target is composed of beryllium and 
located 4 ft from the hydrogen target. By measurement 
of an asymmetry after the last scattering, the compo- 
nent of the scattered beam polarization at right angles to 
the plane w; is determined, and thereby the quantity 4. 

The relation between the measured asymmetry at the 
third target and the parameter A is obtained from Eq. 
(1.4b) of Wolfenstein: 


T(0)9°82= Too A(o)1' , ko+ Ro)’: (n2X kp) |. (2) 


The subscript refers to the particular scattering, so 
that J; and J; are the intensities out of the jth target 
for polarized and unpolarized incident beams respec- 
tively, and k; and k,’ are the unit vectors in the incident 
and outgoing directions, respectively. A system of 
coordinates is defined for the scattered particles at any 
target by the unit vectors n,, k,’, s;, where nj=k;Xk,’/ 
'k;X<k,;’|, and s;=n;Xk,’. The symbol (e),;’ represents 
the polarization produced at target No. 1 but rotated in 
the horizontal magnetic field, whereas (o)2 is the polari- 
zation vector, of unknown direction and magnitude, 
after scattering at target No. 2. For the geometry 
chosen, (e);’ is perpendicular to n2Xk2, which means 
that the effect of the parameter R does not appear. 
Since we wish to measure the component of (@)2 along 
the direction s2, the analyzing plane is chosen perpen- 
dicular to s2 and therefore perpendicular to the plane of 
second scattering. The scattered intensity out of the 
third target is® 

I3=I30(1+(o@)2-n3P3). (3) 


Let 7;(+) denote the intensity when n; is parallel to 
+82; then the asymmetry at target No. 3 is de- 
fined to be 


é35=(13(+)—J3(—- ) [I3(+)+J]3(—) ]=(@)2-s2P3. (4) 


If we insert J2=J29(1+(@):’-m2P2) in Eq. (2) and use 
the geometrical facts, (o);’-k»=— P; siny and (@);’-me 
=+P, cosx, we obtain the following expression for é3,: 
é3.=>=— P\P3A sinx (1+P;P2 cosy ). (5) 
The + refers to left or right’ scatter from target No. 2. 
The parameter A may be related to the coefficients 
of the proton-proton scattering matrix, as given in 
reference 1. The result® is 


I,A = ImC*(B+G—.N) cos(@/2) 


— + Re[ (N—H)B*+ (G—N)*(N+4) ] sin(@/)2, (6) 


where @ is the c.m. scattering angle, and J» is the un- 


6 L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 

7 The directions denoted by left or right are those that would be 
discerned by an observer moving with the beam incident on target 
2 and oriented in the direction of the component of the spin 
normal to the trajectory. 

8. Wolfenstein, Seminar lectures, University of California, 
Spring semester 1955 (unpublished). 


ON 


SPIN POLARIZATION 


TABLE I. Relative values of background and effect.* 


Lab angle 
e: Rs/Ru 

0.17 

0.06 


Ra/Ru 


0.07 
0.025 
0.026 


11.8° 
24° 
36° 


rate with the hydrogen target in place. The third scattering angle, 0s, 
has different values for each ©. The corresponding values of 62 are listed 
in Table II. 


polarized differential cross section. In this expression, 
relativistic corrections are neglected. 

It may be noted that another geometry is available 
to measure A besides the one employed here. It involves 
magnetic deflection in the manner described above, but 
the second scattering takes place in the vertical plane, 
while the analyzing plane is again perpendicular to the 
plane of second scattering. To eliminate the parameter 
R from the picture a magnet sufficiently powerful to 
rotate the spin through 90° must be used. 


EXPERIMENTAL DETAILS 


An ionization chamber was placed before the en- 
trance to the deflecting magnet for the purpose of 
monitoring the polarized beam. Four plastic scintillation 
counters connected in coincidence, together with their 
associated electronic circuits, were used to record the 
desired events. Two of these counters, called A and B, 
each having the dimensions 3 by 3 by } inches, were 
placed between targets No. 2 and 3 to define the 
second scattered beam. Counter A was at the midway 
point, while B formed part of the third target. The last 
two counters, labeled 1 and 2, were placed after target 
No. 3. The distances of Counters 1 and 2 from target 3 
were 25.5 and 33 inches; their dimensions were 2.5 by 
8 by 2 inches and 3 by 9 by inches, respectively. 
Between the last two counters was located a variable 
amount of copper absorber for the purpose of reducing 
inelastic scattering from the third target. When 
Counters A, B, 1, and 2 all fire within approximately 
3X10-® sec of each other, a triple-scattering event is 
said to have occurred. The four counters and target 
No. 3 were mounted on a supporting frame located 
behind the hydrogen target. 

The following quantities must be known before A 
may be calculated from Eq. (5): e3., PiP3, P:P2, and x. 
Determination of e;,, which is the primary experi- 
mental quantity, involves measuring the coincidence 
counting rate between counters A, B, 1, and 2 with the 
hydrogen target in place, and then replacing the target 
by a blank and measuring the background counts arising 
from scattering at the vacuum-jacket windows. In addi- 
tion, background arising from accidental coincidence 
events was measured. Table I gives the relative magni- 
tude of the background effects. 

The factor P,P3, which may be called the calibration 
asymmetry, was determined separately at the end of 
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40 60 
62 (c.m.) in degrees 


Fic. 2. Experimental values of the parameter A plotted 


against the center-of-mass scattering angle 6. 


the run. The procedure used was as follows: The 
hydrogen target and deflecting magnet were removed 
from the cave. The supporting frame was then lowered 
so that counters A and B were in line with the un- 
deflected polarized beam. The frame had also been 
rotated in such a manner that the analyzing plane was 
parallel to the plane of the cyclotron. The beam energy 
was degraded to a value corresponding to the energy 
of a proton after scattering from hydrogen at one of the 
angles used previously. Under these circumstances an 
asymmetry was measured at the beryllium target which 
is equal to P,P; for the required experimental 
conditions. 

P,P» was calculated from previously known informa- 
tion on the beam polarization and from data for P»,° 
the hydrogen polarization function. 

Knowledge of the beam energy and the angle of 
deflection, 2, enables one to compute x. The angle 2 
was determined by locating the deflected and unde- 
flected beams by use of photographic films and measure- 
ment of the angle between them by use of transits. 
This method checked quite well an estimate for Q 
obtained by constructing a current-carrying wire orbit 
through the magnet for the given value of the field. 


RESULTS 


The parameter A was determined for three values of 
the second scattering angle @2(lab) : 11.8°, 24°, and 36°. 
The last two points are averages for a left and a right 
scatter from hydrogen. This procedure provides a 
check on the reliability of the data; mechanical limita- 
tions, however, confined measurement of the 12° point 
to a left scatter only. Figure 2 shows the experimental 
values of the parameter A plotted against the c.m. 
angle 02, while Table IT gives values for the pertinent 
experimental information. 


® Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. (to be published). 


SIMMONS 


TABLE IT. Experimental quantities for the A experiment.* 








62(c.m.) 

@; (lab) 
Target 3 
€ss left 

€3s right 
P,P; 

P 

A (average) 


25.4°+3.6° 
13.85° 

2 in. Be 
—0.155+0.028 


0.543+0.021 
0.3350.025 
—0.339+0.064 


51.36°+4.5° 

12.25° 

2 in. Be 

—0.018+0.028 
0.025+0.032 
0.515+0.022 
0.317+0.025 
0.007 +0.045 


76.26°+4.7° 
19.9° 

1 in. Be 
0.129+0.034 
0.103--0.034 
0.537+-0.027 
0.142+0.025 
0.236+0.050 


® The quoted errors in ¢3s, PiPs, and P2 are expressed in terms of standard 


deviations, The spread in @2 is due mainly to geometrical resolution, with 
some contribution from multiple scatter in target No. 2. Values of Pe are 
extracted from reference 9. 


The uncertainty in A was calculated by combining 
the errors in the various measured quantities. The 
errors listed for es, and P:P;, although predominantly 
due to counting statistics, include a contribution from 
estimated false asymmetries induced by misalignment in 
the zero-setting of @;. Misalignment contributes ap- 
proximately 15% to the total error in A at the two 
smaller angles, and about 5% at the larger angle. 

At the time of this experiment the first stage of a 
phase-shift analysis on the proton-proton system at 
310 Mev had been completed.” This and subsequent 
work" gave six sets of phase shifts which fit the experi- 
mental results (not including the measurements re- 
ported here). Only one of these six solutions however 
was in reasonable agreement with the results of the 
present experiment. Continuation of the phase-shift 
analysis, with the A data included, gave the following 
results. Of the six solutions found in the earlier analysis 
only the one mentioned above remained essentially un- 
altered while four others changed materially so as to 
remain acceptable solutions. The sixth solution could 
be definitely excluded. 
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An analysis of a nuclear spin-resonant circuit system shows that the electric circuit parameters rather than 
the nuclear spin relaxation times may determine resonance widths, maximum signal, and integrated in 
tensities in high-resolution continuous-wave nuclear magnetic resonance. 


LUMPED-PARAMETER analysis of a coupled 

nuclear spin—electricai circuit system shows that, 
contrary to a suggestion in the literature,! radiation 
damping can be an important factor in continuous- 
wave high-resolution nuclear magnetic resonance experi- 
ments. The analysis indicates that the presence of ap- 
preciable radiation damping should make it difficult to 
obtain pure absorption or dispersion signals. A single- 
coil system system is considered here but the arguments 
also apply to multicoil experiments. 

Bloembergen and Pound give a correct steady-state 
solution to the problem for a series resonant circuit in 
their Eqs. (12)-(14). The current through the circuit 
is however not held fixed during an experiment, con- 
trary to an assumption by these authors. Instead, the 
series circuit is fed by a constant-voltage generator, and 
the voltage signal appearing across the coil terminals 
will show, on solving their Eqs. (13) and (14), exactly 
the same radiation damping in the steady state as in 
the transient case.” 

The present analysis considers a parallel resonant 
circuit representation with a constant current generator. 
The admittance of a parallel resonant circuit is 


Y= (1/R)+twC+ (1/iwL), (1) 
where the complex inductance is 
L= Lo (1+ 42 fx) (2) 


in terms of the inductance of the coil in free space Lo, 
the complex susceptibility of the nuclear spins x= ’ 
—ix’’, and the filling factor f. At circuit resonance, 
w*LoC=1, the admittance becomes 


1+4n fx (1+7Q) 
R(1+4r fx) 


Y 


where 
= R who (4) 


is the quality factor of the coil. 
The voltage developed across the circuit by a constant 
* This research was supported in part by the Office of Naval 
Research and by the U. S. Air Force through the Air Force Office 
of Scientific Research, Air Research and Development Command. 
1 N. Bloembergen and R. V. Pound, Phys. Rev. 95, 8 (1954). 
2 We are grateful to Professor Bloembergen for a clarifying 
communication on this point. 


current J may be written 


VU=VotV,, (5) 
where 
Vo= IR 


is the voltage across the circuit when it is tuned to a 
frequency far from nuclear resonance and then, from 
Eq. (3), 
(40 fQ| x | ide fOx (1 +42 fx*) 
Dy= 04 | 


1+82 f(Qx” +x’) + (44 fQ|x|)? 


is the voltage induced across the circuit by the rotating 
magnetization of the nuclear spins. In high-resolution 
experiments, it is not valid to make the usual approxi- 
mation 42 fQ!x| max<1. Using the general definition’ of 
Bloembergen, Purcell, and Pound for 72, one has 
|x| max = 3X0wol 2, where xo is the static nuclear paramag- 
netic susceptibility, 7, is the inverse line width param- 
eter, and wo is the nuclear Larmor frequency. As an ex- 
ample, xo~4.3X10-"/ml at room temperature for 
protons in water. Assuming that the spectrometer has a 
resolution }wo7'y~3X 107 determined by magnetic field 
inhomogeneities, and that the circuit parameters have 
reasonable values 0~100 and f~1/ 27, then 


4dr fQ)| X | max™3. (7) 


With the assumption Q>>1, Eq. (6) may be simplified 
to be 


(8) 


(4 fQ| x| )? +740 fOx | 


Uy . -vf . 
1+82 fOx"’+ (44 fO|x|)? 


In Eq. (8), the real and imaginary parts have the sym- 
metry of x” and x’ respectively with respect to the 
resonance center but are mixtures of absorption and 
dispersion through the |x| terms. It is customary to 
remove the Us component of the voltage across the 
circuit, for example, by means of a bridge network and 
further, in broadline nuclear magnetic resonance, to 
select either the real or imaginary part of U, by ad- 
justing the magnitude and phase of the unbalance,‘ 

| Ux | maxX |Vo—- V3], (9) 
where VU; is the voltage across the circuit from the 


3 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
‘G. E. Pake, Am. J. Phys. 18, 438 (1950). 
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resistive branch of a bridge network. Substituting the 
particular example of Eq. (7) into Eq. (8) shows that 


Ux | max2~¥ |Vo}. (10) 
Thus, in high-resolution nuclear magnetic resonance, 
voltage U; must be made much larger than Uo in order 
to satisfy Eq. (9) but such a balance condition defeats 
the purpose of the bridge. As indicated below, the use 
of a high degree of bridge balance, 


|Vo—V1| <<] V,| max | Vol , (11) 


is satisfactory for locating the center of a resonance 
under conditions of high resolution. On the other hand, 
if the resonance width is the parameter of interest, some 
care is necessary in interpretation. If one assumes Bloch 
susceptibilities, Eq. (8) becomes 
V — VU 0 

[een +2 fOx wT 2) +iT 2(wo—w) | 

[(1+29 fOxowoT 2)’+T2(wo—w)? 


| (12) 


The half-width Aw of the resonance response will 
depend upon the method of detection of U,. If a phase- 
sensitive detector is used to take the real part of U,, 
then 


Aw(ReV,)= (1/T2)+ 22 fOxowo, (13) 


or if U, is simply rectified so that the magnitude of U, 
is detected, then 


Aw(|V,|)=Vv30(1/T2)+ 22 fOxowo ]. 


The second term on the right in Eqs. (13) and (14) 
constitutes the radiation damping effect in continuous 
wave high resolution nuclear magnetic resonance. 
Apart from the factor v3, which is the contribution of 
the dispersive component to line breadth, it is the same 
expression discussed earlier by Bloembergen and Pound 
as applying only to free-precession experiments. It was 
previously realized by Arnold® that the effect may also 
apply to continuous-wave experiments. In the example 
which led to Eq. (7), radiation damping dominates in 
determining the line width. 

Further, the analysis indicates that the maximum 
signal of a resonance and the area under the curve must 
be interpreted carefully in high resolution. From Eq. 


(14) 


5 J. T. Arnold, Phys. Rev. 102, 136 (1956). 
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AND PAKE 
(12), the maximum signal for either manner of detection 
is 


Vx| max 2 fOxwmol 2 


(15) 
Vo 1 — 27 fOxowoT 2 


It is seen that the appearance of xo in the denominator 
as well as in the numerator means that the maximum 
signal is not simply proportional to nuclear spin con- 
centration when conditions such as those leading to 
Eq. (7) prevail. Finally, integrating Eq. (12) for the 
area under the curve yields, in the case of Re(VU,) 
detection, 


-{ Re(U,)dAw= 21? fOxqwVo, (Aw=wo—w), (16) 


~ 


which is proportional to the number of spins contrib- 
uting to the resonance. However, if the magnitude of 
he signal voltage is detected, then the integral 
S=.|\0,|ddw diverges. This divergence arises from the 
assumption of perfect bridge balance whereas actually 
there will be a value of Aw at which the smal] but finite 
bridge unbalance becomes larger than |U,|; thus, as 
for broad lines, the appropriate integrand becomes 
Re(U,) and the integral converges. In any event, the 
integral is without simple meaning as an indication of 
the number of spins participating in the resonance. 

It is apparent in the foregoing discussion that 
radiation damping will be a more serious problem as 
higher resolution is attained. Even with the resolution 
of some existing spectrometers,®® radiation damping 
may determine the width, maximum signal, and in- 
tensity of some resonances such as the proton resonance 
of water. Other resonances, such as that of ethy] alcohol, 
which consists of many lines are not greatly affected in 
the present resolution because xo for any particular 
nuclear spin transition is not large. In order to reduce 
the radiation damping effect, it is necessary to decrease 
parameters which are normally made large for reasons 
of signal to noise. With this reduction of signal in ad- 
dition to that necessary to avoid saturation in those 
samples with a large 7,, adequate spectrometer sensi- 
tivity may well become a problem in ultrahigh-reso- 
lution spectroscopy. 


6C. R. Bruce, thesis, Washington University, 1956 (unpub- 
lished). 
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Cross Sections for the T(d,n)He‘* Reaction 


A. GALONSKY AND C. H. JOHNSON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received June 25, 1956) 


Differential cross sections for the T(d,n)He* reaction have been measured as a function of energy at 
6,=6° (c.m.) from Ea=1.0 to 5.0 Mev and as a function of angle at Ey=1.53, 2.21, 3.05, 3.97, 4.98, and 
5.79 Mev. The estimated uncertainties are within the range +8% to 411%. Although no sharp anomaly 
appears in the 6° excitation curve, there is a slow increase of ~50% from 2.5 to 5 Mev. In this energy region 
the total cross section is flat or, perhaps, even slightly rising with increasing energy; whereas below 2.5 Mev 
it is a sharply decreasing function of energy. When compared with the much lower cross section reported at 
Ea=10.5 Mev, the present data may indicate a new level of He’ with an excitation of ~22 Mev. The angular 
distributions, however, do not lend direct support to the resonance assumption since they are asymmetrical 


and contain large forward peaks. 


EVEN-PARITY STATES OF He 


CCORDING to the simple model of Lane and 
Thomas,!' the low states of non-normal parity in 
the 1p-shell nuclei are of four types: [ (1s)*(1p)"""Jai 
+ either 251/2, 1d5/2, or 1d3/2, and [ (1s)*(1p)"*" Jai— 1512. 
In He? these are even-parity states: the first three con- 
sisting of a single neutron and an a-particle core, the 
last of a single hole and a Li® core. The reduced width 
for neutron emission should be near the single-particle 
value for each of the three neutron states and near zero 
for the hole state. Since the only known even-parity 
state of He’, the 3/2* state at 16.7-Mev excitation, has 
a very small neutron reduced width,” it may be associ- 
ated with the state having a 15/2 hole in the Li® ground 
state.! 

Although it would be pertinent to the shell model to 
locate the 25,2, 1ds5;2, and 1d32 states, their single- 
particle nature and great excitation energy may make 
them broad and overlapping, thus, difficult to observe. 
In the Lane-Thomas model! there should also exist 
near 16.7 Mev a 1/2* state formed by a 1s1/2 hole 
coupled antiparallel to Li®, and at higher energies states 
of a 1512 hole in the Li® excited states. Since the first 
excited state of Li® is 3+ at 2.2 Mev,’ one might expect 
to find a 5/2+ and a 7/2* state at ~19 Mev in He’. 
Like the 16.7-Mev state, these states too would have 
relatively small neutron widths but might yet be hard 
to observe because the Li® state has a single-particle 
deuteron width,’ which could persist in the He® states. 


T(d,n)He' CROSS SECTIONS 


In order to study the excited states of He® a survey 
has been made of the T(d,x)He* reaction and a pre- 
liminary report has been given.’ The cross sections 


1A, M. Lane and R. G. Thomas, Revs. Modern Phys. (to be 
published). 

2 Argo, Taschek, Agnew, Hemmendinger, and Leland, Phys. 
Rev. 87, 612 (1952); Conner, Bonner, and Smith, Phys. Rev. 88, 
468 (1952). 

3F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

4C. H. Johnson and A. Galonsky, Phys. Rev. 100, 1252(A) 
(1955). 
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measured are also of interest to users of this reaction 
as a neutron source. 

A tritium gas target? was bombarded with mono- 
energetic deuterons accelerated in a 5.5-Mev electro- 
static generator. Fast neutrons produced in the 
T(d,n)He* reaction were detected by a radiator-type 
proton-recoil telescope.® Cross sections were determined 
from measurements of the number of incident deu- 
terons; the density of tritons in the path of the beam; 
the number of protons in the radiator; the n-p cross 
section for forward recoils; and several distances, due 
account being taken for the finite sizes of gas target, 
radiator, and detector. 

An excitation function at 6° in steps of 0.1 Mev is 
presented in Fig. 1. The target thickness decreases from 
0.12 Mev at 1 Mev to 0.04 Mev above 3 Mev. All of the 
points are in the center-of-mass (c.m.) system. A smooth 
curve is drawn through the points, and the curve trans- 
formed to the laboratory system is algo drawn. At 
energies lower than Ea=1 Mev is the well-known 
16.69-Mev, 3/2*+ resonance which has a peak cross 
section of 398 mb/sterad at Ey=0.107 Mev. For several 
hundred kev this resonance is well-fitted with a Breit- 
Wigner formula.? The lowest curve in Fig. 1 is the 
calculated extension (in the c.m. system) of the fitting 
done by Conner, Bonner, and Smith.” 

In Fig. 2 are presented angular distributions in the 
c.m. system at the indicated deuteron bombarding 
energies: 1.53, 2.21, 3.05, 3.97, 4.98, and 5.79 Mev. 
Solid points are cross sections measured with the recoil 
telescope. Open points are yields per deuteron per triton 
in arbitrary units of a propane monitor counter main- 
tained at a fixed angle of 135° with respect to the inci- 
dent deuterons. A measure of the relative accuracy of 
each angular distribution is the degree to which its 
monitor points lie on a horizontal straight line. When 
larger than the points, the statistical standard error is 
represented by the vertical bars. The angular acceptance 
was +5° for the solid circles and +4° for the solid 

*C. H. Johnson and H. E. Banta, Rev. Sci. Instr. 27, 132 
(1956). 

6 C. H. Johnson and C. C. Trail, Rev. Sci. Instr. 27, 468 (1956). 
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Fic. 1. The energy dependence of the T(d,n)He‘ differential 
cross section. The point at 1.0 Mev is taken from Hemmendinger 
and Argo, reference 8, and at 10.5 Mev from Brolley, Fowler, and 
Stovall, reference 14. Three curves are given: the middle one a 
visually-drawn curve through the data, the highest one the 
representation of the former curve in the laboratory system of 


coordinates, and the lowest one the Breit-Wigner fit to the }* 


resonance at Eg=0.107 Mev as calculated with the parameters 


of Conner, Bonner, and Smith, reference 2 


triangles and squares. Only the squares (E;= 2.21 Mev) 
are in themselves absolute measurements. The rest of 
the data in Fig. 2 have been normalized at 6° to the 
absolute values of Fig. 1. These angular distributions 
were measured in the early stages of the experiment 
when a generator energy of 5.79 Mev was attained. 
Since the top energy when the yield curve (Fig. 1) was 
measured was only 5 Mev, an extrapolation from an 
earlier and less accurate yield curve was used to 
normalize the 5.79-Mev data. A dashed line is drawn 
through these points to indicate that the normalization 
is less certain than at the other energies. 

The smooth curves drawn through the data of Fig. 2 
have been transformed to the laboratory system of 
coordinates and these curves are given in Fig. 3. 
Figure 4 shows the variation of neutron energy with 
neutron angle’ for each of the six deuteron energies at 
which cross sections have been presented in Figs. 2 
and 3. 

Total cross sections obtained by integration of the 
angular distributions are shown in Fig. 5. The six 
points measured here are joined by a smooth curve to 
the accurate measurement of Hemmendinger and Argo® 


7J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 
28, 103 (1956). Detailed tabulations are included. 

8A. H. Hemmendinger and H. V. Argo, Phys. Rev. 98, 70 
(1955). 
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at 1.0 Mev and at lower energies to the measurements 
of many people as summarized by Fowler and Brolley.’ 
The lower curve is, as in Fig. 1, the Breit-Wigner fit to 
the 3/2+ resonance at Ey=0.107 Mev as calculated 
with the parameters of Conner, Bonner, and Smith.* 


ACCURACY OF THE CROSS SECTIONS 


The standard error resulting from a root-mean-square 
combination of the estimated uncertainties varies from 
+8% near 1 Mev to +11% near 5 Mev. Errors due to 
counting statistics average +3%, distance measure- 
ments +3%, and tritium purity’ +3%. 

Two interesting sources of error will be discussed in 
detail. Perhaps the greatest source of uncertainty is the 
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Fic. 2. T(d,n)He* angular distributions in the c.m. system. 
Energies indicated are the laboratory deuteron energies. Solid 
points are cross sections measured with the recoil telescope. Open 
points are normalized yields of a monitor counter. Errors indicated 
are standard errors due to counting statistics only. Angular 
acceptance was +5° for the solid circles and +4° for the solid 
triangles and squares. The absolute value of the distribution at 
5.79 Mev is less certain than at the other energies. The two solid 
curves at 5.79 Mev are arbitrarily-normalized Butler curves 
calculated for radii 2.5X10~" cm and 4.3 10-* cm. 


® Several samples of gas were analyzed on a mass spectrograph 
by C. E. Melton of the ORNL Stable Isotope Research and 
Production Division. The tritium concentration varied from 84% 
to 87%, the predominant impurity being hydrogen. Much purer 
tritium is now available. 
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n-p cross section for forward recoils. Although n-p total 
cross sections are well known in the range of neutron 
energies produced in this experiment, ~12 to 23 Mev, 
differential cross sections have been measured only 
indirectly and at only three pertinent energies. At 14, 
18, and 27 Mev relative angular distributions over 
approximately half the angular range have each been 
converted to absolute differential cross sections by 
assuming symmetry about 90° in the c.m. system and 
equating the integrated angular distribution to the 
known total cross section. Since the observed ani- 
sotropies are (5+2)%, (8+3)%, and (27+10)% at 14, 
18, and 27 Mev, respectively, the errors that would be 
introduced if the rather arbitrary assumption of sym- 
metry were not valid could become especially large at 
the upper end of our energy range. The -f cross sections 
resulting from the above-mentioned procedure have, 
nevertheless, been used in this work. They appear as 
Fig. 3 in the review article of Fowler and Brolley.’ The 
method of counting the recoil a particles produced in 
the T(d,x)He* reaction, although a more difficult tech- 
nique at some energies and angles, is not subject to 
this error and is, therefore, at present inherently more 
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Fic. 3. T (dn) Het angular distributions in the laboratory system. 
Energies indicated are the laboratory deuteron energies. The 
curves were obtained by transformation of the c.m. curves drawn 
through the data of Fig. 2. The absolute value of the distribution 
at 5.79 Mev is less certain than at the other energies. 
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(deg) 
Fic. 4. Variation of neutron energy with neutron angle for each 


of the six deuteron energies at which angular distributions (se¢ 
Figs. 2 and 3) have been measured. 


accurate than the direct neutron counting. In the 
present exploratory survey of the cross sections, the 
relative ease of obtaining data regardless of energy or 
angle by counting neutrons was an advantage perhaps 
worth the decreased accuracy. Errors introduced by our 
imperfect knowledge of n-p scattering are probably not 
greater than +3% to +10% from 12 to 23 Mev. 

The only other unusual error is in the temperature of 
the tritium, which, together with the purity, pressure 
(~3/4 atmos), and length of the gas cell (1.25 cm), 
determines the number of tritons per cm*. Although the 
outside diameter of the cell is only 0.85 cm, the room- 
temperature maintained at the outside walls cannot be 
assumed for the gas in the path of the beam." Approxi- 
mate calculations of heat conduction and radiation 
show that in a 1-ua beam at 3 Mev the temperature rise 
in the nickel entrance foil (neglecting conduction to the 
gas) is ~ 100°C, in the gas ~ 2°C, and in the beam-stop 
~0.2°C if the outside is maintained at room tempera- 
ture. Local rarification of the gas would thus occur near 
the hot nickel foil. The same effect could occur near the 
beam-stop, especially since most of the energy is lost 
there, if the cooling is not adequate. In this experiment 
a jet of air was used for cooling. 


We are indebted to S. J. Bame of the Los Alamos Scientific 
Laboratory for pointing out that this effect was much larger than 
we had originally estimated 
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Fic. 5. Total cross sections obtained by integration of the 
angular distributions. The point at 1.0 Mev is taken from Hem- 
mendinger and Argo, reference 8, and at 10.5 Mev from Brolley, 
Fowler, and Stovall, reference 14. The points are joined by a 
smooth!curve to the low-energy measurements of many people 
as summarized by Fowler and Brolley, reference 7. The lower 
curve is the Breit-Wigner fit to the $+ resonance at Ez=0.107 
Mev as calculated with the parameters of Conner, Bonner, and 
Smith, reference 2. 


A target-heating correction was obtained experi- 
mentally by noting for several bombarding energies the 
linear decrease of yield with increasing current: e.g., 
5%/wa at Esz=3 Mev. That the percentage decrease/ya 
had the same dependence on E; as does dE/dx, points 
to the nickel foil rather than the beam-stop as the 
source of the heating. Supporting evidence was obtained 
by noting that there was no change in neutron yield 
when the pressure of the cooling-air was halved. 

The correction varied from 8% at Ez=1 Mev to 1% 
at Es=5 Mev. For most of the points the uncertainty 
in the correction is at least +50% of the correction 
because a complete record of deuteron currents had not 
been made. Current variation from one run to the next 
may be responsible for the large fluctuation of a few 
points in Fig. 1. 


COMPARISON WITH OTHER WORK 


A comparison between our cross sections and those 
of Bame and Perry,'' who conducted a similar experi- 
ment, shows general compatability of the relative 
angular distributions and forward yield curve, but a 
10-15% discrepancy of the absolute values, their cross 
sections being the higher. 

In Fig. 6 the smooth curve through the points of the 
E,= 2.21-Mev angular distribution (see Fig. 2) is com- 
pared with the a-particle-detection measurements of 
Stratton and Freier.'* At large angles, where the neutron 
energy is low and the n-p scattering nearly isotropic, 
there is very good agreement. 

The T(d,n)He* and He*(d,p)He‘ reactions are quite 


"S. J. Bame, Jr. and J. E. Perry, Jr., Bull. Am. Phys. Soc. 
Ser. IT, 1, 93 (1956) and private communication. 


ST. F 
(1952) 


Stratton and George D. Freier, Phys. Rev. 88, 261 
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similar below 1 Mev. Both reactions exhibit 3/2* reso- 
nances with almost identical resonance parameters.’ At 
higher energies, the He*(d,p)He* differential cross sec- 
tions at 10.2 Mev ™ agree in absolute value with those 
for T(d,n)He* at 10.5 Mev." At intermediate energies, 
the He*(d,p)He' differential cross sections observed by 
Yarnell, Lovberg, and Stratton’ at 1.51, 2.01, 2.50, 
3.01, and 3.56 Mev may be compared by interpolation 
with the present results at 1.53, 2.21, and 3.05 Mev. The 
distributions agree in shape at each energy and in 
absolute value at 3.05 Mev. The T(d,n)He‘* cross sec- 
tion, however, rises more rapidly toward lower energies, 
being 5% and 15% higher at 2.21 and 1.53 Mev, respec- 
tively. From 0.5 to 1.6 Mev Bonner, Conner, and 
Lillie'® also showed agreement in the cross sections for 
the two reactions, but their values were in both re- 
actions about 25% lower than those compared here. 


CONCLUSIONS 


No sharp resonances have been found. Nor is there 
any anomalous behavior in the forward yield curve 
near 3.71 Mev, the threshold for the T(d,np)T reaction. 

The behavior above 2.5 Mev of the 6° excitation 
curve, Fig. 1, and of the total cross section, Fig. 5, may 
be qualitatively interpreted as evidence of a resonance 
at higher energies. When compared with the cross 
sections of Brolley, Fowler, and Stovall at 10.5 Mev, 
the resonance, if it exists, would seem to reach its 
maximum at ~8 Mev, which corresponds to ~22 Mev 
excitation in He’. 
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Fic. 6. Comparison of the present data with those of Stratton 
and Freier, reference 12, who detected the a particles released in 
the T(d,n)He* reaction. The curve, reproduced from Fig. 2, is 
the average of the measurements presented here; the points are 
the Stratton and Freier data. 


18 J. C. Allred, Phys. Rev. 84, 695 (1951). 

“ Brolley, Fowler, and Stovall, Phys. Rev. 82, 502 (1951). 

‘5 Yarnell, Lovberg, and Stratton, Phys. Rev. 90, 292 (1953). 
16 Bonner, Conner, and Lillie, Phys. Rev. 88, 472 (1952). 
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Of course, a type of reaction other than compound- 
nucleus formation might exhibit such an energy de- 
pendence. The shape of the 10.5-Mev angular distribu- 
tion has been fitted quite well!’ with the Butler theory'® 
and with a radius r=4.3X10-" cm. The angular distri- 
butions measured here exhibit forward peaks charac- 
teristic of stripping, but there is no detailed agreement. 
Two illustrations of this are given in Fig. 2 for the 
5.79-Mev data. The Butler curve for r=2.5X10-" cm 
fits the forward peak but not the slight (believed real) 
peak ~70°. With r=4.3X10-" cm, the same radius 
that fits the 10.5-Mev data so well, there is a peak ~ 70°, 


17S. T. Butler and J. L. Symonds, Phys. Rev. 83, 858 (1951). 
18S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 
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but for the most part the curve bears little resemblance 
to the data. 

Extension of these measurements to higher energies, 
especially including the deuteron scattering, would help 
to clarify the interpretation. 
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Yield-energy relations have been determined radiochemically for the photofission and photoneutron 
reactions in Th’ and U**, Excitation functions for the various reactions have been obtained by photon 
difference analyses of the corresponding yield functions. The photofission branching ratio for excitation 
energies of 8 to 11 Mev has been calculated to be approximately 0.08 for thorium and 0.2 for uranium. 
The relative photofissionability of thorium to uranium has been found to be about 2.3 times greater at 
betatron energies of 7 to 8 Mev than at 20 Mev. Also, evidence for bumps in the photofission excitation 
functions at about 6 Mev has been observed. Tentative explanations are presented for the relative 


photofissionability change and the bumps in the excitation functions. Characteristics of crude 


excitation functions are given for the two nuclides. 


I. INTRODUCTION 


XCITATION functions for photofission and photo- 

neutron emission in thorium and uranium have 
been reported previously.'~* Characteristics of these 
functions are given in Table I. Duffield and Huizenga‘ 
also have reported that the fission branching ratio 
a, 7)/Lom,.p+oG, »)] for uranium remains nearly con- 
stant, having an approximate value of 0.2 for photon 


* This work was supported by the joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research. 

1G. C. Baldwin and G. S. Klaiber, Phys. Rev. 71, 3 (1947). 

2 W. E. Ogle and J. McElhinney, Phys. Rev. 81, 344 (1951). 

3 R. E. Anderson and R. B. Duffield, Phys. Rev. 85, 728 (1952) ; 
R. E. Anderson, B. S. thesis, University of Illinois, 1951 (un- 
published). 

4R. B. Duffield and J. R. Huizenga, Phys. Rev. 89, 1042 (1953). 

5 Katz, Kavanagh, Cameron, Bailey, and Spinks, Phys. Rev. 
99, 98 (1955). 

6 Lazareva, Gavrilov, Valuev, Zatsepina, and Stavinsky, 
Conference of the Academy of Sciences of the U.S.S.R. on the 
Peaceful Uses of Atomic Energy, July 1-5, 1955, Session of the 
Division of Physical and Mathematical Sciences (Consultants 
Bureau, New York, 1955), p. 217. 

7L. W. Jones and K. M. Terwilliger, Phys. Rev. 91, 699 (1953). 

8 R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 
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energies of 8 to 11 Mev. This is in agreement with 
later work® in which the total neutron yields and 
fission yields for both thorium and uranium were 
measured. Since, for Th? and U8 nuclei excited to 
less than 11 Mev, the total neutron yield is composed 
of neutrons from the (y,z) and (y,f) reactions, the 
fission branching ratios were calculated from the total 
neutron and fission cross sections, assuming an average 
number of neutrons emitted per fissioning nucleus. 
These branching ratios together with those calculated 
from the excitation functions of reference 4 are given 
in Table II. 

In the present experiment we have 
radiochemically the (y,v) and (y,F) yields for thorium 
and uranium produced by bremsstrahlung from the 
University of Illinois 22-Mev betatron. [We use (y,F) 
to denote all processes initiated by a photon in which 
fission occurs. Mathematically, the cross section for 
the (y,f) process may be represented adequately by 
O(y, F)=F(y, PTO y, nfy+Fy, 2nfyt***, Since the emission 
of charged particles from heavy nuclides is small 


determined 
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Tasie I. Characteristics of photofission and neutron emission 
excitation functions for thorium and uranium. 


Half- Ref 
E(omax) width SodEt er- 
(Mev) (Mev) (Mev barns) ence 


Tmax 


Reaction (barns) 


U%8(,F)* 16° 

U™*(+,F) 15 

U8 (y,F) 14.6 68 

U%8(y,F) 7.6  1.2(0-20) 
U%8(y,F) 1.1(0-24) 

U8 (y,F) 1.71+0.14(0-28) 
Th (7,F) 0.64+0.06 (0-28) 


0.18 
0.125 8.8 
0.20+0.03 0 67 
0.051+0.007 14.1 7.0 
U™8(y,n)U2" 0.53 2.6(0-20) 
U%8(y,N)> 

U%*(yN) 18 
U%(,N) 0.96 
U%8(yN) 1,180.15 
Th(+,V) 0.80-0.10 


11.4(0-27.5) 
7.1(0—25) 
12.9+1.0(0-28) 
6.61+0.60 (0-28) 


WD D> IY 
DH 00 pe me DD 


* (y,F) indicates all processes initiated by a photon in which fission 


occurs. 

b (y,N) indicates the total number of neutrons produced by the nuclear 
absorption of a photon. Because of the low probability of charged particle 
emission, the cross section for the (y,N) process may be represented by 

oy ,N) =F yn) F290 y,20 +36 (y any te +O% yy Py 
where ¥ represents the average number of neutrons produced by a gamma- 
excited nucleus which eventually fissions. These neutrons may be emitted 
before fission occurs, may be a result of the fission process, or may be a 
combination of the two. 

e Although the authors of reference 1 state that “‘no significance can be 
given to the shape of the curve of o vs E," the characteristics of their 
excitation function, given above, compare favorably with later analyses. 

4 Half-width is defined as the full width at half omas. 

¢ This value represents the half-width of the sigma: function of 
reference 2 

{Integration limits in Mev are given in parentheses following the 
integrated value. 

« See reference 1. 

bh See reference 2. 

See reference 3. 

i See reference 4. 


k See reference 5. 
! See reference 6. 
m See reference 7. 
» See reference 8. 


compared to neutron emission and fission.~”] The 
(y,n) yields were measured by isolating and counting 
the Th*' and U*’ atoms formed; the fission yields, 
by separating and counting radioactive fission products. 
The cross sections for the (y,F) and (7y,) processes in 
thorium and uranium were determined by photon 
difference analyses of the corresponding yield curves. 


II. EXPERIMENTAL 


Simultaneous x-ray irradiations of thorium and 
uranium permitted the determination of the ratio of the 
(y,2) to the (y,F) yields for these elements under 
identical conditions. Absolute yields in terms of events 
per mole of element per 100 roentgens were computed 
by comparing the relative yields with the absolute 
(y,F) yields of uranium. In addition to the conventional 
x-ray irradiations, several electron beam (probe) 
irradiations were made in order to determine the ratio 
of the (y,F) to the (y,2) yields of thorium and uranium 
at lower betatron energies. Details of the experiment 
are given below. 

9M. E. Toms and W. E. Stephens, Phys. Rev. 92, 362 (1953). 

10M. E. Toms and W. E. Stephens, Phys. Rev. 98, 626 (1955). 

1 E, V. Weinstock and J. Halpern, Phys. Rev. 94, 1651 (1954). 

2 P. R. Byerly, Jr., and W. E. Stephens, Phys. Rev. 81, 473 
(1951) 
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Irradiations 


Two types of external irradiations were made: 
simultaneous irradiations of thorium and uranium and 
individual irradiations of uranium. Simultaneous tho- 
rium and uranium irradiations were made at maximum 
bremsstrahlung energies of 8 to 20 Mev. Acid solutions 
containing five grams of uranyl nitrate hexahydrate or 
thorium nitrate tetrahydrate were placed in longitudi- 
nally separate halves of a thick-walled glass cylinder 
13 inches in diameter and 1} inches in length. The 
cylinder was held in position next to the betatron 
doughnut by means of a Bakelite chamber. During 
periods of irradiation, this entire assembly was rotated 
by means of a small motor. In this manner, solutions 
of thorium and uranium received nearly the same in- 
tegrated x-ray flux. 

The number of photofission events per mole of 
uranium per 100 roentgens was determined for betatron 
energies of 8 to 20 Mev. The procedure consisted of 
irradiating 20 grams of finely crushed uranyl nitrate 
hexahydrate for 85 minutes. The uranium samples 
were wrapped in cadmium in order to eliminate thermal- 
neutron-induced fissions. The samples were 2.6 cm in 
diameter and were placed at a mean distance of 98 cm 
from the betatron target. Consequently, the angular 
variation of the incident x-rays was negligible. During 
an irradiation, fluctuations of the x-ray intensity 
were kept to a minimum. A thick-walled aluminum 
ionization chamber connected to a vibrating reed 
electrometer was used to monitor the x-ray beam. 
The ionization chamber was calibrated in roentgens for 
the betatron energy range of 8 to 20 Mev by comparing 
the electrometer reading with the average reading of 
two 100-r Victoreen thimbles placed at the center of 
an 8 cmX8 cm Lucite block. The absorption of 14-Mev 
bremsstrahlung by the uranium sample and its container 
was measured by counting the activities induced in 
thin copper disks placed in front of and behind the 
sample holder during irradiation. The measured x-ray 
intensities at all betatron energies were corrected for 
this absorption. 

Reaction cross sections were calculated by the photon 
difference method.” Corrections were made for the 


TABLE IT. Photofission branching ratios for 
thorium and uranium. 


Th? 

¥=2.5 p=3 
>0.20 >0.22 

0.18 0.20 
: 0.14 0.15 
9 R 0.10 0.11 
10 WX 0.08 0.08 
11 ; 0.08 0.08 


E 
(Mev) 





® See reference 4. 

» See reference 6. 

13 L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
We are grateful to L. Katz for the low-energy supplement to the 
photon difference tables. 
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bremsstrahlung absorption by the Lucite block and for 
the comparative distances (1/r?) of the sample and the 
beam monitor from the betatron target. The Ba® 
fission product was separated from the irradiated 
uranium sample and counted in a calibrated counter‘ to 
give the number of fissions produced in the sample. 
By appropriate calculations, the number of fissions 
per mole of uranium per 100 roentgens was then 
determined. 

Although this method of determining the photofission 
yield of uranium is essentially the same as that reported 
in reference 4, it differs in one respect. In the present 
experiment, the uranium samples and the Lucite block 
containing the R thimbles were placed far enough from 
the betatron target to permit a uniform x-ray intensity 
across their surfaces. It has been observed that unless 
this condition of uniformity has been fulfilled, the 
1/r° distance correction for x-ray intensity no longer 
applies. It is felt that this is the main source of discrep- 
ancy between our uranium yields and those quoted in 
reference 4. 

A series of probe irradiations was made with metallic 
bars of thorium and uranium, } inch in diameter and 
3 inch in length, which served both as the x-ray 
generators and the x-ray targets. Such an irradiation 
setup is a modification of the conventional probe 
arrangement." The increased specific activity of samples 
irradiated in this manner over those irradiated in the 
external beam permitted the relative (y,F) to (y,) 
yields to be extended to energies of 6, 7, and 8 Mev. 
In order to establish the difference between yields 
induced by probe irradiations and those induced by 
external irradiations, uranium samples were bombarded 
by both methods at betatron energies of 8 and 19.8 
Mev. The ratios of (y,F) to (y,m) yields obtained from 
the internal irradiations agreed, within experimental 
error, with those obtained from external irradiations 
(see Fig. 1). 


Radiochemical Procedures 


1. Determination of Residual (y,n) Atoms, 
Uranium-237 and Thorium-231 


The procedure used for the determination of residual 
U7 atoms has been described previously.‘ A fraction of 
each irradiated uranium sample was separated from 
its daughter activities and fission products by ether 
extraction. A known amount of this purified uranium 
was deposited as the oxide on platinum over a specified 
area and counted with a standard end-window Geiger 
counter. A 4.6-mg/cm? aluminum absorber was placed 
over the sample to eliminate any counts due to the 
alpha activity of the uranium. The counter had been 
previously calibrated for the absolute beta counting 
of U*" by counting weighed amounts of neutron- 
irradiated U** and by comparing this counting rate 
with the Np”? alpha activity which resulted from the 


4 R, A. Becker, Rev. Sci. Instr. 22, 773 (1951). 
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Fic. 1. Ratios of the total number of photofission events per 
mole element to the number of residual (y,z) atoms per mole 
element as a function of maximum betatron energy. Uranium 
irradiations: ©, x-ray, this work; @, probe target, this work; 
@, x-ray, reference 4. Thorium irradiations: A, x-ray, this work; 
A, probe target, this work. The broken circles represent uranium 
data having errors of approximately +40% because of low U%? 
counting rates. The broken triangle represents a weighing error 
of +25% in the determination of the thorium fission yield. 


decay of the U™’, By using this information together 
with the known half-lives of U¥’ and Np*’, the counting 
efficiency of the counter was calculated. 

Blank runs were made in which nonirradiated 
uranium was subjected to the same chemistry and 
counting procedure as that described above. This was 
done in order to correct irradiated samples for the 
growth of uranium daughters and for an activity 
attributed to the alpha fine-structure in the decay 
of uranium isotopes. For the particular geometry of 
our counter, the growth rate per hour for the daughters 
of natural uranium was found to be 0.45+0.05 counts 
per minute per milligram [ (counts/min)/mg] U;Os. 
The fine-structure counting rate was 1.1+0.4 (counts 
min)/mg U,Os. Net counting rates for the U*’ atoms 
varied from 0.4 to 150 (counts/min)/mg U;Os. 

The Th*' activity was determined in a manner 
similar to that used for the activity determination of 
U7. Irradiated thorium was separated chemically from 
its daughters and fission products and deposited as 
the oxide on platinum. The Th*! activity was then 
measured with a Geiger counter.’® A 4.6-mg/cm? 


‘6 Magnusson, Huizenga, Fields, Studier, and Duffield, Phys 


84, 166 (1951). 
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aluminum absorber was again used to eliminate counts 
due to thorium alpha activity. The Geiger counter 
was calibrated for the absolute beta counting of the 
Th™ in the following way. A sample of highly enriched 
U™* was separated chemically from its daughters and 
deposited as the oxide on platinum. The (U**);O03 
deposit was approximately equal in weight and area 
to that of subsequent thorium deposits. The growth of 
the beta activity in the sample was followed to equili- 
brium. By extrapolating the initial linear increase in 
the beta-growth rate back to the time of chemical 
separation of the uranium from its daughters, the 
counting rate associated with the U™® alpha fine- 
structure was determined. This amounted to 14% 
of the equilibrium beta-counting rate. The counter 
efficiency was calculated by subtracting the counting 
rate of U**, as determined above, from the equilibrium 
counting rate and dividing this difference by the 
number of disintegrations per unit time of the U™. 
The latter disintegration rate was determined from the 
weight of the U™* and its half-life. 

Blanks were also run with nonirradiated thorium 
in order to determine the fine-structure counting rate 
and the beta-growth rate per hour due to thorium 
daughters. These batkground corrections amounted to 
0.3140.02 (counts/min)/mg ThO, and 0.12+0.04 
(counts/min)/mg ThOs, respectively. Net counting 
rates for the Th™' atoms varied from 1.5 to 140 (counts 
min)/mg ThOs. 


2. Fission Determinations 


The number of fissions occurring for each irradiated 
uranium sample was determined by measuring the 
number of Ba" atoms produced. This was done by 
chemically separating the barium fission products 
from uranium!’ and by counting them with a Geiger 
counter which had been previously calibrated.‘ The 
calibration was performed by chemically separating 
and counting the barium fission products which resulted 
from a known number of slow-neutron-induced fissions 
of U**, In calculating the total photofission yields, 
we have assumed that the photofission barium yield 
of U*8 is 0.9 of the slow-neutron fission barium yield 
for U*®, This value is in agreement with experimental 
results.>:!7—! 

Barium (139) was again isolated and counted with 
the calibrated Geiger counter in order to determine 
the number of fissions occurring in the thorium samples. 
It was assumed that the percentage yield of Ba'® 
produced by the photofission of thorium was the same 
as that produced by the photofission of natural uranium. 


16 Radiochemical Studies: The Fission Products (McGraw-Hill 
Book Company, Inc., New York, 1951), National Nuclear Energy 
Series, Plutonium Project Record, Vol. 9, Div. IV. 

17R. A. Schmitt and N. Sugarman, Phys. Rev. 95, 1260 (1954). 

18H. G. Richter and C. D. Coryell, Phys. Rev. 95, 1550 (1954). 

8 Glendenin, Steinberg, Inghram, and Hess, Phys. Rev. 84, 
860 (1951). 
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It is estimated that this assumption is valid within 
+10%.” 

Because of the relatively short-lived radium daughters 
of thorium which follow the chemistry of barium, 
precautions and corrections to data are required that 
are not necessary when uranium is the irradiated 
material. These radium daughters are responsible for 
a beta growth that is found in the presence of the 
decaying barium fission products separated from 
irradiated thorium. In order to reduce the amount of 
the radium isotopes present at the time of counting, 
thorium solutions which were to be irradiated in the 
external x-ray beam were treated chemically prior to 
the irradiation. This treatment consisted of adding a 
few drops of barium carrier to the thorium nitrate solu- 
tion and precipitating the barium as the chloride. 
Two additional barium chloride precipitations insured 
the removal of radium. However, during the irradia- 
tion period, radium daughters grew in from the 
thorium until the time of chemical separation of 
the barium fission products. In order to determine 
the extent of this growth, blank runs were made in 
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Fic. 2. Ratio of thorium to uranium yields as a function of 
maximum betatron energy. ©, ratio of Th**(y,n)Th**! events per 
mole of thorium per 100 r to U*8(+y,n)U? events per mole of 
uranium per 100 r. The broken circles represent data having 
large errors in the determination of the U**" activity (see Fig. 1). 
@, ratio of photofissions per mole of thorium per 100 r to photo- 
fissions per mole of uranium per 100 r. The 11-Mev value may be 
in error by +25% because of an error in weighing which aftects 
the thorium fission determinaion (see Fig. 1). 


2 [). M. Hiller and D. S. Martin, Jr., Phys. Rev. 90, 581 (1953), 
have reported a Ba! yield of 6.6+0.5% for the 69-Mev x-ray 
fission of thorium. 
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which nonirradiated thorium solutions were subjected 
to the same chemical treatment as the irradiated 
solutions. The beta-counting data for an irradiated 
sample were then corrected by using the information 
gained from the blank run. 

Because of the chemical treatment of the thorium 
solutions with barium carrier prior to irradiation and 
the subsequent isolation of the barium fission products, 
any incomplete precipitation of the barium, initially 
added, would affect the chemical yield in the fission 
product analysis. For this reason, thorium solutions in 
which barium had been precipitated to remove radium 
daughters were analyzed for their barium content. It 
was found that there was sufficient barium carry-over 
to affect the final fission determination by approximately 
5%. The final thorium results have been corrected for 
this error. 

For thorium samples irradiated as probe targets, 
the chemical treatment described above was not 
possible. It was for this reason that the activity of I" 
was measured only over the energy range, 6 to 8 Mev. 
An empicircal relation between the Ba’ and I'* 
counting rates was established by direct measurement 
and this relation was then assumed to be independent 
of energy. The I activity was used to calculate the 
fissions over this energy range, 6 to 8 Mev. 
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Fic. 3. Activation functions for the photofission and photoneu- 
tron reactions in thorium and uranium. 0, absolute number of 
uranium photofissions (y,/) per mole of uranium per 100 r 
determined in this work. Th®?(y,F), Th**(y,n) Th, and U*8(-y,m)- 
U7 activation functions have been normalized against the 
U*8(y,F) absolute activation function. All four activation func- 
tions were smoothly extrapolated from 8 to 5 Mev. 
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Fic. 4. Photoneutron and photofission cross sections of Th? 
and U*8 obtained from analyses of the corresponding activation 
functions of Fig. 3 by the photon difference method. 


III. RESULTS 


The experimental results are shown graphically in 
Figs. 1, 2, and 3. Figure 1 represents the ratio of the 
(y,F) yield to the (y,m) yield per mole of elements, 
thorium and uranium. The uranium (y7,F) to (y,7) 
ratios obtained by Duffield and Huizenga‘ are shown for 
comparison. The broken open circles represent data 
having errors of approximately +40% because of very 
low net counting rates in the determination of the 
number of U*? atoms formed; the broken triangle 
represents an error of +25% in weighing which affects 
the determination of the thorium fission yield. In 
general, the (y,) and fission product yields for betatron 
energies greater than 11 Mev may be considered 
accurate within 10% and 6%, respectively. For lower 
betatron energies, these limits tend to increase. Further- 
more, since the absolute fission yields were calculated by 
assuming that the ratio of the Ba™ photofission yields 
in Th and U*8 to the Ba’ yields in U*® slow-neutron 
fission is 0.9, the absolute fission yields and any ratios 
in which fission yields appear are correct only in so 
far as this assumption is correct. 

The photofission ratios and the single neutron emis- 
sion ratios of thorium to uranium are shown as a 
function of betatron energy in Fig. 2. Again, the broken 
circles represent values for which very low net counting 
rates were obtained for the U*? yield. Although the 
ratios of the (y,z) emission in thorium to uranium 
define a maximum near 17 Mey, a ratio of unity from 
8 to 20 Mev is compatible with the present data. 
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TABLE ITI. Excitation function characteristics. 


E(omax) Half-width SodE* 
(M 


Reaction (barns) (Mev-barns) 


0.160 
0.045 





U**(y,F) 
Th*(y,F) 


U8 (yn) U7 
Th*®(y,n) Th 


0 
a 


5 


1, 
0. 
0.400 ¢ 5. 2.1 
0.490 4.2 2.2 


® Integration limits are 0 to 20 Mev. 


The activation functions for the different photo- 
nuclear reactions are given in Fig. 3. The experimentally 
measured U(y7,F) yields are shown as part of the plot. 
A small contribution (1 to 2%) of U** to the uranium 
photofission yield has been neglected in assigning 
the yields to U**, The other activation functions were 
calculated using the uranium photofission function and 
the smoothed ratios of Figs. 1 and 2. 

The yield-energy relationships of Fig. 3 have been 
been analyzed by the photon difference method” to 
give cross sections as functions of discrete photon 
energy. These excitation functions are shown in Fig. 4. 
The shapes of these cross sections are very sensitive to 
variations in the activation functions and should not 
be taken too literally, particularly at the higher 
energies. Characteristics of these excitation functions 
are given in Table III for comparison with those in 
Table I. 

Table IV, which is based on excitation functions of 
Fig. 4, gives the photofission branching ratio, oy, / 
[o, +e, n)], for photon energies of 8 to 11 Mev. 


IV. DISCUSSION 


The variation of the (y,F) to (y,7) ratios shown in 
Fig. 1 can be reasonably explained upon the basis of 
the threshold energies for the different reactions. 
Thresholds for the various nuclear reactions in which 
neutron emission and/or fission are involved are given 
in Table V for the two nuclides, Th”? and U*8. These 
thresholds are the result of experimental measure- 
ments*!®.2.2 and neutron binding energies calculated 
from closed energy cycles.” Since the photofission 
threshold has been reported to be about 5.1 Mev for 
U8 and the (y,) threshold about 6.0 Mev, the (7,F) 
to (y,m) ratio should be infinite for betatron energies 


TABLE IV. Photofission branching ratio. 





Branching ratio 
E(Mev) 32 Uns 
8 : 0.21 
) . 0.17 
10 08 0.18 
11 .08 0.20 








*1 Koch, McElhinney, and Gasteiger, Phys. Rev. 77, 329 (1950). 
#2 Huizenga, Magnusson, Fields, Studier, and Duffield, Phys. 
Rev. 82, 561 (1951). 

% J. R. Huizenga, Physica 21, 410 (1955). 
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between these threshold limits. The fact that the 
uranium ratio curve does not drop precipitously from an 
infinite value at 6 Mev can be attributed to the brems- 
strahlung spectrum. This spectrum tends to “smear 
out” sharp energy-dependent effects. The increase of 
the (y,F) to (y,n) ratio beyond 12 Mev is caused by the 
onset of the (y,7f) and (y,2m) reactions. Either process 
tends to increase the observed ratio of the number of 
fissions to the number of residual (y,z) atoms. The 
ratios of (y,F) to (y,m) for thorium define the same 
general shape as that for uranium and can be explained 
in a similar manner. 

The ratios of the (y,) yields of Fig. 2 indicate that, 
for betatron energies of 10 to 20 Mev, single neutron 
emission in thorium and uranium occurs with approxi- 
mately equal probability. Since the (y,7) threshold for 
Th* is greater than that for U** by ~0.4 Mev, one 
would expect the Th*! to U*’ ratio to decrease and 
approach zero as the betatron energy is decreased 
toward the Th**(y,n) threshold. This expectation is 
fulfilled as shown in Fig. 5. The relative (y,) yields of 
thorium to uranium indicated by the squares in Fig. 5 


TABLE V. Thresholds of neutron-emitting reactions 
for Th and U*8,* 


Reaction 
Nuclide vf. y nf (y,2nf) (yn) (y,2n) (y,3n) 


Th 6.44 11.4 18.1 


6.0° 11.4 17.8 


5.4? 


5.1>¢ 11.2 16.6 








® Where a particular reference has not been given, the threshold value 
has been calculated by using experimental data and the difference in binding 
energies from the tables of reference 23. 

b See reference 21. 

© See reference 3. 

4 See reference 15. 

¢ See reference 22. 


have been calculated from the total neutron yields 
and the mean number of total neutrons per fission 
of reference 6, assuming reasonable values of 7. 

Since the photofission threshold of U** is less than 
that of Th*’, one would expect the relative probability 
of thorium to uranium fission to decrease with decreas- 
ing betatron energy, as it does for single neutron 
emission. This is not indicated, however, by the relative 
fission probability curve of Fig. 2. This curve shows that 
thorium fissions more favorably in comparison with 
uranium as the energy is lowered. Figure 6 represents 
a compilation of other data from which the relative 
photofissionability of thorium to uranium has been 
determined.**~** In this figure, the data of reference 25 
have been normalized at 20 Mev to the data of this 
paper. 

The techniques used in evaluating the relative 
fission probabilities shown in Fig. 6 were varied. 


* J. McElhinney and W. E. Ogle, Phys. Rev. 81, 342 (1951). 
25 R. B. Duffield and J. E. Gindler (unpublished). 

26 Huizenga, Gindler, and Duffield, Phys. Rev. 95, 1009 (1954). 
27 R. A. Schmitt and R. B. Duffield (to be published). 

28 E. J. Winhold and I. Halpern, Phys. Rev. 103, 990 (1956). 
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Measurement of the beta activity of fission fragments 
captured in metallic foils was used in references 24, 
25, and 28; isolation and counting Sr, I'*4, and Ba! 
fission products was used in reference 27; and scintilla- 
tion counting of fission fragments was used in reference 
26. The latter technique involved counting fragments 
at right angles to the fissile target. For betatron energies 
less than 16 Mev, it has been shown that the angular 
anisotropy of the fission fragments of Th? and U8 
becomes appreciable.?*-*! Consequently, the 11-Mev 
ratio of reference 26 has been corrected for the difference 
at 90° in anisotropies of Th” and U™®, 

Although the magnitude of the fissionability of 
thorium relative to that of uranium does not agree 
completely with that of other workers, Fig. 6 confirms 
the fact that thorium does show an increased fission- 
ability with respect to uranium as the maximum 
exciting energy is decreased from about 12 to 8 Mev. 
For lower energies the fission ratio of thorium to 
uranium drops rather rapidly. This is consistent with 
thorium to uranium photofission ratios of about 0.5 
6.1-Mev gamma rays from the 


obtained with 
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Fic. 5. Ratios of thorium to uranium photoneutron yields as a 
function of maximum excitation energy. 0, ratio of Th™(y,n)Th™! 
events per mole of thorium per 100 r to U%8(y,n)U*7 events 
per mole per 100 r of this work ; D, same ratio of Th**?(y,2)Th*" to 
U8 (-y,n) U3? calculated from ratios of [Th**?(y,N) —-Th®*(y,F) ] 
+ [U8 (-7,N) —- U8 (y,F) ] taken from reference 6. 


29 Winhold, Demos, and Halpern, Phys. Rev. 85, 728 (1952). 
%® Winhold, Demos, and Halpern, Phys. Rev. 87, 1139 (1952). 
31 Fairhall, Halpern, and Winhold, Phys. Rev. 94, 733 (1954). 


i i 





fe) 


236 


° 
@ 





fo) 
BS 


2 4 —1-04—0—p- | 


PHOTOFISSION RATIO OF Th®®* To U 
oO 
o 


0 
8] 








q 
4 
J 
' 
‘ 
' 
' 
' 
' 
' 
! 
1 
' 
' 
' 
! 
! 
' 
1 


! ri ! A ! } 
8 12 16 20 
AX BETATRON ENERGY-MEV 





M 

Fic. 6. Thorium to uranium fissionability ratio as a function of 

maximum excitation energy. @, this paper; /, reference 24; 

A, reference 25 (data normalized to present data at 20 Mev); 
O, reference 26; g, reference 27; a, reference 28. 


F"(p,vy)O' reaction®* and the fact that the Th 
photofission threshold is approximately 0.3 Mev 
greater than that of U8, 

Since the observed anisotropy”*~*! in the photofission 
of even-even nuclides has been explained* in terms of 
the fissioning nuclei passing through the saddle point 
in the (1—) collective excitation state, it is of interest 
to compare the low energy fissionability of Th* and 
U8 with the energies of their respective first collective 
(1—) excitations at the saddle point. Information 
gained from alpha decay studies on the energy of the 
collective (1—) excitations of the ground state indicates, 
however, that this energy increases with increasing Z 
above thorium.** Bohr* has suggested that for excitation 
energies slightly above the fission threshold, the rota- 
tional excited states will be similar to the observed 
low-energy excitations of the nuclear ground state since 
most of the total energy is bound in potential energy of 
deformation. A lower energy for the first (1—) state 

% Haxby, Shoupp, Stephens, and Wells, Phys. Rev. 59, 57 
(1941). 

3 W. H. Hartley, Ph. D. thesis, University of Pennsylvania, 
1955 (unpublished) ; Proceedings of the Photonuclear Conference 
at Case Institute of Technology, 1955 (unpublished), pp. 2-3. 

# A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, August 8-20, 1955, Physics; 
Research Reactors (United Nations, New York, 1956), Vol. 2, 


p. 151. 
8 Stephens, Asaro, and Perlman, Phys. Rev. 100, 1543 (1955). 
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above fission threshold for Th** would be consistent 
with the experimental evidence that Th* becomes 
more fissionable relative to U™* as the maximum 
betatron energy is reduced from 12 to 8 Mev. 

Competition between fission and neutron emission 
probably affords the most likely explanation of the 
relative fissionability curve of Fig. 6. Since uranium 
requires a lower energy to fission than thorium, the 
thorium to uranium fission ratio is zero at the thorium 
(y,f) threshold. However, since neutron emission can 
complete with fission at a lower energy in uranium than 
in thorium, uranium nuclei excited with energies 
between the (y,7) thresholds of U*® and Th will 
preferentially de-excite by neutron emission, whereas 
thorium nuclei excited with these energies will fission. 
Consequently, thorium fission should increase with 
respect to uranium fission. Once the thorium (7,7) 
threshold (6.4 Mev) is reached, neutron emission 
competes with fission. Since the uranium fission 
branching ratio appears to be at least twice as large 
as that for thorium (Table IV), one would expect the 
relative fissionability ratio of thorium to uranium to 
decrease with increasing excitation energy. However, 
the combination of the shape of the bremsstrahlung 
spectrum and the (y,f) and (y,) cross sections below 
6.4 Mev are apparently responsible for the near 
constancy of the fissionability ratio from ~6.5 to 
~8.5 Mev betatron energy. The leveling off of the 
fission ratio beginning at ~ 14 Mev in Fig. 6 is consistent 
with the idea that a given nuclide fissions with a 
particular probability”* over the energy region in which 
the giant photonuclear absorption resonance occurs, and 
that lower energy effects do not alter this probability 
to any great extent. 

It is of interest to note that if one extrapolates the 
fission ratio of Fig. 6 to zero at the thorium photofission 
threshold and then attempts to derive differential cross 
sections for both thorium and uranium that satisfy the 
smooth curve from 5 to 8 Mev, one concludes that 
either the photofission cross section of thorium or 
uranium or both has a small bump, resembling a 
resonance, near the (y,) thresholds for the respec- 
tive nuclides. Such a bump has also been reported 
by Winhold and Halpern*®* for the photofission cross 
sections of Th and U™* but not for U**. Also, bumps 
have been found”’ at approximately 6.5 Mev for the 
asymmetric and symmetric photofission of U™* and in 
the asymmetric photofission of Th**. No bump was 
found in the symmetric photofission of Th. (These 
cross sections were determined by analyzing approp- 
riate fission product yields by means of the photon 
difference method.) The appearance of these bumps in 
the total (asymmetric plus symmetric) photofission 
cross sections of Th™ and U™® is consistent with the 
idea of the successful competition of neutron emission 
with fission at, or slightly above, the (y,7) threshold. 
The absence of such a bump in the U** photofission 
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cross section is also consistent, since its (y,v) threshold 
is ~0.2 Mev less than the (y,/) threshold. 

Any anomalous effects such as bumps in the fission 
cross section that occur about 1 Mev above the fission 
thresholds do not appreciably change the shapes of the 
curves and the corresponding integrated cross sections 
from threshold to 20 Mev. Consequently, the cross 
sections shown in Fig. 4 and their corresponding char- 
acteristics found in Table III have been averaged 
over any bumps found in the energy region from 
threshold to 8 Mev. 

A comparison of the uranium excitation function 
characteristics of both (y,F) and (y,n) (see Tables I 
and III) shows favorable agreement with previous 
studies of references 4 and 5. By subtracting the thorium 
and uranium photofission integrated cross sections, 
Sv*o(y,F)dE, of this work (Table III) from the 
corresponding thorium and uranium photofission inter- 
grated cross sections, /0*%c(y,F)dE, of reference 6, it 
is calculated that f2"%0(y,F)dE for thorium and ura- 
nium are 0.29 and 0.71 Mev barn, respectively. 
The calculated uranium (y,F) difference of 0.71 
Mev-barn in the 20- to 28-Mev range is higher than 
other data®!” would warrant by at least a factor of 
three, while the paucity of thorium data precludes any 
direct comparisons. 

By comparing the thorium and uranium photofission 
branching ratios of this work (Table IV) and that of 
reference 6 (Table II), is it felt that the average 
number of neutrons emitted per thorium and uranium 
photofission for absorption of 8- to 11-Mev photons is 
<2.5. A loss of 2.0+0.5 neutrons per fission act is com- 
patible with the fission of thorium*® and uranium*’ 
induced by fission-spectrum neutrons. 

We have attempted to determine the shapes and 
magnitudes of the (y,2m) excitation functions for 
Th and U* by combining the data of this paper with 
those of reference 6. This reference gives the cross 
section for total neutron emission for the two nuclides, 
Th and U8’, as functions of photon energy from 0 
to 28 Mev. Since charged particle emission is small for 
these nuclides compared to fission and neutron emis- 
sion,*-” the total neutron cross section for excitation 
energies of 18 Mev or less becomes o(y,V)=o(y,n) 
+2¢(y,2n)+i0(y,F). Consequently, the (y,2”) cross 
sections depend greatly upon the values of # used in 
the calculation. This is particularly true for uranium, 
since its photofission cross section represents a larger 
portion of the total photonuclear absorption cross 
section than the corresponding cross section of thorium. 
For our calculations we have assumed # to vary 
uniformly from about 2 for photons of 6 Mev to 5 for 
photons of 18 Mev. 

Results of the (y,2m) cross section calculations are: 
Eemax Was found to be between 15 and 16 Mev for both 
thorium and uranium; the half-widths varied from 2.5 


36 A, Turkevich and J. B. Niday, Phys. Rev. 84, 52 (1951). 
37 Keller, Steinberg, and Glendenin, Phys. Rev. 94, 969 (1954). 
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to 4 Mev for both nuclides; the integrated cross section 
from 0 to 20 Mev varied from 0.7 to 1.4 Mev barns 
for thorium and 0.3 to 1.1 Mev barns for uranium. 
Since (1) the integrated photonuclear absorption cross 
section should be approximately the same for the two 
nuclides, (2) the integrated (y,m) cross sections are 
nearly identical, and (3) the integrated photofission 
cross section for U™* is about three times that for 
Th*’, it is not too surprising that the integrated 
(y,2n) cross section appears to be larger for Th than 
for U*®, 

Levinger and Bethe** and Gell-Mann, Goldberger, 
and Thirring® have formulated theoretical expressions 
for the integrated photonuclear absorption cross 
section which depend upon the neutron number JN, 
proton number Z, and mass number A. Levinger and 
Bethe” have shown that the 320-Mev photoneutron 
yields for Cu, I, Ta, Bi, and U (for which a photofission 
branching ratio of 0.23 is assumed) are in agreement 
with the formula 


f odE=0.14NZ/A. 
0 


This formula indicates integrated cross sections of 
7.7 and 7.9 Mev-barns for Th* and U*%, respectively. 
Eyges has shown that, on the basis of data for Sb, 
Ta, and Pb, the above formula predicts values which 
are approximately 1.7 times too large for the low-energy 
region (less than 20 Mev). This would indicate the 


38 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 

39 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954). 

40 J. S. Levinger and H. A. Bethe, Phys. Rev. 85, 577 (1952). 

41. Eyges, Phys. Rev. 86, 325 (1952). 
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respective integrated cross sections for Th*? and U™8 to 
be 4.6 and 4.7 Mev-barns over the energy region with 
which we are concerned. These latter values are in 
agreement with values of 4.7 and 4.8 Mev barns 
obtained from the Gell-Mann, Goldberger, and Thirring 


formula, 


a 
[[ caz=0.000(zv A)[1+0.142/NZ], 


0 


where yu is the mesonic threshold. 

Assuming average values of 1.0 and 0.7 Mev-barn 
for the integrated (7y,2m) cross sections of Th” and U8, 
respectively, we find that the sums of the integrated 
(y,F), (y,n), and (y,2n) cross sections from 0 to 20 
Mev are 3.6 and 3.8 Mev barns for the two respective 
nuclides. From the integrated cross sections calculated 
above, approximately 1 Mev barn of the photonuclear 
absorption cross section would be attributable to 
gamma-ray scattering and/or higher order particle 
emission. This appears to be consistent with gamma 
scattering data and high-energy neutron production 
data.’ 
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Excitation functions have been determined for the spallation 
and fission reactions induced in plutonium isotopes by 20- to 
50-Mev helium ions. The method employed consists of cyclotron 
bombardments of plutonium oxide followed by the chemical 
isolation and alpha or beta counting of radioactive reaction prod- 
ucts. Formation cross sections are given where possible for the 
curium and americium spallation products corresponding to (a,»), 
(a,2n), (a,3n), (a,4n), (a5n), (a,p), (a,pn or d), (a,p2n or dn or t), 
and (a,p3n or d2n or tn) reactions in Pu®*, Pu, and Pu. Fission 
yield curves and fission cross sections for Pu?* and Pu®® serve to 
define the characteristics of the (a,/) reaction for plutonium 
isotopes. Chemical procedures are outlined for the separation of 
both spallation and fission-product elements in a sequence of 
operations performed on the entire dissolved target. 

The small spallation and large fission cross sections observed 
indicate that fission competes successfully for most of the total 
reaction cross section in the energy range studied. Analysis from a 
compound nucleus viewpoint of the cross sections for the surviving 
(a,xn) products reveals mean I';/I', values for compound and 
intermediate compound nuclei from 1 to 7, the value decreasing 
with increasing mass number and apparently not greatly de- 
pendent on excitation energy above fission and neutron-emission 
thresholds. The relatively high cross sections (“‘tails”) evident in 
the spallation excitation functions beyond their maxima constitute 
evidence for processes other than compound nucleus formation, 
e.g., direct interaction. Even more convincing evidence for non- 


GREAT deal of work has been done on the dis- 

tribution in the yields of the products produced 
from the fission of nuclides over the entire range of 
atomic numbers. Further, these investigations included 
many kinds of incident projectiles covering a wide range 
of energies.! A considerable amount of work has also 
been done on the excitation functions for spallation 
reactions of various kinds throughout the periodic sys- 
tem over a wide range of energies.2 Whenever proper 
energetic and other conditions for both are met, compe- 


tition between the two types of reactions occurs and the 


* This work was performed under the auspices of the U. S. 
Atomic Commission. It is based in part on the Ph.D. thesis of R. A. 
Glass, University of California, June 1954 [University of Cali- 
fornia Radiation Laboratory Report UCRL-2560, April, 1954 
(unpublished) ]and on the Ph.D. thesis of R. J. Carr, University of 
California, Sept. 1956 [University of California Radiation Labo- 
ratory Report UCRL-3395, 1956 (unpublished) J. 

7 Present address: Stanford Research Institute, Menlo Park, 
California. 

t Present address: Department of Chemistry, State College of 
Washington, Pullman, Washington. 

§ Present address: Department of Chemistry, Purdue Uni- 
versity, Lafayette, Indiana. 

1 For references see, for example, W. J. Whitehouse, Progr. 
Nuclear Phys. 2, 120 (1952); W. E. Nervik and G. T. Seaborg, 
Phys. Rev. 97, 1092 (1955); Folger, Stevenson, and Seaborg, 
Phys. Rev. 98, 107 (1955). 

* See appendix of reference 6 for a summary of references to 
work done previous to 1950. For a summary of more recent work, 
see O. C. Anders and W. W. Meinke, American Documentation 
Institute, Washington 25, D, C., U.S, A, 


compound-nucleus processes is seen in the fact that the cross 
sections for (a,pxn) reactions are of the same order of magnitude as 
(a,xn) cross sections. Their explanation rests strongly on the 
supposition that the ejection of high-energy protons, deuterons, 
and tritons occurs leading to residual intermediate nuclei of low 
excitation energy, which then escape from fission. This unique 
description of the escape of charged particle emission reactions 
from fission competition is believed to have wide application for 
the explanation of spallation cross-section data in the heaviest 
element region. 

Fission yield curves for Pu®** and Pu? have been constructed 
from the production cross sections (mass chain yield plus direct 
production) for the isotopes Br®.%, Sr6.91.9 Ryd, Cq!t5,115m,117, 
[31,138 Ba!%?,1#0 | Ce!43.145, Nd!47, Eu!56,157 and Tb'®, The more 
complete curves for Pu®® show a change with increasing energy 
from asymmetric to symmetric fission for about 40-Mev helium 
ions accompanied by an increase in number of neutrons lost, as 
determined by the best fit of reflection points. Integration of the 
fission yield curves gives total fission cross sections for various 
energies which, when combined with the appropriate total spalla- 
tion cross sections, define a total reaction cross-section function 
consistent with a nuclear radius parameter in the range of 
(1.3—1.6)X 10-8 cm. 

Further investigations in the present series should elucidate the 
effects of Z and A upon fission competition. 


results of the investigations of such competitive reac- 
tions are often very interesting.*~® 

The present paper is the first in a series from this 
laboratory in which somewhat detailed investigations of 
the competition between spallation and fission reactions 
in the heaviest nuclides (Z>88) will be described. The 
program emphasizes the region where the compound 
nucleus model of the nucleus usually has been applied 
(<50 Mev) and involves preponderantly bombard- 
ments with charged particles (protons, deuterons, 
helium ions, and heavier ions). Although fission can be 
induced at even lower atomic numbers*~" such as in lead 


3K. Street, Jr., Ph.D. thesis University of California, June, 1949 
[University of California Radiation Laboratory Report UCRL- 
301, March, 1949 (unpublished) ]. 

4W.W. Meinke, Ph.D. thesis, University of California, January, 
1950 [University of California Radiation Laboratory Report 
UCRL-483, November, 1949 (unpublished) ]. 

5 Meinke, Wick, and Seaborg, University of California Radia- 
tion Laboratory Report UCRL-868, September, 1950, J. Inorg. 
Nuclear Chem. 3, 69 (1956). 

6H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952); 
H. A. Tewes, Phys. Rev. 98, 25 (1955). 

7G. H. McCormick and B. L. Cohen, Phys. Rev. 96, 722 (1954) ; 
B. L. Cohen, Phys. Rev. 98, 49 (1955). 

8 M. Lindner and R. N. Osborne, Phys. Rev. 103, 378 (1956). 

9 R. H. Goeckermann and I. Perlman, Phys. Rev. 76, 628 (1949). 

10 P. Kruger and N. Sugarman, Phys. Rev. 99, 1459 (1955). 

u A. W. Fairhall, Phys. Rev. 102, 1335 (1956). 

2 Vinogradov, Alimarin, Baranova, Lavrukhima, Baranova, 
Pavlotskaya, Bragina, and Yakovlev, Report of the Moscow 
Conference of the Academy of Science of the U.S,S.R. on the 
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(Z=82) and bismuth (Z=83) at these comparatively 
low excitation energies, the competition in this region is 
still highly in favor of spallation reactions.'*~!® 

As the nuclear charge is increased, fission becomes the 
predominant reaction at about thorium®!? (Z=90), and 
the incomplete data which have been available until 
recently indicate that the spallation yields continue to 
change above thorium. It thus appears that a change in 
the atomic number of the compound nucleus of even a 
few units can greatly influence the relative spallation 
and fission yields in this critical region. The question as 
to how small the spallation yield becomes at the highest 
atomic numbers is of special interest. The successful 
production of the new element mendelevium by the 
reaction!’ E?(a,n) Mv involved a product-nucleus of 
atomic number 101, so it is evident that the spallation 
yields are not completely suppressed for these highest 
charge nuclides. 

That the data on the heaviest elements will require a 
more complex explanation than a simple atomic number 
dependence of fissionability follows from the observation 
that fission competition does not affect the various 
spallation reaction yields from a given target nuclide to 
the same extent. The spallation yields differ in such a 
way as to suggest, among other things, that products 
apparently formed from direct or partial interaction, in 
which compound nucleus formation is avoided, are 
relatively favored. In addition, from one target nuclide 
to another in the uranium-plutonium region over a 
range of atomic numbers, a common spallation reaction 
pattern prevails; this is characterized by successively 
decreasing maximum cross sections for (p or d or a,x) 
reactions for x greater than two, significant high energy 
extensions (“tails”) for all excitation functions, and 
charged particle emission cross sections of equal promi- 
nence with neutron emission cross sections. This is quite 
different from the pattern for the lead-bismuth region 
which is dominated by systematic (p or d or a,xn) 
excitation functions of roughly comparable shape and 
magnitude." 

The number of excitation functions of the type (p,1), 
(p,pan), (p,2pxn), (d,xn), (d,pxn), (d,2pxn), (a,xn), 
(a,pxn), (a,2pxn), etc., which can be ultimately meas- 
ured is influenced or determined by the availability of 
target nuclide material, and, in so far as detection based 
upon radioactivity is used, by the half-lives of the 


Peaceful Applications of Atomic Energy, Division of Chemical 
Sciences, July 1-5, 1955 (also published in English translation by 
the U. S. Government Printing Office, Washington 25, D. C., 
1956). 

13 J. A. Jungerman, Phys. Rev. 79, 632 (1950); H. M. Steiner 
and J. A. Jungerman, Phys. Rev. 101, 807 (1956). 

4 FE. L. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 

165W. John, Jr., Ph.D. thesis, University of California, 1955 
[University of California Radiation Laboratory Report UCRL- 
3093, August, 1955 (unpublished) ]. 

16 Andre, Huizenga, Mech, Rambler, Rauh, and Rocklin, Phys. 
Rev. 101, 645 (1956). 

17 4. §. Newton, Phys. Rev. 75, 17 (1949). 

18 Ghiorso, Harvey, Choppin, Thompson, and Seaborg, Phys. 
Rev. 98, 1518 (1955). 
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products. Investigations already in progress in this 
laboratory involve such target nuclides as Th™’, Pa, 
Us. U™, Us. Us. Nort. Pu”? Pu”, Pu™. Pu** 
Am™*, Am*, Cm**, Cm™;, Bk**, CP®, CP*, and E™. 

For a number of cases the program also includes the 
investigation of the distribution in fission product yields 
for a number of energies in this region: 20-50 Mev 
helium ions, 10-25 Mev deuterons and 10-30 Mev 
protons. As the energy at which fission is induced is 
increased, the contribution of symmetric fission is 
demonstrated through the appearance of a more shallow 
dip between the two peaks in the fission yield distribu- 
tion curve. This peak-to-trough ratio decreases as the 
energy is increased until a symmetrical, single-peaked 
curve is obtained, and it is hoped that the data will 
establish how these phenomena vary with atomic 
number, nuclear type, and incident projectile. 

It is believed that this broad investigation of the 
competition between spallation and fission in the region 
of the heaviest elements can also furnish data which will 
be useful in further elucidating the mechanism of the 
fission process. It is likely that the results will ultimately 
indicate the over-all pattern for the effect of changing 
nuclear charge and mass upon the ratios of the various 
spallation to fission yields as well as upon the magnitude 
and shape of the various spallation excitation functions, 
and the results should provide other information such as 
the possible influence of odd-even effects in the target 
and intermediate compound nuclei. Any correlation 
with the rapidly accumulating information on spon- 
taneous fission and resonance effects in neutron-induced 
fission would be of special interest. 

The present paper will be concerned specifically with 
the various helium-ion-induced reactions in Pu™* and 
Pu**, In addition, less complete data have been obtained 
for Pu to allow a further comparison of the effect of 
changing the mass of the compound nucleus upon the 
yields of certain specific spallation products. Unique 
features of these types of reactions will be discussed, 
including possible mechanisms for the nuclear processes 
involved. 


II. EXPERIMENTAL PROCEDURES 
A. General 


Bombardments with helium ions of energy up to 
about 50 Mev and deuterons up to about 25-Mev energy 
are performed on the 60-inch cyclotron of the Crocker 
Laboratory. Bombardments with protons of up to 
about 30-Mev energy are to be accomplished with the 
linear accelerator of the Radiation Laboratory. The well- 
collimated external cyclotron beam of up to 20 micro- 
amperes particle current is degraded by weighed alumi- 
num foils to the desired energy.’ The target isotope 
material is usually deposited on a 10-mil aluminum 

1” The range-energy curves of Aron, Hoffman, and Williams are 


used [U. S. Atomic Energy Commission Unclassified Document 


AECU-663, May, 1951 (unpublished) ]. 
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backing foil shaped in the form of a small “hat.” This 
“hat” and the energy-degrading foils along with a 
1-mil cover foil (which serves to protect the target 
material and also to trap any recoiling fission products) 
are mounted in a water-cooled Faraday cup type of 
combined holder and ion chamber. The beam currents so 
produced are fed into a standard-type current integrator, 
and are also recorded continuously. The technique just 
described, adapted to bombardments in which the entire 
target is to be dissolved and analyzed for products, is 
sometimes varied by analyzing only a “catcher’’ foil 
which has been placed next to the target to retain 
forward recoiling spallation product nuclei.'® 

The target isotope, in nearly all cases essentially free 
from other isotopes of the element, is ordinarily 
electroplated as the hydrated oxide on to the aluminum 
or other metallic backing “hat.” Approximately 0.1-1 
mg can be plated over the 1.2-cm? area. Pains are taken 
to insure that the target material is uniform as required 
for absolute cross section measurements. To this end, 
activity profiles for the highly alpha radioactive targets 
are determined through a movable pinhold collimator 
and occasionally radioautographs are taken for repre- 
sentative targets. The amount of target material plated 
is determined by assaying each target plate in the 
appropriate standard alpha counter or calibrated low 
geometry counter followed by calculating the atom 
density from the specific activity. Assaying of the 
dissolved target solution after bombardment usually 
provides a method of checking this amount. Additional 
checks are made in some cases by weighing the “hat” 
before and after the plating (for Th”, U™*, and U™%). 
Thin metal foil targets (available for Th*’, U™, and 
U**) and targets made by slurrying the material on to 
the “hat” in aqueous suspension and drying are some- 
times used. 

After each bombardment, a suitable time is allowed 
for decay to reduce the frequently intense short-lived 
beta and gamma radioactivities in the target and also to 
allow short-lived fission product chain products to decay 
to their longer-lived daughters. The usual procedure of 
taking one long-lived member of a given mass decay 
chain to obtain the yield of that mass chain is used and 
consequently it is convenient to let some of the short- 
lived parent activities decay before chemical separation. 
The target material, target backing plate, and alumi- 
num cover foil are all dissolved in acidic solutions con- 
taining known amounts of fission product “carriers” 
(5-20 mg for each element to be removed). The solution 
also contains aliquots of standardized actinide element 
“tracer” solutions by which the chemical yields of the 
spallation products can also be determined. The tracers 
used are alpha-particle-emitting isotopes, e.g., Pa™', 
U*8, Np*7, Pu, Am**, and Cm™, whose long half-lives 
preclude their being formed in important amounts in 
ordinary 1-15 microampere-hour bombardments. 

The fission product activities and their inactive 
carriers, as well as the spallation product activities and 
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their tracers, are isolated in a series of chemical separa- 
tions, including precipitations, extractions, and ion 
exchange column elutions. Operations are performed 
first on the entire target solution (except for foil targets 
when aliquots are used) to separate groups of elements 
and later on these groups to finally isolate the isotopes of 
the desired individual elements. 

After purification the fission product activities with 
carriers are mounted on tared aluminum “hats,” 
weighed to determine chemical yield, and counted re- 
peatedly either by automatic sample counters or indi- 
vidually at proper times to allow necessary resolution of 
the usually several components present in the decay 
curves for each element. The beta counters are of the 
argon- and chlorine-filled Geiger tube type (end window, 
Amperex 100C tube). 

Suitable corrections must be applied for backscat- 
tering, self-scattering and sel-fabsorption, air and window 
absorption, geometry, coincidence losses, and branching 
in the decay schemes. For the scattering and absorption, 
use is made of the corrections determined under similar 
conditions by others.”-* All resolved decay data are 
corrected to the end of bombardment and suitable 
corrections are made for those isotopes whose half-lives 
are so short that they decay appreciably during the 2-4 
hr bombardments. Accidental changes of the cyclotron 
beam intensity or short-time interruptions of the cyclo- 
tron occasionally require further decay corrections. 
Errors involved in determining the absolute fission yield 
of any isotope are about +25%, although the error in 
total mass yield may be greater because of independent 
yields of isobars of higher atomic number than the 
isobar assumed to adequately represent the entire mass 
chain yield. Preliminary results of independent yields 
indicate that this effect may amount in some cases to 
almost 50%.™ Fission product isotopes isolated from one 
or more target materials include Br®:™, Sr5%.91,9, y90.91,98, 
Zr%97, Nb Mo”, Ruy'8.105,106 pqi0a,u2, A gll2, 113, 
Cate. Tena. pam. Ba ™. La, Cette 1s. 
pr. Nb", Ey'.i67, Ga. and Tb'®, 

The carrier-free spallation products are deposited on 
platinum plates either by evaporation from aqueous 
solution, electroplating, or volatilization from a tantalum 
filament in vacuum at about 1800°C. Total alpha- 
counting rates are determined in a 52% geometry argon 
flow ionization chamber. Resolution of the gross alpha 
activity into the various separate alpha activities 
present is made by standard alpha-pulse analysis.”® 

Radiations from isotopes undergoing electron capture 


2” B. P. Burtt, Nucleonics 5, No. 2, 28 (1949). 

21W. Nervik and P. C. Stevenson, Nucleonics 10, No. 3, 18 
(1952). 

2 Hicks, Stevenson, Gilbert, and Hutchin, Phys. Rev. 100, 1284 
(1955). 

23H. G. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955). 

% Gibson, Wade, Glass, Seaborg and (unpublished data). 

25 Ghiorso, Jaffey, Robinson, and Weissbourd, The Trans- 
uranium Elements: Research Papers (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), Paper 16.8, National Nuclear Energy 
Series, Plutonium Project Record, Vol. 14B, Div. IV. 
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Fic. 1. Diagram of successive chemical operations for the 
wae of spallation and fission products from plutonium 
targets. 








decay (electrons and x-rays) are measured with a 
windowless beta proportional counter. Electron capture 
counting efficiencies are being determined for some of 
the nuclides”* involved and approximate values for other 
species are estimated. 

The thin-target formula for the case of a nonuniform 
beam collimated to strike within a uniform target area 
applies for the cross-section calculations. An approxi- 
mate assignment of errors for the factors entering into 
the calculations is as follows: integrated beam intensity, 
+1-5%, due mainly to target alignment difficulty ; 
electroplated target density, +10%, due to nonuni- 
formity; disintegration rates for negatron-emitting fis- 
sion products, +20-25%, due mainly to counting 
correction uncertainties; disintegration rates for alpha- 
particle-emitting spallation products, +10%; disinte- 
gration rates for electron-capture-unstable products, 
+20-25%, due mainly to counting efficiency uncer- 
tainties. These errors can be combined to give the 
following average total errors: fission-product cross 
sections, +25%; spallation cross sections for alpha- 
radioactive products, +15%; spallation cross sections 
for electron-capture-radioactive products, +25%. The 
beam energy uncertainty is about +0.8 Mev. 


B. Present Plutonium Bombardments 


The milligram quantities of plutonium isotopes avail- 
able?’ for the helium bombardments varied in isotopic 
purity from >99% for Pu to vp 8% for Pu*® (5.8% 


Pu? and small amounts of Pu™, Pu’!, and Pu?) to 


37.8% for Pu (58.6% Pu™®, mes Pu, and small 


26 For ‘example, electron-capture disintegration rates to be 
compared with counting rates in order to establish counting 
efficiencies have been calculated from the growth of alpha-active 
daughters for Np, Am**, Am”, Am*°, and Cm™!. 

27 The Np”? for production of Pur by the path Np” (m,7) Np*8 
—B-—Pu*8 was gratiously supplied y B. B. Cunningham and K. 
Street, Jr. We are grateful to E. K. Hulet for supplying the 
Pu®*— Py mixture. 


REACTIONS 


IN Pu ISOTOPES 437 


25hE.clX) ~3hE.c 35d E.c.() 162da ~l00ya 


313930) =4n(330)((. 200 Ci gre Calg crn |=20022 [Cra on) OS i) cf 
4 psi 
wet a 


wy y ha 


oy 


)) i S 
oP d 
I2hE.c. ws roan 16h A (Ec) 
239) 3n(303) ARR 2245 241 -pn (17.4) 242m 
ne A SSS SA 
Vey 


ae ley 
3 -2nf) 
RY 2906.7) 
; 
90ya 24400yax% 6600ya lay 48° 
2386. 2 3n(34.5) 239 2p2n(288) 240 . = 2pn(22.3) 24! 
Py aS ere Pit 


TARGET g 


Y @/ 


Fic. 2. Diagram of spallation products from Pu®®, Compound 
nucleus formation is shown for convenience (although this is 
probably not always the case) between the helium ion and Pu, 
which thereby starts the evaporation chain from the excited Cm*8 
nucleus. Symbols designating observed products are enclosed in 
squares. Arrows indicate possible reaction paths and are labeled 
with total particles emitted from Cm** and (in parentheses) 
energy thresholds for the reactions. Dashed arrows are employed 
for less probable paths. Half-lives for the products are included 
above the isotope symbols. The usual notation is used in which 
n=neutron, p=proton, d=deuteron, ¢=triton, f=fission, y 
=gamma ray. 


amounts of Pu? and Pu™!), necessitating the subtrac- 
tion of spallation yield contributions from contami- 
nating isotopes for the latter two isotopes. The Pu™* 
target material was produced by the intense neutron 
irradiation of Np”? to form Np*’, which subsequently 
decayed to Pu™’, in the Materials Testing Reactor at 
Arco, Idaho. The electroplating procedure for target 
preparation and chemical separation procedures em- 
ployed are outlined Appendix I and Fig. The 
spallation product tracers,** Cm and Am**, were 
satisfactory for Pu** and Pu** bombardments but not 
for Pu” since Cm™* is the (a,2”) reaction product. For 
this and other reasons, the Pu?(a,«) cross sections were 
determined relative to the Pu¥* and Pu cross sections 
(using targets prepared by the slurrying method) which 
were in turn determined absolutely. 

Important spallation products from Pu*® bombard- 
ments are illustrated for orientation purposes in an 
isotope diagram, Fig. 2, with squares enclosing those 
actually observed. Modes of formation and possible 
further reactions are indicated along with total energy 
requirements (thresholds) for particle emission reactions 
and also half-lives for all species. 

Since the 60-inch cyclotron is also used to accelerate 
deuterons, the helium ion beam was occasionally moni- 
tored to detect possible deuteron contamination of the 
beam. Although range and cyclotron resonance data” 
clearly showed that any possible deuteron contamina- 
tion should be unimportant, monitoring was considered 
worth while because even a several percent deuteron 
contamination could possibly lead to high apparent 
(a,pxn) cross sections. The monitor reaction was the 
Bi™(d,p) Bi?” reaction whose cross section is known 
and which leads to beta activity. The Bi®™(a,xn) or 


28 We are indebted to Dr. Stanley G. Thompson for supplying 
these tracers. 
2° G. B. Rossi and W. B. Jones (private communication). 
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TABLE I. Pu**® spallation and fission cross sections (mb) as a 
function of helium-ion energy. 





Product 25.2 Mev 28.7 30.2 33.0 
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® Product, and consequently cross sections, are for the sum of the 
(a,p2n) and (a,3n) reactions. 


Bi (a,pxn) reactions all lead to alpha emitters at the 
energies tested (~30 Mev). Deuteron contamination 
was found in this manner to be <0.1%. 


III. EXPERIMENTAL RESULTS 


The individual cross sections obtained at each energy 
are listed for both spallation and fission products for the 


various plutonium isotopes in Tables I-III. The spalla- 
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Fic. 3. Excitation functions for helium-ion-induced spallation 
reactions in Pu*8, The X on the energy scale 17 marks the (a,2n) 


threshold. 
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tion cross sections have been plotted as a function of 
helium-ion energy in Figs. 3-5. The individual fission 
product cross sections, when plotted, yielded curves 
which are represented by Figs. 6 and 8. Integration of 
such curves then gave the total fission cross sections 
which are also included in the tables. Both the fission 
and spallation data together with the percent of the 
total observed cross sections attributable to spallation 
are plotted in Figs. 7 and 9, which immediately demon- 
strate the relative proportion of the various types of 
reactions. The total observed cross sections themselves 
for Pu®* and Pu*® are compared with theoretical curves 
in Fig. 10. The counting procedures used are briefly 
described in Appendix I. Some of the yields were de- 
termined by counting the radiations from nuclides 
decaying by electron capture (Am**, Am*°, Cm*#!) : the 
counting efficiencies used in these cases are also de- 
scribed in Appendix I. 

The spallation products themselves are graphically 
illustrated in a more conventional manner in Figs. 3-5. 
Unfortunately, Am™!, which may have been a significant 
spallation product nuclide from the (a,pm) reaction on 
Pu, could not be determined with any accuracy, be- 
cause this isotope was present in the Am** tracer solu- 
tion that was added to the dissolved target. Further, the 
high specific activity of the plutonium targets precluded 
any determination of the (a,am) reaction yields for these 
isotopes, although, according to information gained 
from other target isotopes,**! cross sections might be in 
the range above 10 mb at the highest energies. It was 
also impossible to determine the yield of the (a,y) 
product from Pu** since the Cm** so formed has too 
long a half-life and, incidentally, also has the same 
alpha-particle energy as Cm** which was used for the 
chemical yield tracer. The yields of Cm and Cm*® 
formed from the Pu™* and Pu*"(a,y) reactions, re- 
spectively, could not be determined for similar reasons. 
However, experience on (a,y) reactions” leads one to 
expect very small cross sections for these processes. It 
must be noted that since the first americium-curium 
separation takes place some four hours after the end of 
the bombardments, some of the Am” from the target 
Pu*® could be formed by Cm** decay. Thus the excita- 
tion function for Am*® production Fig. 3 is labeled 
(a,p2n)+ (a,3n), although the contribution from the 
(a,3m) reaction is undoubtedly the smaller and is most 
important perhaps in causing high cross sections in the 
35-40 Mev region of the excitation function. The yield 
of Cm”8 from the Pu*(a,57) and the Pu™8(a,42) reac- 
tions is determined only very approximately because it 
was determined by alpha-particle counting using an 


® Cross sections for helium ions on Np**7 have been determined 
by Gibson, Glass, and Seaborg (unpublished data). 

31S. E. Ritsema, M.S. thesis, University of California, January, 
1956 [University of California Radiation Laboratory Report 
UCRL-3266, January, 1956 (unpublished) ]. 

% H. D. Sharma, Ph.D. thesis, University of California, 1951 
[University of California Radiation Laboratory Report UCRL- 
1265, May, 1951 (unpublished) ]. 
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TABLE IT. Pu®® spallation and fission cross sections (mb) as a function of helium-ion energy. 


Product 20.2 Mev 
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® Value thus indicated has been adjusted to the (a,m) excitation function and serves as a basis for estimating all other cross sections, otherwise only of 


relative significance, at this energy. 


b Values include measured or estimated cross sections only for observed products. 


¢ Product is a shielded nuclide. 
4 Value indicated is an average of two determinations. 


¢ Value interpolated from graph of peak-to-valley ratio of yield curves vs energy. 


alpha-branching ratio (1.8%) estimated from alpha 
systematics. The yield of Cm from the Pu**(a,4n) 
reaction is also very approximate, owing to the diffi- 
culties in the resolution of decay curves obtained from 
measurements with proportional counters. For Pu, the 
(a,2m) excitation function contains some contributions 
from the (a,3m) reaction (since the alpha energies of 
Cm™“* and Cm** are indistinguishable to the pulse 
analyzer) and the (a,p) reaction (since Am* decays by 
beta decay to Cm™*). The (a,4”) excitation function is 
also a composite for the (a,4) and (a,p3m) reactions for 
similar reasons. 

Summation of all of the experimental fission and 
spallation cross sections for Pu®* and Pu™® leads to the 
results given in Fig. 10. Theoretical total cross-section 
plots calculated from the statistical model are shown 
for chosen values of 1.3 and 1.5 for the nuclear radius 

33 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


parameter, ro. The agreement between the theoretical 
and experimental curves perhaps indicates that most 
major fission and spallation reaction products have been 
determined. 


TABLE III. Pu* and Pu** spallation cross sections (mb) 
function of helium-ion energy. 


Product 23.6 Mev 


Py22e8 
Cm**(a,2n) > 
Cm?*(a,4n) 


103 116 


Pu*8¢ 


Cm”! (a,n) 6.8 8.2 


6.5 


* Absolute cross sections were determined by referring relative cross 
sections to Pu?%8(a,2m)Cm*™? reaction cross sections, since targets were 
58.6% Puss, 

b Product and consequently cross section are for the sum of the (@,2”) and 
(a,pn) reaction, Cross sections also include small contributions from the 
(a,3n) reactions at the higher energies. 
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Fic. 4. Excitation functions for helium-ion-induced spallation 
reactions in Pu. The X on the energy scale marks the (a,2m) 


threshold. 
IV. DISCUSSION 


It is clear from Figs. 7 and 9 that fission is the 
predominant reaction induced in plutonium by helium 
ions in the 20-50 Mev energy range as might be ex- 
pected. The proportion that goes into fission generally 
exceeds 90%, a substantial increase over the fraction of 
reactions that go into fission when thorium is bom- 
barded with particles in the medium-energy range.*® This 
competition with fission thus lowers the magnitude of 
the total cross section for spallation reactions. A careful 
consideration of the shapes and relative magnitudes of 
the spallation excitation functions shows a number of 
features not found with nuclides where competition 
with fission is not important. Only a part of this 
information on spallation reactions, principally the 
excitation function peaks for the (a,2m), (a,3m), and 
(a,4n) reactions (see Figs. 3, 4, and 5), fits nicely into a 
general picture of compound nucleus formation followed 
by particle evaporation, and significantly it is the 
probabilities for these reactions that are greatly reduced 
by fission competition. The prominent (a,pxn) reactions 
and high-energy extensions (“tails”) on the excitation 
functions likely result from interactions in which 
thermal equilibrium of a compound nucleus is not 
involved, such as direct interaction of the “knock-on” 
type. However, detailed mechanisms of the processes 
occurring cannot presently be given. 

Let us consider for illustrative purposes the case of the 
helium-ion-induced spallation reactions in Pu (Fig. 4), 
for which the most data have been obtained. For 
purposes of illustration, the parent compound nucleus, 
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Fic. 5. Excitation functions for helium-ion-induced spallation 
reactions in Pu**, The * on the energy scale marks the (a,2n) 
threshold. 


Cm**, and the various possible follow-up reactions with 
their energetic thresholds (with no allowance for po- 
tential barriers) have been indicated in Fig. 2. This 
nucleus can undergo particle evaporation (neutron, 
proton, or heavier particle), fission, or de-excitation by 
gamma-ray emission (although this is very improbable 
for the compound nucleus).** The same is true for each 
of the other intermediate compound nuclei, and it is 
evident that the situation differs from the usual cases 
hithertofore studied because of the fission competition 
which is present at each step. It is recognized that the 
compound nucleus may be by passed, particularly for 
the (a,n) and (a,pxn) reactions, although even in these 
cases the residual nucleus may be left in an excited state 
subject to removal by the fission reaction in competition 
with particle or gamma-ray emission. 

The relative probability for fission compared to 
further spallation is a function of the excitation energy 
and particular nuclear character of each intermediate 
compound nucleus. Not much is presently known, how- 
ever, about how this relative probability varies with 
either of these factors. Important in this respect will be 
how the probability for fission of the intermediate com- 
pound nuclei varies with atomic number (Z), with mass 
number (A), and with odd and even numbers of 
neutrons and protons. The parameter*® Z*/A is of im- 
portance in determining the probability for low-energy 


4 FE. L. Kelly, Ph.D. thesis, University of California, January, 
1951 [University of California Radiation Laboratory Report 
UCRL-1044, December, 1950 or. 

35 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 
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fission***” and spontaneous fission.*** Although the 
same parameter may not apply to fission in the energy 
range under discussion here, any applicable general 
dependence on Z and A is certainly of interest. 

With this brief outline, let us proceed to examine the 
individual reactions: first the (a,x) excitation functions 
for both compound and noncompound nucleus contribu- 
tions, then the important (a,pxn) reactions, and finally 
the fission cross sections themselves. 

As stated above, in a qualitative way the generally 
low values for the cross sections in the spallation 
excitation functions are readily understood to indicate 
that fission is claiming most of the compound and 
intermediate nuclei. The cross section for the Pu™®(a,27) 
reaction is in the range of 10 millibarns, in contrast to 
the (a,2m) cross sections of about 1000 millibarns at 
similar energies for lead'® and bismuth" where competi- 
tion with the fission reaction is not a factor. 

More quantitatively, the success with which fission 
competes with neutron emission is revealed in the rela- 
tive (a,xn) excitation functions (Figs. 3, 4, and 5), which 
record in each cross-section value the combined survival 
from fission of one or more intermediate nuclei along a 
neutron emission path. The effect is illustrated by the 
(a,2n), (a,3n), and (a,4n) excitation functions for Pu*® 
(Fig. 4), which exhibit decreasing maximum cross- 
section values in the ratio 1:0.3:0.07. In contrast, the 
cross sections at the peaks of the excitation functions 
for the identical reactions among lead'® and bismuth" 
isotopes actually increase in the approximate ratio 
1:1.4:1.4. For an interpretation of such a decrease in 
peak heights among fissionable elements, Meinke, Wick, 
and Seaborg’ previously suggested as part of an explana- 
tion for the results obtained by them in a study of 
spallation-fission competition in the thorium-uranium 
region that the probability for fission, or I'y, increases 
with energy at about the same rate as the probability 
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Fic. 6. Yield curves for helium-ion-induced fission in Pu** for 
three energies. © =measured points; @=points from reflection 
about the midpoint. 


% Huizenga, Manning, and Seaborg, The Actinide Elements 
(McGraw-Hill Book Company, Inc., New York, 1954), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 144, 
Div. IV, Chap. 20. 

37 W. J. Whitehouse, Progr. Nuclear Phys. 2, 120 (1952). 

38 W, J. Whitehouse and W. Galbraith, Nature 169, 494 (1952). 

% G. T. Seaborg, Phys. Rev. 85, 157 (1952). 
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for neutron emission, or I',, for nuclei excited to a 
similar energy range to that under investigation here. 

Consideration of the plutonium (a,x) excitation 
functions from a compound nucleus viewpoint, in- 
cluding a calculation of rough T';/T, values (outlined in 
Appendix IT), leads to the same conclusion that l',/T, is 
not a strong function of energy in the energy range 
under investigation (ranging in value between 1 and 7 
for the curium isotopes in the helium-ion-bombardment 
target nuclei Pu, Pu**, and Pu). The analysis, 
consisting of calculations of mean neutron emission 
branching ratios and then I’;/I’, values for intermediate 
nuclei from the (a,«m) excitation function peaks 
[omitting the (a,) reaction ], has been extended to all 
available excitation function data for the elements 
thorium and above. The results show that among the 
isotopes of an element there is a gradual decrease in 
I',;/!', with increasing mass number but no significant 
variation among isotopes of several elements lying ap- 
proximately the same distance from the line of beta 
stability, except that in the thorium region I',/T,, de- 
creases noticeably. Thus the empirical observation from 
the bombardment program in progress that the (a,xm) 
excitation functions are similar for corresponding reac- 
tions among isotopes (of elements uranium and above) 
in the same region of the Heisenberg valley is interpreted 
to mean that the ratios of the level width for fission to 
the level width for neutron emission are likewise similar. 
The inescapable conclusion from these data is that an 
atomic number effect is not dictating a continuous 
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reactions in Pu%*, The dashed line represents the percent of both 
fission and spallation reactions going into spallation. 
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decrease in spallation cross sections from a general 
increased fissionability of nuclides with increasing Z, 
and also that Z*/A is not a promising parameter for 
interpretation of fission with medium excitation energies. 

The effect of A on the relative probability for fission 
competition among the plutonium isotopes is striking. 
It is possible to compare the yields of identical reactions 
on target nuclei of the same type (i.e., both even-even) 
in the case of the Pu™*(a,2n) and Pu**(a,2m) reactions 
(Figs. 3 and 5). The yield from Pu is about seven 
times greater than that from Pu** throughout the 
energy range. Thus in this region and range of A there 
is a clear effect; i.e., the relative probability for fission 
increases as A decreases. It may be noted that the yield 
of the Pu*’(a,4n) reaction (Fig. 5) is also greater than 
that of the Pu™*(a,4) reaction (Fig. 3), showing the 
same effect for change in A. Both of these observations 
demonstrate that ',/I’,, increases as A decreases. 

The continuing yields at the highest energies for the 
(a,n) and (a,p) reactions (Figs. 2 and 3) indicate some 
failure of the compound nucleus picture, with direct 
interactions between the constituents of the projectile 
and those of the struck nucleus apparently important. 
Such direct interactions are certainly also involved in 
the explanation of the long tails seen in many of the 
other excitation functions [e.g., the (a,2m) excitation 
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functions in Figs. 3, 4, and 5]. Direct-interaction 
interpretations for low-energy reactions are not new*—* 
and are equally applicable to tails observed among 
excitation functions for lighter elements.'>* Among the 
heaviest elements noncompound-nucleus mechanisms 
also play a role in aiding fission survival, which as we 
shall see is important for the prominent (a,pxm) reac- 
tions. The direct-interaction mechanism implies that the 
(a,2) or (a,p) product must be formed in large part by 
reactions in which the incident helium ion does not 
amalgamate with the struck nucleus. For this reaction 
the highly fissionable compound and intermediate nuclei 
can be completely avoided if the emitted neutron carries 
off sufficient energy to leave the residual nucleus with 
excitation energy below the fission threshold. In the 
case of reactions contributing to the “tails” of the 
excitation function for the (a,2”) and (a,3m) reactions, 
excited intermediate nuclei susceptible to fission exist 
prior to evaporation of the second and third neutrons 
after the initial knock-on reaction. 

The (a,«) excitation functions, then, contain contri- 
butions from compound-nucleus and knock-on mecha- 
nisms and should strictly be separated into these 
components for analysis. Since this division would be 
somewhat arbitrary, it has been avoided and the 
aforementioned analysis for l';/I’, values was performed 
with the total excitation function. A measure of the 
energy distribution of the emitted neutrons and protons 
would be very interesting from this point of view. 

An important feature peculiar to this region is the 
comparable yields of the (a,1n) and (a,pxn) reactions 
(Figs. 3 and 4). The Coulomb barrier to the outgoing 
proton makes the cross sections for the latter much 
lower than those for the former reactions in regions of 
high atomic number, for example, around lead,!*:4*46 
where competition with fission is not a factor. These 
(a,pxn) reactions in Pu** and Pu are of the same order 
of magnitude as those around lead, while the (a,«m) 
reactions have been greatly reduced. 

Let us consider, for the sake of completeness, whether 
the high (a,pxn) compared to (a,«n) yields in plutonium 
could be due to smaller competition with fission due to 
the lower Z for the intermediate compound nuclei 
possibly involved in the (a,pxn) reactions, in which the 
proton would probably generally be the first particle 
evolved. Such an effect of Z, ie., rather rapidly in- 
creasing fissionability with increasing Z for nuclei ex- 
cited to these energies, has been tested by measuring the 
yields of the same spallation reactions over a wide range 


4 R. Nakasima and K. Kikuchi, Progr. Theoret. Phys. 14, 126 
(1955). 

41 R, M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 

42 J. W. Meadows, Phys. Rev. 98, 744 (1955); Meadows, 
Diamond, and Sharp, Phys. Rev. 102, 190 (1956). 

48 Cohen, Newman, Charpie, and Handley, Phys. Rev. 94, 620 
(1954). 

44S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 

45 Templeton, Howland, and Perlman, Phys. Rev. 72, 758, 766 
(1947). 

46 F. N. Spiess, Phys. Rev. 94, 1292 (1954). 
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of Z for the target nuclei. Data already available from 
the general program of investigation of spallation-fission 
competition in this laboratory indicate that the ratio for 
spallation to fission yield does not steadily decrease with 
increasing Z for many such spallation reactions. For 
example, the cross sections for the (a,2m) reaction, which 
are of the order of ten. millibarns for Pu”* and Pu 
(Figs. 2 and 3), also have about the same value for the 
lower-Z target nuclide’ U** and the higher-Z target 
nuclides Cm™* 48 and Cf’. There are indications that 
the yields for a number of other spallation reactions also 
have a surprisingly small variation with Z. Thus we are 
forced to conclude that the increase of fissionability 
with the increase in Z is much too small to account in 
general for the low ratio of (a,xn) to (a,pxn) yields. 
Since ’,/T’, is nearly constant with increasing energy 
of excitation [as concluded from the yields for (a,xn) 
reactions in Appendix II], ‘we can account for the 
relatively high yields of the (a,pxn) reactions if we 
assume that the corresponding intermediate nuclei are 
formed in large part by a mechanism in which proton 
emission from a compound nucleus is not involved and 
are formed in a relatively low degree of excitation. 
Apparently these products are formed in large part by 
reactions in which the incident helium ion does not 
amalgamate with the struck target nucleus and the 
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Fic. 9. Excitation functions for fission and summed spallation 
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fission and spallation going into spallation. 


47 Thomas, Glass, and Seaborg (unpublished data). 

48 Chetham-Strode, Choppin, and Harvey, Phys. Rev. 102, 747 
(1956). 

49 Harvey, Chetham-Strode, Ghiorso, Choppin, and Thompson 
(unpublished4data). 
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theoretical reaction cross sections calculated for ro=1.5X 10~" and 
ro=1.3X10- by Blatt and Weisskopf (see reference 33). 


emitted nucleons (or combination of nucleons) come off 
with high energy leaving the nucleus in a state of small 
excitation. On this picture, the high yield of the (a,p2n) 
reaction might suggest that the outgoing particle is 
often a relatively high-energy tritium nucleus rather 
than a proton and two neutrons; thus competition with 
fission is small because the intermediate nuclei involved 
do not go through a degree of high excitation. Pre- 
liminary experiments in this laboratory,” in which the 
actual yield of tritium produced in the helium-ion 
bombardment of uranium was measured, show that a 
rather large yield of high-energy tritium is obtained. 
Thus emission of high-energy protons, deuterons, and 
tritons could explain the relatively high yields of the 
(a,pan) reactions. The low yield of the (a,p31) reaction, 
Table II, is in agreement with this picture, for this 
reaction allows no apparent mechanism for the forma- 
tion of intermediate nuclei which are all at low excitation 
energy and hence the yield is drastically reduced through 
the competition by the fission reaction. The fact that an 
(a,pn) reaction peak was not observed” for Pu” may be 
further evidence that compound nuclei are not involved 
for this reaction, since the effect of mass number which 
acts to increase the (a,27) cross section for Pu? com- 


50 Wade, Gonzalez-Vidal, Glass, and Seaborg (unpublished 
data). 

5| The product observed would have been Cm™, the product 
also of the (a,2n) reaction. Thus large (a,pm) cross sections would 
cause a second peak on the excitation function labeled (a,2n) in 


Fig. 5. 
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pared to Pu™* target nuclei does not act proportionately 
to increase the yield of the (a,pm) reaction. Another 
example of direct interaction is apparently the large 
yield of the (a,an) reaction® in U™*, 

Thus the conclusion seems inescapable, on the basis 
of several types of evidence, that direct interaction 
between the constituents of the projectile and those of 
the struck nucleus, i.e., processes other than compound 
nucleus formation, are taking place in a rather promi- 
nent manner. Effects of this magnitude at the moderate 
energies involved (mainly some 20-40 Mev) were at 
first rather surprising. However, this heavy region is well 
suited to the study of such reactions because the slightly 
excited noncompound-nuclei are favored over the more 
highly excited bona fide compound nuclei owing to 
greater loss of the latter by competition with fission. 
The relative importance of stripping, knock-on, pickup, 
and “local excitation” reactions, or possible combina- 
tions of these, is not established on the basis of the 
present work. It seems likely that such mechanisms will 
also be important in this region of atomic number for 
reactions induced with heavy ions,®-* leading to the 
formation of nuclides of much higher atomic number 
than the target in such low degree of excitation that a 
measurable proportion of them can survive the competi- 
tion with the fission reaction. 

It would be interesting to see whether any effect due 
to nuclear type (i.e., even-even, even-odd, etc.) can be 
discerned and interpreted, and the yields of the (a,2m) 
reactions on the neighboring nuclides Pu** and Pu®® can 
be studied from this point of view (Figs. 3 and 4). We 
find here similar excitation functions of approximately 
equal magnitudes with the peak at several Mev higher 
energy in the case of Pu. In a similar comparison of 
the excitation functions for the (a,) reaction on Pu™* 
and Pu” (Figs. 3 and 4), the former shows the higher 
yield but its shape is not well enough defined to make a 
comparison of shapes meaningful. Thus Pu, in spite of 
a larger value for A, shows an equal and a smaller yield 
for these particular reactions [(a,2n) and (a,n), re- 
spectively | compared to Pu™*. However, a consideration 
of the nuclear types of the target, compound, and 
product nuclei involved doesn’t lead to any clear-cut 
conclusion. Any elucidation of the effect of nuclear type 
apparently awaits more data of a type which might be 
forthcoming from following investigations in this 
program. 

The distributions in the yields of the fission products 
were determined primarily for the purpose of estimating 
the fission cross sections at the various energies, and 
therefore these rather laborious investigations were not 
sufficiently extensive or accurate to draw many other 
conclusions concerning the details of the fission process 


52 Chackett, Fremlin, and Walker, Phil. Mag. 45, 173 (1954). 

53 B. G. Harvey, Report of the Symposium on Nuclear and 
Radiochemistry of the Chemical Institute of Canada, Physical 
Chemistry Subject Division, McGill University, Montreal, 
Canada, September 7-9, 1955 (unpublished). 
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itself. The yield of a fission product near the end of a 
given beta-particle decay chain has been assumed to 
represent the entire yield for that mass number. As 
mentioned above, this procedure can lead to errors of 
almost 50% in some individual cases,‘ especially for the 
heavy fission products, and hence the fission cross 
sections are probably best considered to be lower limits. 
The commonly used procedure of reflecting the low- and 
high-mass peaks of the yield curves was utilized in order 
to complete the total fission product yield curves, which 
may introduce some additional error into the integration 
process for estimating the fission cross sections. 

The total interaction cross sections, obtained as the 
sum of the fission and spallation cross sections (Fig. 9), 
lead to a reasonable value for the nuclear radius parame- 
ter® for both Pu’ and Pu, i.e. ro equal about (1.3-1.6) 
X10-* cm. Another deduction, which can be made from 
the center of symmetry of the fission yield distribution 
curve, is the average number of neutrons emitted in 
connection with the fission process. Such considerations 
indicate, more clearly for Pu’, the emission of several 
more neutrons at the highest energies than at the lowest 
energies (Fig. 8). It seems likely that this increase in 
neutron emission comes largely from the fission frag- 
ments since, although prefission evaporation of up to 5 
neutrons is energetically possible, fission competition 
interrupts most chains of neutron emission after the 
first few steps as was deduced from the sharply de- 
creasing maximum cross-section values for the Pu (a,x) 
excitation functions with increasing x (Fig. 4 and 
Appendix IT). Unfortunately, as the number of neutrons 
emitted increases, greater uncertainty results in total 
chain yield and consequently in the determination of 
this number. 

The fission product distribution data for Pu (Fig. 7) 
seem to be sufficiently complete to justify some further 
comments. The transition from largely asymmetric to 
largely symmetric fission as the energy of the bom- 
barding helium ions is increased can be clearly seen. 
Since fission at many degrees of excitation from 5-6 Mev 
up to about the energy of the incident projectile is 
probably taking place, depending on the stage of 
spallation at which the fission occurs, each of the curves 
can be considered to be the summation of many ranging 
continuously from nearly the extreme slow-neutron 
double-humped to the extreme (at least at the highest 
energies) single-humped shapes. The transition from a 
double- to a single-“humped” final composite distribu- 
tion seems to occur for helium ions with energy in the 
neighborhood of 40 Mev. The general features of these 
curves seem to be in general agreement with previous 
work,!:*.54.55 However, recent work by Hicks and 
Gilbert* on the high-energy-deuteron-induced fission of 
uranium indicates the presence of two peaks in the 


54 Jones, Timnick, Paehler, and Handley, Phys. Rev. 99, 184 
(1955). 

55 Katz, Kavanagh, Cameron, Bailey, and Spinks, Phys. Rev. 
99, 98 (1955). 
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fission product distribution curve for deuteron energies 
well above 40 Mev. 
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APPENDIX I 


A. Target Preparation 


Considerable experimentation was required before 
suitable conditions for the electrodeposition of plutonium 
(the only practical way to prepare uniform targets from 
limited quantities of target material) were determined. 
No previous methods for electroplating 0.2 to 1 mg of 
plutonium on aluminum have been reported. Electro- 
deposition from basic solutions®* could not be used. The 
most successful method was patterned after the oxalate 
method described by Hufford and Scott.*’ An oxidizing 
(KBrOs;) solution containing Pu (VI) in concentrated 
hydrochloric acid was evaporated to dryness and the 
residue was redissolved in 1-2 ml of 0.4M ammonium 
oxalate. This solution was then used in a plating cell 
formed by a small glass tube sealed by a gasket onto the 
aliminum target plate. A platinum stirring disk served 
as the anode using ~ 100-200 ma/cm? at a potential <4 
volts. Usually one such plating for ~} hour would yield 
0.2-0.4 mg plutonium at ~50% yield. Removal and 
drying of the very adherent deposit on the plate would 
enable further platings over the original deposit up to 
1-2 mg. Pin-hole scanning of the alpha-particle emission 
showed the plates to be sufficiently uniform. Assays 
were made directly in a calibrated low-geometry scintil- 
lation counter. 


B. Chemical Procedure 


The isolation of the fission and spallation products. 


from the bombarded target was performed in a sequence 
of operations on the entire target, rather than on sepa- 
rate aliquots. This was done to reduce target material 
and cyclotron time. After the products were crudely 
separated from the original solution, specific chemical 
operations were performed to isolate each of the ele- 
ments according to the procedures found in the Meinke™* 


56H. W. Miller and R. J. Brouns, Anal. Chem. 24, 536 (1952). 

57D). L. Hufford and B. F. Scott, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1949), National Nuclear Energy Series, Plutonium Project Record, 
Vol. 14B, Div. IV, p. 1149. 

58 W. W. Meinke, University of California Radiation Laboratory 
Unclassified Report UCRL-432, August, 1949 (unpublished), 
Addenda 1 and 2. 
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and the Coryell and Sugarman compilations. The 
unavoidable dissolution of large (130 mg) quantities of 
aluminum along with the target introduced added 
complications. Further, the high specific activity of the 
plutonium isotopes required that the initial chemistry 
be performed in enclosed glove boxes. 

Since the target material (a partially dehydrated 
PuO:) tends to become refractory the dissolution was a 
somewhat tedious procedure. When bromine and iodine 
were to be determined perchloric and hydrofluoric acid 
mixtures were used; otherwise, aqua regia treatment 
was satisfactory. After dissolution, alpha-particle count- 
ing assays were made to determine the amount of 
plutonium remaining on the original target plate. 

Iodine, bromine, ruthenium.—lIodine, bromine, and 
ruthenium were removed and purified by standard 
distillation procedures. The aluminum target material 
was removed by precipitation and successive repre- 
cipitations of all of the other carrier materials from 
strong NaOH—Na.CO; solutions in which aluminum 
remains dissolved. 

Strontium, barium.—Barium and strontium were re- 
moved by dissolving the above resulting precipitate in 
hydrochloric acid, followed by cooling in an ice bath and 
precipitation of BaCl, and SrCl: by saturation of the 
solution with hydrochloric acid gas. Barium and 
strontium were separated by selective chromate pre- 
cipitation at controlled pH’s, and finally mounted as 
BaCrO, and SrCO; for counting and weighing. 

Cadmium.—Cadmium was removed on a column 
packed with Dowex A-1 ion exchange resin which, with 
10-12M HCl, does not in general hold the actinides 
or rare earth elements, but does retain Pu (IV). 
Cadmium was then removed by stripping with 0.75M 
H.SO,, followed by antimony sulfide scavenging and 
final precipitation from a solution of lower acidity and 
mounting as cadmium sulfide for counting and weighing. 

Rare earth-actinide separation.—The actinide and rare 
earth elements were separated from other elements by 
co-precipitation of the fluorides using lanthanum fluoride 
carrier. After dissolution in H;BO;— HNOs, a hydroxide 
precipitate was formed, which was dissolved with HCl 
gas. The resulting solution was passed into a column 
packed with Dowex-50 ion exchange resin for a rare- 
earth-actinide separation.™ Actinide ions are selectively 
eluted before rare earth ions with an eluting solution of 
20% ethyl alcohol saturated with HCI gas. 

Cerium, europium.—Cerium and europium were sepa- 
rated from each other by selective reduction of the 
europium; both cerium and europium were finally 
mounted as the oxalates. In some runs, the column 


5 C. D. Coryell and M. Sugarman, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 


1951), National Nuclear Plutonium Project 
Record, Vol. 9, Div. IV. 

6 K. Street, Jr., and G. T. Seaborg, J. Am. Chem. Soc. 72, 2790 
(1950). 

6! Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. 


Soc. 76, 6229 (1954). 
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procedure recommended by Nervik® was used for 
separation of these rare earths from each other. 

Americium, curium.—The americium and curium 
(carrier-free) HCl solution from the column packed 
with Dowex-50 ion exchange resin was boiled to dryness 
and then the two elements were separated from each 
other by elution with a solution containing lactate ions 
from a column packed with Dowex-50 cation-exchange 
resin.™ Counting rates of a few alpha-particle counts 
min were successfully separated from 107—10* counts/min 
of target materials. 


C. Counting Procedures 


Fission products—These were counted by using 
Amperex (halogen-filled) Geiger counters with suitable 
corrections. (See Sec. II.) The yields of Sr” and Cd!!™™ 
are particularly uncertain because of the similarity of 
the half-lives of the daughters to those of the parents 
(Sr®™ and Cd!!7™), 

Spallation products—The americium and curium 
isotopes were volatilized from a hot tungsten filament in 
vacuum onto platinum disks. Some of the curium 
fractions contained up to four of the possible alpha 
emitters: Cm”*.*°.241,28 and tracer Cm™. Alpha-pulse 
analysis” served to resolve the alpha particles from the 
various isotopes. Standard alpha-particle counting by 
argon-filled ionization counters with nonselective energy 
amplification was also used. In the case of Cm™'!, only 
0.96+0.07% of the decay is by alpha emission,™ the 
rest being by electron capture. Thus the yield of this 
nuclide was generally determined by counting the 
electron capture radiations; this counting efficiency 
(82%) has been determined,** by measuring the alpha- 
particle rate of the daughter Am". 

The amounts of americium isotopes, Am™! and tracer 
Am** were determined by alpha-pulse analysis. The 
Pu™®(a,2) product, Am*”", was determined by counting 
the alpha particles from the Cm™ daughter activity 
after a suitable growth period had elapsed. The electron- 
capture radiation from Am™° was counted in a window- 
less proportional counter ; the counting efficiency of 80 
90% was determined approximately by measuring the 
alpha-disintegration rate of the daughter Pu. The 
yield of Am” was similarly determined even more 
approximately; in this case a counting efficiency of 
60-80%" was determined by measuring the alpha- 
disintegration rate of daughter Pu. It appears that 
sample thinness is fairly important for high counting 
efficiencies of Auger electrons (due to self-absorption) 
which are counted in the proportional counters. This 
factor has led to a marked lack of reproducibility in the 
cases of the Am and Am™ counting efficiencies. 
Counting of x-rays is a possible solution to the problem 
of counting electron-capture isotopes. 

6 W. E. Nervik, J. Phys. Chem. 59, 690 (1955). 

63 R. A. Glass, J. Am. Chem. Soc. 77, 807 (1955). 

* Glass Gibson, and Cobble (unpublished data). 
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APPENDIX II. APPROXIMATE DEDUCTION OF 
NEUTRON EMISSION AND FISSION 
BRANCHING RATIOS FROM (a,xn) 

EXCITATION FUNCTIONS 


The (a,«m) excitation functions (Figs. 3, 4, and 5) 
provide an unusual opportunity for deduction of mean 
neutron-emission and fission branching ratios for the 
compound and intermediate compound nuclei involved 
in the reactions, including also conclusions regarding 
their variation with excitation energy and nuclear type. 
The basis for the treatment is compound nucleus forma- 
tion followed by evaporation, and for this reason the 
(an) reaction is not considered. The fate of each 
intermediate nucleus in the evaporation chain is de- 
termined by its branching ratios®*:** (level width ratios) 
for neutron emission, I’,,/>_; I; (henceforth designated 
as G,); fission, Ty/}°;Ti(G;); and gamma-ray de- 
excitation, T,/>>;T',(G,). The “total width,” }>; Ty, is 
in principle a summation taken over all possible de- 
excitation modes, although products from some con- 
tributing reactions were undetectable in the present 
radiochemical experiments. This difficulty is minimized, 
however, by the fact that one process, 1.e., fission, which 
is accounted for, supplies by far the most important 
term. It will also be noted that each given energy of 
incident helium ions leads to a continuum of states and a 
range of excitation energies for the intermediate nuclei, 
depending upon the kinetic energy carried out by 
neutrons, so that I, and }>; I; are averages over this 
small energy range. 

The potentially complex variation of these ratios with 
excitation energy and nuclear type (Z,A4, odd-even 
character, etc.) is somewhat simplified by the fact that 
above 5-6 Mev essentially only neutron emission and 
fission compete, and below this approximate threshold 
energy for neutron emission and fission only the slower 
gamma-ray emission occurs. Thus the following ex- 
pressions for the (a,x) cross sections of Pu: 


a(a,2n) =GrsGroGy107, 
a(a,3n ) =GrsGn2GniGyoor, 
a (a,4n) = Gr3Gn2GniGnoGyor, 


where subscripts 3, 2, 1, 0, and 9 refer to Cm**, Cm*”, 
Cm*!, Cm™°, and Cm™®, respectively, are simplified for 
those helium-ion energies leading to an excitation 
energy for a given product of less than 5-6 Mev, since 
G, values become unity. One helium-ion energy for each 
excitation function where G, thus approaches unity is 
the energy corresponding to the maximum cross-section 


65 The terminology employed follows that of Blatt and 
Weisskopf (reference 33) and P. Morrison, Experimental Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1953), Vol. II, 
Part VI. 

66 For other considerations of neutron-emission and fission 
branching ratios see, for example, R. W. Spence and G. P. Ford, 
Annual Review of Nuclear Science (Annual Reviews, Inc., Stanford, 
1953), Vol. 2, p. 399 and Huizenga, Gindler, and Duffield, Phys. 
Rev. 95, 1009 (1954). A slightly different treatment of branching 
ratios has been developed by R. E. Batzel (unpublished data). 
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value (peak energy), as can be deduced from energy 
balance requirements (( values) and energy losses by 
neutron kinetic energy (assuming reasonable nuclear 
temperatures). Hence if we restrict our considerations to 
cross-section values at peak energies, the G, terms drop 
out of the equations, and in so doing we also treat 
points of relative freedom from “tail” contributions 
(noncompound-nucleus) to the cross sections. 

Consider first the (@,2) reaction in Pu™® and (a,3y) 
reaction in Pu, for which Cm™ is the product nuclide 
and identical intermediate nuclei possess similar excita- 
tion energies if the respective peak energies are con- 
sidered. The ratio of cross sections, 


o(a,2n) 238 


G n 2G n10T 238 


™ 7 = = oe 
o(a,3n) 239 Gr3GnoG n10T239 


equals 1/G,3 times the total cross-section ratio (taken 
from Fig. 10). The G,3 value obtained, representing the 
neutron emission branching ratio in Cm** excited to 30 
Mey, is 0.30. Subtracting this number from one leaves a 
fission branching ratio of about 0.70, and dividing the 
branching ratios gives a level-width ratio, 'y/T,, of 2.3, 
or over two-to-one fission to neutron emission in Cm**. 
Although Cm** is the only nuclide which can be 
assigned unique branching ratios, geometric mean values 
over two or three nuclides can be evaluated in many 
cases. The ratio of the peak cross section for each (a,x) 
excitation function to the total reaction cross section for 
the appropriate helium-ion energy (from Fig. 10) equals 
the product of a number of neutron emission branching 
ratios, such that mean values are obtained by extracting 
the square root of the ratio for an (a,2”) peak, the cube 
root for an (a,37) peak, and a fourth root for an (a,4”) 
peak. For example, the calculation of 


G,, (mean) = (GnsGn2Gn1)'=[o(a,3n)/or |! 


gives the mean value of the neutron-emission branching 
ratios for Cm" excited to 30 Mev, Cm”? excited to 22 
Mev, and Cm”! excited to 12 Mev and, putting in the 
proper numerical values, equals 0.20. Calculations have 
been performed for all possible cases and the results are 
tabulated in Table IV. 

It is seen that the G value of 0.30 for Cm** is of the 
same order of magnitude as the mean value of 0.20 for 
Grsz, Gna, and G, from o(a,3m) 239 and 1239 alone and also 
the mean value of 0.16 for G2 and Gn: from o(a,2m7) 238 
and oy;33 alone. As a first approximation then, com- 
parable numbers of Cm™? and Cm”! nuclei to Cm*’ 
nuclei are going into fission; that is, fission is occurring 
prominently all along the evaporation path. The 8-9 
Mev higher excitation energy of Cm, therefore, is not 
decisive one way or the other, for fission lability or 
stability. 

It is difficult to assess exactly how much of the 
variation in G, and I;/I, is due to differences in 
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TABLE IV. Neutron-emission branching ratios (G,) and fission to 
neutron-emission ratios ('/I’,,) for curium isotopes. 


Intermediate Gn, I'y/In, 


nuclides mean 


Product 
nuclide 


Target 


nuclide Reaction 


Pu8 *m?40 *m242 241 
Pu38 
Pu?%9 
Pu?%9 
Pu? 
Pu? 
Pu? (a.4n) *m42 “246,245,244 243 


(a,2n) 0.16 
*m?42 241 240 ,239 


(a,4n) m8 0.12 
(a,2n) *m*41 *m43,242 0.24 
(a,3n) >m*” ; ; 0.20 
(a,4n) *m?89 *m?# ; 0.16 
(a,2n) *m?44 *m!? 0.66 
0.30 


ne ann 


Ww Uk CM Wh 


N 


bh 


excitation energy and how much to differences in A and 
odd-even character. The uncertainties of at least + 25% 
that must be attached to the numbers is a further 
complicating factor. In addition, it is probable that a 
certain amount of the lowering of successive (a,xn) 
peaks may be due to the fact that as the energy of the 
incident alpha particle increases, relatively more knock- 
on or direct-interaction reactions®:* take place. Alpha 
particles are thereby removed which might have formed 
compound nuclei and these in turn would have led 
preponderantly to (a,3m) and (a,42) reactions (at the 
upper range of energies under consideration). 

Apart from these difficulties, nevertheless, two obser- 
vations that can be made from the information in 
Table III are that fission is occuring over a range of 
nuclides and that there is a transition in G,, from about 
0.2 to 0.6 from the lightest to heaviest curium isotopes. 
It appears that the indicated stability towards fission 
associated with the larger mass numbers might explain 
the entire variation in Table ITI. 

The relative (a,2”) and (a,4n) reactions Pu™* and 
Pu” are an interesting consequence of the step-wise 
fission competition picture. The ratio of the (a,2n) 
maximum cross-section values is about 6.9 (103 mb for 
Pu?” divided by 15 mb for Pu**) whereas the ratio of the 
(a,4n) maximum cross-section values is about 35 (9 mb 
for Pu divided by 0.26 mb for Pu”*). At first one 
might have expected equal ratios, but consideration of 
the fact that the fission reaction has had two chances, so 
to speak, to interrupt the chain leading to the (a,2m) 
reaction products and four chances in the case of the 
(a,4) reaction necessitates a different comparison. If we 
take the square root of the ratio of the (a,2) cross 
sections (¥ 6.9= 2.6) and the fourth root of the ratio of 
the (a,47) cross sections (¥ 35= 2.4) to obtain quantities 
related to the mean neutron-emission branching ratios, 
roughly equal numbers result. This interesting outcome 
also shows that the variation in G, or ';/I’, over the 
four nuclides involved in the (a,2) and (a,4) reactions 
is about the same for Pu®* and Pu’ target nuclei. 


67 R. E. Bell, Phys. Rev. 95, 651 (1954); R. E. Bell and H. M. 
Skarsgard, paper presented at the Toronto Meeting of the Royal 
Society of Canada, June 6-8, 1955 [Atomic Energy of Canada, 
Limited, Report AECL-221 (unpublished) ]. 
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Nuclear Surface Effects 


D. P. HALe AND R. D. PRESENT 
The University of Tennessee, Knoxville, Tennessee 
(Received July 16, 1956) 


The nuclear surface energy and surface thickness have been calculated from a model in which the assumed 
volume energy density is a simple empirical function of the particle density and the particie density is a 
simple empirical function of position. Weizsicker’s inhomogeneity correction has been used in unmodified 
form. For various combinations of empirical energy densities (leading to reasonable compressibilities) with 
empirical particle densities, the calculated surface energies were found to agree within 15% with the surface 


energy term of the semiempirical mass formula. The calculated surface thicknesses exceed by 20% to 60% 


OF. 


the surface thickness of the proton distribution inferred from electron scattering experiments. 





N a recent paper with the same title, Berg and Wilets! 
have calculated the “fall-off” distance of the nuclear 
density distribution from a model in which the volume 
energy density is assumed to be a simple empirical func- 
tion of the particle density. Including Weizsicker’s 
inhomogeneity term with an adjustable coefficient, 
Berg and Wilets deduced the form of the particle 
density and calculated the surface energy from the as- 
sumed energy density function by a variational method. 
The unknown parameters entering the calculation were 
determined by using the coefficients of the volume and 
surface energy terms and the radius parameter of the 
semiempirical mass formula. Only one of the three 
empirical energy densities tried led to reasonable values 
for the nuclear compressibility and the fall-off distance, 
the latter being found some 35% larger than the 
electron scattering value.? The successful density func- 
tion corresponded to an unmodified Weizsicker in- 
homogeneity term. 

We wish to report the results of a very similar cal- 
culation which was nearing completion at the time of 
publication of the paper just discussed. Because of the 
similarities between the two treatments and the greater 
elegance of the method used by Berg and Wilets, we 
confine ourselves to a brief enumeration of the points 
of similarity and of difference in the assumptions, 
methods and results. In both treatments empirical 
energy density functions were used of the form e(p) 

1R. A. Berg and L. Wilets, Phys. Rev. 101, 201 (1956); L. 
Wilets, Phys. Rev. 101, 1805 (1956). 

Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). If the fall-off distance ¢ is defined as the distance over 
which the density drops from 0.9 to 0.1 of its central value, it is 
found that the values of ¢ are insensitive to the particular func- 


tional form of the density assumed in analyzing the scattering 
data. 


=ap"—bp", where p denotes the particle density. As- 
suming equal numbers of protons and neutrons and 
neglecting Coulomb effects, the parameters a and b 
were determined from the volume energy coefficient 
and radius parameter of the semiempirical mass for- 
mula, and m and n were selected to give reasonable nu- 
clear compressibilities (the elastic modulus A“ R°E” (R) 
ranged from 65 to 95 Mev). Instead of determining 
p(r) by a variational method, we assumed simple em- 
pirical forms, vz., uniform cores with Gaussian and 
exponential tails. The Weizsicker inhomogeneity term 
was used by us in unmodified form. The length of the 
tail in the density distribution was obtained by mini- 
mizing the surface energy which consists of a classical 
part plus the inhomogeneity term. For nearly all com- 
binations of empirical energy densities (leading to 
reasonable compressibilities) with empirical particle 
densities, it was found that the calculated surface 
energy agreed to within 15% with the surface energy 
term of the semiempirical mass formula. In view 
of the crude assumptions, the agreement is better 
than one could reasonably expect. Our calculated fall- 
off distances vary considerably from one model to 
another, the larger elastic moduli corresponding to 
steeper fall-off. In all cases they exceed the values ob- 
tained from electron scattering. 

The principal conclusions seem to be (1) that the sur- 
face energy calculated in this fashion is consistent with 
an unmodified Weizsicker term (2) that the calculated 
fall-off distances for the total density distribution exceed 
by 20 to 60 percent the fall-off distance for the proton 
distribution inferred from electron scattering experi- 
ments. These results are consistent with the findings 
of Berg and Wilets. 
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Polarization of 220-Mev Protons Elastically Scattered from Carbon* 


W. G. CHesnut,f E. M. HAFNER, AND A. ROBERTS 
University of Rochester, Rochester, New York 
(Received July 9, 1956) 


Protons polarized to 89% have been scattered from C in the laboratory angular range from 4 to 40 
degrees. Data were obtained on angular distributions and asymmetries in three closely spaced energy 
channels spanning the high-energy tail of the incident spectrum. In spite of the great width of this spectrum, 
it was possible to extrapolate the data so as to give fair separation of elastic from inelastic scattering. The 
elastic asymmetries exhibit clear evidence of a deep minimum at 27 degrees followed by a strong maximum 
at 35 degrees, in qualitative agreement with various predictions from L-S coupling in an optical model of the 
scattering. Possible reasons are given for the failure of the minimum to appear in the results of other experi- 


menters. 


I. INTRODUCTION 


OON after the discovery by Oxley e/ al.' that large 

polarizations are produced in the scattering of 
high-energy protons from nuclei, Dickson and Salter’? 
found evidence that double-scattering asymmetries 
involving inelastic processes may be quite different 
from those observed in elastic scattering. With these 
results at hand, we began an investigation of polariza- 
tion in the elastic scattering of 220-Mev protons from 
various complex nuclei. Our first effort was directed 
toward an understanding of the scattering from C”, 
since the information would be of assistance in the in- 
vestigation of proton-proton polarization by means of 
a CH.—C difference method. In addition, the results 
would be used to calibrate the polarization of beams 
produced by scattering from a first target of C”. 

Very early in the investigation we learned that, at 
scattering angles above about 15°, the experimental 
asymmetries are extremely sensitive to the energy 
threshold (and thus to the inelastic contribution) in the 
detecting telescope, even when attention is confined 
to very few of the lowest energy states of C™. After 
some thought, we decided to pursue the study of this 
nucleus in an attempt to improve the discrimination 
against inelastic scattering. The first excited state of 
C” is 4.43 Mev above the ground state, and we assumed 
that the separation would be sufficiently large to make 
the discrimination possible without great difficulty. The 
results presented here show that this assumption was 
not entirely justified, in view of the fact that there are 
angular regions in which the inelastic scattering from 
C" is ten or more times as intense as the elastic scatter- 
ing. We felt, however, that the significance of the meas- 
urements would depend greatly on the success of the 
energy discrimination, particularly if we wished to make 
quantitative comparison with the several theoretical 


* Research supported by the U. S. Atomic Energy Com- 
mission. 

+ Now at Brookhaven National Laboratory, Upton, New York. 
This report constitutes a part of Dr. Chesnut’s Ph.D. thesis. 

1 Oxley, Cartwright, and Rouvina, Phys. Rev. 93, 806 (1954). 

2 J. M. Dickson and D. C. Salter, Nature 173, 946 (1954). 


descriptions*~? that were beginning to appear. We could, 
of course, also expect to derive information about the 
inelastic scattering, for which there is as yet no theoret- 
ical treatment. 

The ideal solution to the problem of energy dis- 
crimination would follow from the production of a 
highly monoenergetic polarized proton beam, which 
might then be separated after scattering into groups 
corresponding to different final states of the second 
target. Our attempts to accomplish this have so far 
been disappointing: the spread in cyclotron beam 
energy is quite large, and the beam intensity in a 
suitably narrow energy interval is too low for reasonable 
counting rates at large scattering angles. Alternative 
procedures had to be considered. The method finally 
used is an extrapolation procedure that enables us to 
estimate purely elastic effects with reasonable accuracy, 
despite an incident energy spread of 15 to 20 Mev. We 
suggest that this approach might be useful in other 
experiments, e.g., in high-energy neutron scattering, 
where the production of a monoenergetic neutron beam 
is extremely difficult. In the light of certain develop- 
ments® in synchrocyclotron operation, it may now be 
possible to obtain a monoenergetic polarized beam by 
employing a regenerator’ and a first scatterer at large 
radius.” This procedure has not yet been investigated, 
and the present report is confined to a description of 
the extrapolation method and of the results obtained 
up to the present. 


II. EXPERIMENTAL PROCEDURE 


Figure 1 is a schematic diagram of the 130-inch 
cyclotron, including the essentials of the double- 
scattering equipment used in the present measure- 
ments. The circulating proton beam strikes an internal 
graphite target. Protons that scatter at approximately 

3 E. Fermi, Nuovo cimento 11, 407 (1954). 

* Snow, Sternheimer, and Yang, Phys. Rev. 94, 1073 (1954), 

5B. J. Malenka, Phys. Rev. 95, 522 (1954). 

®R. M. Sternheimer, Phys. Rev. 95, 587 (1954). 

7 W. Heckrotte and J. V. Lepore, Phys. Rev. 95, 1109 (1954). 

8 A. V. Crewe and J. W. G. Gregory, Proc. Roy. Soc. (London) 
A232, 242 (1955). 

9K. J. LeCouteur and S. Lipton, Phil. Mag. 46, 1265 (1955). 

10 We are indebted to Dr. Richard Wilson for this suggestion. 
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Fic. 1. Schematic diagram of double-scattering equipment. 
Both targets are made of graphite. The angle of first scattering is 
14.0 degrees, and the polarization of the first-scattered proton 
beam has been found to be 89%. 


14° are collected and focused by a steering magnet, and 
subsequently defined by two slits about 10 feet apart. 
The region between the slits is magnetically shielded 
from the cyclotron fringing field. The second slit limits 
the area of second scatterer exposed to the beam, which 
is monitored by an air-filled ionization chamber. After 
second scattering, protons pass through a six-counter 
telescope containing copper absorbers for selection of 
appropriate energy intervals. The relative rates ob- 
served in successive counters are determined by three 
factors: (i) the spectrum of the incident (first-scattered) 
beam; (ii) the relative amounts of scattering correspond- 
ing to the possible energy states of the target nucleus; 
and (iii) losses caused by inefficiency, absorption, and 
multiple scattering in the counters. When the telescope 
is in the direct beam, or when it is set at a small enough 
angle so that elastic scattering predominates, the first 
and third factors combine to give what can be called an 
“incident” spectrum. At larger angles, where inelastic 
scattering becomes significant, the ratios of successive 
counter yields are altered in a way that reflects changes 
in the scattered spectrum. In principle, then, it is 
possible to use the deviations of these ratios from the 
incident spectrum in order to deduce the relative con- 
tributions of elastic and inelastic scattering. We wish 
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here to describe two possible ways of handling the 
problem, and to deal very briefly with the most signi- 
ficant features of the experimental problems. 


A. Separation Techniques 


In order to illustrate the extrapolation method, let 
us assume that we have a five-counter telescope con- 
sisting of thin scintillators separated by absorbers so 
chosen that the energy loss between successive counters 
is equal to the separation of the ground and first ex- 
cited states of the target nucleus. The counters are 
numbered from 1 to 5 in the order in which they are seen 
by the scattered beam. A thick absorber is placed ahead 
of counter 1, and is adjusted until the telescope sees 
only those protons that originate in the high-energy 
tail of the incident spectrum. We define as “channels” 
the energy intervals of the incident beam that lead to 
elastic scattering into the various counters. For in- 
stance, “channel 4” covers all energies above the lowest 
that scatters elastically into counter 4; “channel 4—5” 
is the interval that scatters elastically into counter 4 
but not into counter 5. It is now clear that, as a result 
of our choice of channels, inelastic scattering leaving 
the target nucleus in its first excited state involves a 
shift downward by one channel. We must also, of course, 
consider the possibility of inelastic scattering in which 
higher states are excited. It is known" that the 0+ 
state at 7.65 Mev in C” is not strongly excited by high- 
energy protons, but that the next state, at 9.61 Mev, 
may be so excited. Since the energy of this level is 
roughly twice that of the first excited state, it is almost 
correct to assume that inelastic scattering involving 
the higher level leads to a downward shift by two 
channels. This fact is not essential to the analysis, but 
will be used to simplify an illustrative discussion. 

Let ¢; be the incident flux in the ith channel, and 
let VY,‘ and YR‘ be the scattered yields observed to left 
and right, respectively, in the ith counter, normalized 
with respect to ¢;. Thus, if the actual scattered fluxes 
are L; and R;, we have for example 


Y,‘= L; ?i= (A oi tA dis itA Poizet iis ), ‘bi, (1) 


with a similar expression for Yr‘, where A,” and AR" 
are coefficients, combining the effects of target thick- 
ness, differential cross section, and solid angle, relating 
incident flux to left and right scattering in which the 
nth state is excited. The asymmetry corresponding to 


TABLE I, Illustrative data on elastic separation. 


3 3-4 4 


2 2-3 


Channel 1 1-2 


@X10-3 = 850 450 400 300 100 88 

x 0.47 0.67 0.25 0.29 0.12 0.13 
L 4200 2840 ~=1360 1095 265 236 
R 5350 3890 1460 1235 225 203 
Y.X108 4.94 6.31 3.40 3.65 2.65 2.68 
YrX108 6.29 8.64 3.65 4.12 2.25 2.31 
€ —0.12 —0.16 —0.04 -—0.06 0.08 0,07 


1K. Strauch (private communication). 
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the nth state alone is therefore 


én= (AL"—Ar")/(AL"+Ar"), (2) 


and we are particularly interested in deducing €o, the 
asymmetry in purely elastic scattering. The terms 
omitted in Eq. (1) are, of course, not simple unless all 
levels are equally spaced; if the incident spectrum falls 
off steeply enough, however, such terms rapidly become 
negligible. The second line of Table I typifies the rela- 
tive channel fluxes with which we worked in the present 
measurements. We note now that if we define x; 
=$i4:/¢:, and if the third and subsequent terms of 
Eq. (1) are small, a plot of measured VY, vs x will give 
a straight line whose slope is A,' and whose intercept 
is A,°. To illustrate the procedure, we have chosen 
coefficients typical of large-angle scattering, where 
inelastic scattering can predominate. The coefficients are 


A,®=2X10-, 
Ar’=1X10, 


A= 5X10-, 
Ar'=10X10-, 


A7?=5X10-%, 
An=5X10-, 
and they imply that 


éo=+0.33, «=—0.33, e=0. 


The left and right yields that would be observed under 
these conditions are given in lines 4 and 5 of Table I 
where, for example, Z; is given by the sum 1700+ 2000 
+500. Plots of Y; and Ye vs x are shown in Fig. 2, 
where the effects of the second excited state are seen as 
deviations from the dashed straight lines. If the spacing 
of states were not uniform, the extrapolations would 
still give Az, r° correctly. 

The procedure outlined above leads to the evaluation 
of left and right elastic cross sections. An alternative 
extrapolation can be used to give the elastic asymmetry 
directly. In the notation of Eqs. (1) and (2), the ob- 
served asymmetry in the 7th channel can be written 


é;= (eo +Cex;) /(1+Cx;) (3) 


for the case in which only the ground and first excited 
state are involved in the scattering; here 


C= (A1'+Ar')/(Ar+Ar’) 


is the ratio of unpolarized cross sections for inelastic 
and elastic scattering. If an estimate of this ratio is 
available from plots of the type described above, one 
can then examine the intercept and slope of (1+Cx,)e; 
vs x; for direct evaluation of €9 and an estimate of 
€;. Such a plot, based on the example discussed pre- 
viously, is shown in Fig. 2, where the effect of the 
higher state appears to be smaller than in the first 
method. For situations like the one assumed here, 
therefore, the second method seems to be preferable 
for the extrapolation of asymmetries. 


B. Alignment 


Since one generally finds an extremely rapid varia- 
tion of differential cross section with angle of scattering, 
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Fic. 2. Left and right second-scattered yields and asymmetries 
in illustrative example (see text) for which there is strong in- 
elastic scattering involving two excited states of the second 
scatterer. The dashed straight lines indicate the effect of the first 
excited state alone. In corresponding experimental data, of course, 
only the channel differences are statistically independent; the 
remaining points are plotted here for completeness. 


it is important to align the system so that the left and 
right telescope positions have highly precise a priori 
symmetry about the beam incident on the second 
scatterer. It is also advantageous to develop methods 
for confirming geometrical symmetry in the course of 
the measurements. In our procedure, we began by 
erecting an accurate transit on a line bisecting the two 
collimating slits (Fig. 1). The center of the second 
scatterer, and the vertical axis of the rotating telescope 
mount, were brought into close coincidence with the 
line of sight. The angular limits of acceptance in the 
detecting telescope are fixed in our experiment by the 
edges of the first two scintillators, and the angle of 
scattering is read from the line of sight to the line 
passing through the center of rotation and the centers 
of these counters. In our measurements, we believe 
that we knew the angle to an accuracy of two minutes 
of arc; except at the smallest scattering angles, this 
uncertainty makes a negligible contribution to the 
asymmetries observed. 

There is another source of misalignment that can be 
much more serious than the geometrical uncertainty. 
It arises from the possibility that the collimating slits 
are not symmetrically irradiated by the polarized beam, 
so that the mean ray is not coincident with the line of 
sight established in the manner described. The problem 
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TABLE II. Study of beam alignment; @=9°. 











Screen € Slit 


Screen € Ad 





0.630+0.010 
0.6130.008 
0.5130.012 
0.42 +0.03 
0.57 +0.01 
0.58 +0.01 
0.56 +0.01 
0.62 +0.03 


none 


0.124 in. 


8 in. 


0.022 in. 0.606+0.008 —0.25+0.10 deg 
0.594-0.009 —0.15+0.10 
0.540+0.013 +0.35+0.13 
0.46 +0.06 +1.1 +0.6 
0.580+0.006 0.00+0.10 
0.585+0.008 —0.05+0.10 
0.563+0.012 +0.15+0.13 
0.48 +0.03 +0.9 +0.3 


0.124 in. 





has been handled through a series of measurements and 
assumptions that will now be outlined. First, profiles 
of the beam intensity were measured across the exit 
face of the steering magnet. Energies were chosen at 
several points in the high-energy tail of the spectrum. 
It was found that, for all energies, the distribution is 
quite flat over several inches at the center of the magnet 
face. The first slit width was set at two inches, and a 
study made of asymmetries measured in four channels 
at the scattering angle 9°. The angle is small enough 
so that one can assume elastic scattering to pre- 
dominate. According to Eq. (3), one then expects «; 
to be independent of x; and equal to €o for all channels. 
We are further assuming, of course, that the elastic 
polarization is independent of energy over an interval 
of about 13 Mev. In a later discussion (Sec. IT) it will 
be indicated that such a flatness exists. 

When asymmetries were measured under these con- 
ditions, they were found to decrease with increasing 
energy. The first entries of Table II are typical of the 
results. The trend here is consistent with the assump- 
tion that the illumination of the second slit is not uni- 
form for all channels, and that incident protons in the 
highest channels are weighted toward the right side of 
the slit, as one would expect. In order to smooth out 
the illumination, we introduced a 0.124-inch copper 
screen at the exit face of the steering magnet, and 
restored the channel energies by removing an equal 
thickness of absorber from the detecting telescope. 
The data of Table II indicate that this modification 
brought the asymmetries into fair agreement. We now 
make the principal assumption of this procedure, which 
is that the asymmetries tend to converge to the true 
value. The assumption is based on our confidence in 
the geometrical symmetry of the left and right tele- 
scope positions, and in the freedom of the measure- 
ments from other sources of angular error. 

In order to obtain adequate counting rates in meas- 
urements at large scattering angles, it was necessary to 
increase the width of the first slit and to reduce the 
thickness of the copper screen. We found that each of 
these steps introduced new angular errors; we therefore 
calibrated the effective angular error of each channel 
by measuring the sensitivity of the corresponding asym- 
metry to small rotation of the reference line, and then 
deducing the angular shift that would bring the asym- 
metry to the true value. The results appear as the re- 


maining data in Table II; under Aé@ are given the effec- 
tive angular errors so deduced. We point out that 
unsymmetrical illumination of the wide first slit, which 
apparently introduces most of the error, leads to a 
correction that is independent of angle of second scatter- 
ing. It can furthermore be shown that, with the second 
target geometry used here, the correction arising from 
poor illumination of the second slit has no significant 
dependence on angle. We therefore based the correc- 
tions at all angles on the Aé values of Table II. The low 
counting rate and relatively large A@ in channel 4 dis- 
couraged us from using it in deducing yields and 
asymmetries. It was needed, however, for estimating 
coy and X3. 

Finally, we wish to note here that the assumption of 
pure elastic scattering in the small-angle region has 
been fairly well confirmed by a set of direct measure- 
ments of proton spectra. It was found, for example, 
that the pulse-height spectrum of the incident beam is 
indistinguishable from the spectrum of protons scattered 
through 15° from C”. The sensitivity of the measure- 
ment was checked by observing the broadening of the 
incident spectrum with half of the beam reduced in 
energy by 4.4 Mev. The results imply that we could 
have seen a 10% contamination of inelastic scattering 
involving the first excited state, and correspondingly 
less for the higher states. 


C. Second Target and Detector 


For the extrapolation procedures to be strictly valid, 
it is necessary that the shape of the spectrum of elastic- 
ally scattered protons be independent of scattering 
angle. Aside from very small effects due to variation of 
straggling and nuclear recoil,” this condition can be 
accurately achieved by orienting a flat target so that, 
for scattering angle @, the target normal is at 6/2. A 
mechanism for accomplishing this automatically has 
been built into the target assembly. The graphite 
target used for most of the measurements had a thick- 
ness of 4.0 g/cm*, with energy losses that were almost 
completely independent of the depth at which scattering 
occurred. 

At 6=4°, the smallest angle at which measurements 
have been taken, the contribution to the yield of 


12 We do not mean to imply here that we have ignored the 
average recoil losses, which were in fact compensated for by ad- 
justment of the absorbers. 
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multiple Coulomb scattering is expected to be small. 
Calculation of (6) for multiple scattering in our target 
gives 0.9°. An experimental check on the effect was 
made by repeating the small-angle measurements with 
a target of thickness 1.0 g/cm’. No change in the 
asymmetries was found. There is another small-angle 
effect arising from the fact that a fixed counter geometry 
spans a larger interval in azimuth at small-angles than 
at large angles. We found that this effect is small for all 
6>6°; we reduced beam and counter heights in taking 
final data below 10° so as to be certain that no correc- 
tion would be necessary. 

The target and detector geometry, oriented for 
scattering to the left, can be seen in Fig. 3. The com- 
pensating absorber has the same stopping power as the 
target, and is automatically inserted when the target 
is retracted for background measurement. Counters 
A and B define the scattered beam and, when they have 
the dimensions shown in Fig. 3, give a triangular resolu- 
tion function with a base of width 6°. The main absorber 
thickness is chosen to give channel flux ratios approxi- 
mating those of Table I. As @ is increased, the main ab- 
sorber thickness is decreased to make up for increasing 
ionization and recoil losses in the target, and so to main- 
tain constant channel energies. The first recorded coin- 
cidence is derived from signals in A, B, and 1. Sub- 
sequent coincidences are made by adding the next 
signal to the coincident output of all previous counters. 


counter width height 
A £628" # 
B 1500" 6 
1-4 = ££ 





= interchanne! absorbers 


Fic. 3. Detail of second scatterer and counter telescope, set for 
scattering through an angle @ to the left. The widths of counter 
B and the second slit were reduced for measurements below 13°, 
giving the improvement in angular resolution shown. 
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Fic. 4. Relative left and right yields observed in channel 3 
after second scattering. These are raw data corrected only for 
angular error (see text). 


It is insured that all of the four final counters have 
identical energy-loss thresholds. There are no difficulties 
with accidental coincidences or counting losses. 


III. RESULTS 


The data from these measurements took the form of 
counting rates to left and right of the polarized beam, 
normalized to the incident flux, and recorded in four 
statistically independent energy channels. For scatter- 
ing angles above 20°, where a wide first slit was used, 
the data require correction for angular error, as dis- 
cussed in the previous section. An additional correction 
to the raw data is needed as a result of the fact that the 
differential cross sections are energy dependent, where- 
as we wish to examine the data from all channels after 
normalization to the same incident energy. The correc- 
tions are straightforward and need not be discussed 
further. The corrected left and right differential cross 
sections as observed in channel 3 (the highest channel 
in which the counting rate was usable) are given in Fig. 
4, and the corrected asymmetries observed in three 
successive channels are shown in Fig. 5. We note that 
the cross sections do not exhibit very strong diffraction 
effects, and that the asymmetries for scattering angles 
above 20° are critically dependent upon channel 
number. We interpret these features of the data as 
consequences of admixtures of inelastic scattering. 
An obvious clue to such an interpretation comes from 
the observation that the asymmetries in channel 3, 
which is expected to contain the least inelastic ad- 
mixture, are the closest in their behavior to predictions 
from the optical model. The following discussion will 
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Fic. 5. Asymmetries observed in three statistically independent 
channels spaced 4.4 Mev apart. Channel 3 accepts protons of the 
highest energy. The data are corrected for angular error, and the 
abscissas are adjusted to correspond to a fixed incident energy 
of 220 Mev. 


summarize the attempts that have been made in extra- 
polating the data to pure elastic scattering. 

In order to apply the extrapolation techniques of 
Sec. ITA, we must deduce values for the abscissas x;, 
defined as the ratio of incident fluxes in a pair of ad- 
jacent channels. At sufficiently small scattering angles, 
x; is equally well given by ratio of scattered fluxes, since 
the shape of the incident spectrum is preserved in the 
absence of significant amounts of inelastic scattering. 
We therefore took the values from scattering data at 
10°. Figure 6 shows typical extrapolations of left and 
right scattering at three scattering angles: at 20° the 
asymmetry is positive and the inelastic contribution is 
still small ; at 27.5° the elastic asymmetry is negative and 
the inelastic asymmetry is positive; at 40° the elastic 
asymmetry has passed through a second positive maxi- 
mum and the inelastic asymmetry has become negative. 
The relative elastic and inelastic cross sections, taken 
from the intercepts and slopes of such plots, are shown 
in Figs. 7 and 8. We see that the separation procedure 


x 
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Fic. 6. Typical left and right extrapolated channel yields ob- 
tained in this experiment. The vertical scales are arbitrary. The 
intercepts of these plots give yields for purely elastic scattering; 
initial slopes give estimates of inelastic yields for scattering that 
leaves C” in its first excited state. See text for notation and 
further discussion. 
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reveals a fairly strong diffraction minimum near 30° 
in elastic scattering to the left, and that in this region 
the inelastic competition is very much stronger, perhaps 
by a factor of ten or more. It is clear that, under such 
conditions, a small admixture of inelastic scattering can 
easily fill in a diffraction minimum, and that the present 
methods are probably not adequate for accurate ex- 
ploration of these regions. 

Having estimated separately the elastic and inelastic 
asymmetries by the methods described, we wish next to 
convert them to the corresponding polarization func- 
tions. It is well known"™ that, for the special case of 
elastic scattering of nucleons by spinless nuclei, the 
relation 
€(82) = P; (01) P2(0>) (4) 


Left 
inelastic 


ongulor 
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Fic. 7. Extrapolated left and right elastic yields, relative to the 
leftward count at 10 degrees. Note the stronger evidence than is 
seen in Fig. 4 for a diffraction minimum at 29 degrees. The esti- 
mated leftward yield of inelastic scattering (Fig. 8) is super- 
imposed for comparison. 


holds for a double scattering, where €(@2) is the asym- 
metry of second scattering, P;(6;) is the polarization 
produced in first scattering, and P2(62) is the polariza- 
tion that would be produced in second scattering if the 
incident beam were unpolarized. No analogous theorem 
has yet been established for inelastic scattering. The 
magnitude of P; can therefore be calibrated only if 
an asymmetry is measured under conditions guarantee- 
ing that both scatterings are elastic, and that the 
energies and angles of both scatterings are identical. 
In our experiment, 6, was determined by orbit computa- 
tion to be 14.0° with an uncertainty of about one degree. 
As a result of material in the beam between the two 


8 L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
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targets, the energy at second scattering was reduced to 
about 220 Mev from a primary energy of 240 Mev. 
From the fact that, for constant strength of potential in 
Born approximation, P(,R,9) is constant when 


kR sin6/2=const, (5) 


we expect that the second scattering angle 14.7° is 
equivalent to the first angle 14.0°. The question of pure 
elasticity in the second scattering was discussed in 
Sec. IIB; we can also see from the results of extra- 
polation (Figs. 7 and 8) that inelastic scattering cross 
sections are relatively very small below 20°. The same 
conclusion, of course, applies to the first scattering as 
well. We are therefore confident that Eq. (4) is valid 
for the calibration, and from the measured asymmetry 
at 14.7° we deduce for the primary polarization 

P,(14.0°) = +0.89+0.02, (6) 


where the experimental error includes counting statis- 
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Fic. 8. Estimates, based on plots of the type shown in Fig. 6, of 
left and right inelastic yields, relative to the leftward elastic 
yield at 10 degrees. Inelastic scattering is found to predominate 
at scattering angles above 25 degrees. 


tics, uncertainty in 6,, and uncertainty in telescope 
alignment. It has been assumed that the strength of the 
polarization, at its maximum, is independent of energy 
in the region around 220 Mev. There is in fact a flat 
maximum at this energy, according to data recently 
reported." With the value of P; given by Eq. (6), we 
have used Eq. (4) to convert elastic and inelastic 
second-scattering asymmetries, extrapolated by the 
methods of Sec. II, into the functions P(@) shown in 
Fig. 9. The function represents the true polarization 
for the elastic scattering, but the status of the curve 
for inelastic scattering must remain ambiguous until 
Eq. (4) has been confirmed or corrected for this case. 
The sign of the polarization adopted in Eq. (6), which 
implies that a scattering to the left at this angle induces 
a predominance of upward spin, is not given by this 
experiment, but is taken as a consequence of choosing 

4K. Strauch, University of California Radiation Laboratory 
UCRL-3211, November, 1955 (unpublished). 
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Fic. 9. The solid curve is the angular dependence of polariza 
tion in elastic scattering of protons by C” at 220 Mev, obtained 
by extrapolation methods discussed in the text. The dashed curve 
is an estimate of polarization in inelastic scattering, computed on 
the assumption that Eq. (4) holds for this process. Below 22 
degrees, the admixture of inelastic scattering is too small for these 
estimates to be made. 


the sign of Z-S coupling to be the same as in shell 
theory. 

One can readily see that the elastic polarization ob- 
tained for C” is in good qualitative agreement with pre- 
dictions'® from the optical model. Perhaps the most in- 
teresting feature of the result is the appearance of a 
very strong second maximum in P(@) at 35°. Such a 
peak appears consistently in most calculations of which 
we are aware.*~7>—!7 The other significant features of 
the elastic polarization are the indication of Coulomb 
interference at 10° and below, which is an effect also 
observed in the Harwell measurements'’; the sharp 
minimum, going to slightly negative polarization, at 
27.5°; and the very high polarization in the first maxi- 
mum. The failure of the minimum and second maxi- 
mum to appear in the Berkeley measurements” is 
probably attributable to inelastic admixture in the 
scattered beam, since our results in channel 1-2 (Fig. 
which contain significant amounts of inelastic 
scattering, appear very similar to the C” results re- 
ported from Berkeley. We also wish to note that the 
Berkeley measurements” on He‘, in which there can be 
no question of inelastic contamination, need not be in 
disagreement with predictions of the optical model. 
In fact, using Eq. (5) to correct for change in wave 
number and nuclear radius, we find on the basis of the 
present data that the first minimum in He‘ would occur 
at a laboratory angle of 33° for an incident energy of 
316 Mev. The speculation is not inconsistent with the 
Berkeley data in this angular region. 

We have begun measurements on the elastic polariza- 


5); 


16 R. M. Sternheimer, Phys. Rev. 97, 1314 (1955). 

16 Fernbach, Heckrotte, and Lepore, Phys. Rev. 97, 1059 (1955). 

17 R. M. Sternheimer, Phys. Rev. 100, 886 (1955). 

18 Dickson, Rose, and Salter, Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics (Interscience 
Publishers, Inc., New York, 1955) 

19 Chamberlain, Segré, Tripp, Wiegand, and Ypsilaniis, Phys. 
Rev. 96, 807 (1954). 
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tion in heavier nuclei. Preliminary results for the case of 
Ca® show a striking resemblance to the data of Fig. 9, 
after adjustment of abscissas on the basis of Eq. (5). 
It is found, in agreement with other observations,” 
that the polarization minimum corresponding to the dip 
in C” at 27.5° is not completely washed out in the low 
energy channels, implying that inelastic scattering is 
competing less strongly in the heavier nucleus. This 
may simply be a result of the fact that the diffraction 


” T. Ypsilantis and R. Tripp (private communication). 
21 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 95, 1105 (1954). 
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pattern is moving into smaller angles, together with 
the possibility that inelastic scattering is much less 
dependent on nuclear radius. In any event, we suspect 
that previously reported strong variations of the large- 
angle behavior with nuclear mass can be explained by 
differences in inelastic contributions. 
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Energy Levels of Be*} 
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Magnetic analysis of the alpha-particle groups from the deuteron bombardment of boron and of the 
proton groups from the proton bombardment of beryllium confirms previous work indicating the existence of 
levels in Be® at 2.43 and 3.04 Mev. The energy of the edge of a broad distribution at 1.664-Mev excitation 
is taken to indicate that it arises from a three-body reaction; the shape of the edge indicates the influence 


of the Be*—~» interaction. 


I. INTRODUCTION 


HE energy levels of the Be*® nucleus have been 

the subject of several recent studies.'* These 
experiments have been concerned with verifying the 
results of Moak et al.4 and Almqvist ef al.,> which 
showed that the Li’(He*,p)Be® and the B?(t,a)Be® 
reactions displayed a characteristic edge to the proton 
and alpha distributions which was interpreted as 
evidence for a state at 1.8 Mev in Be’. In addition, 
the well-known level at 2.428 Mev* as well as a 
broad group attributed to a 3.1-Mev state were 
observed. Lee and Inglis! saw alpha groups from the 
deuteron bombardment of boron which they assigned 
to Be® levels at 1.75 Mev, 2.43 Mev, and 3.02 Mev. 


¢ This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* Now at Yale University, New Haven, Connecticut. 

t Permanent address: Centre d’Etudes Nucléaires de Saclay, 
France. 
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However, Gosset ef al.? in a study of the inelastic 
protons from a Be’ target carefully measured the edge 
of a proton distribution, which corresponded to an 
excitation of 1.675+0.002 Mev. They suggested that 
these protons, rather than signifying a 1.8-Mev level 
in Be*, might be associated with the (p,pm) reaction, 
since the edge energy corresponded closely to the 
(y,n) threshold in Be® measured as 1.666+0.002 Mev 
by the Wisconsin group® and as 1.662+0.003 Mev at 
Notre Dame.!® The small difference between the edge 
and the threshold was attributed to a barrier effect. 
Finally, Rasmussen ef al.,’ studying the inelastic 
scattering of deuterons and alphas from Be’, again 
saw a broad distribution with a maximum in the 
neighborhood of 1.74-Mev excitation, the sharp state 
at 2.43 Mev, and the broad state at 3.1 Mev. By 
analyzing the shape of the distribution, these authors 
attempted to answer the question of whether the 1.74- 
Mev maximum is a state or the edge of a continuum 
from the three-body breakup. The present work was 
undertaken concurrently with the work described in 
references 2 and 3. It was felt that the use of the broad- 
range spectrograph," which permits the simultaneous 
recording of a wide energy range of reaction products, 


®R. C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 
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10 Noyes, Van Hoomisen, Miller, and Waldman, Phys. Rev. 
95, 396 (1954). 

4 Beuchner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956). 
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Fic. 1. Spectrum of protons inelastically scattered from a Be target. The number of proton tracks in a $-mm strip across the exposed 


zone of the plate is plotted against distance along the plate. The solid 
Be® against distance along the plate. 


might be profitably used to obtain with reasonable 
accuracy the shape of the distributions involved. 


Il. EXPERIMENTAL METHODS AND RESULTS 
A. Be®(p,p)Be® 


For a study of the beryllium levels via inelastic 
proton scattering, thin targets of beryllium evaporated 
onto Formvar were used. Protons were accelerated in 
the MIT-ONR electrostatic generator. The charged 
particles emitted were analyzed in momentum by the 
broad-range spectrograph and recorded in three NTA 
50-micron emulsions 10 inches long placed end to end 
along its focal surface. The magnetic field was measured 
by a resonance fluxmeter. A previous publication” 
describes the experimental arrangement in greater 
detail. 

Figure 1 shows the proton count for an incident 
energy of 7.04 Mev with the spectrograph set at 130 
degrees. The number of tracks, of length expected for 
protons, per 3-mm strip across the exposed zone is 
plotted as a function of a distance scale assigned to the 
plates by means of index marks referred to the plate- 
holder. The calibration of distance versus radius of 
curvature was accomplished by means of polonium 
alpha particles as well as by judicious use of elastic 


“12 Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 
91, 1502 (1953). 


line in the upper portion of the figure graphs excitation energy in 


peaks. The lower portion of the figure displays a set of 
peaks caused by elastic scattering from the beryllium 
film, from the carbon and oxygen in the supporting 
Formvar layer, and from a variety of contaminants 
either in the beryllium or acquired during the process 
of target making. The beryllium peak was too intense 
to be counted at this exposure; the curve shown is 
the result of a 150-microcoulomb exposure obtained at 
the same magnet settings immediately following the 
primary exposure. 

At a distance of d=11 cm, the edge of a continuous 
distribution of protons is seen, superimposed on a 
background attributed to slit-edge scattering. In a 
following exposure, the bombarding energy was held 
constant and the magnetic field changed so as to 
center the expected 3.1-Mev peak on the third photo- 
graphic plate, where the solid angle of the spectrograph 
is largest. The results of this exposure are shown on 
the top half of Fig. 1. The edge is again seen clearly, 
this time at d=40 cm. The point at which the edge 
intersects the background can be located with good 
accuracy in both of these exposures. By using an input 
energy calculated from the Be® elastic peak, the 
relativistic Q value is computed to be —1.664+0.005 
Mev, in excellent agreement with the (y,7) threshold.’ 

In order to identify the peaks, another exposure was 
made at 7.01 Mev and 40 degrees. At this forward angle, 
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Fic. 2. Spectrum of alpha particles plus tritons emitted from a boron target under deuteron bombardment. The number of tracks of 
length expected for alpha particles in a $-mm strip across the exposed zone of the plate is plotted against distance along the plate. 
The solid line graphs excitation energy in Be® against distance along the plate. 


the instrumental scattering was worse so that the edge 
could not be located with as good an accuracy. However, 
it and the other peaks were observed, and the following 
identifications justified. The peak at d=28 cm in the 
upper part of Fig. 1 is the well-known Be’ state, the 
excitation energy of which is here measured as 2.434 
+0.005 Mev, in agreement with the work of reference 7. 
The peak of the broad group (d=13 cm) corresponds 
to an excitation of 3.03+0.03 Mev in Be’; the un- 
certainty here arises from the inability to locate the 
peak to any better accuracy. The other two peaks at 
d=21 and d=9 cm arise from protons inelastically 
scattered, exciting the 3.09- and 3.68-Mev levels in 
C. In addition, a few high points are seen at d=6 cm, 
the location expected for a peak from the 3.86-Mev 
C® level. The plate taken at 40 degrees did not cover 
this region. 

While there is no doubt of the existence of the broad 
peak, its width cannot be stated with accuracy because 
the momentum analysis does not extend to low enough 
momenta to locate the level of the continuum on which 
the peak is superimposed. This uncertainty makes it 
impossible to measure the true shape of the peak from 
the present data. Nevertheless, these results show that 
the width, AQ, of the level as seen under these circum- 


stances cannot be less than 280 kev. On the 40-degree 
exposure, the background from slit-edge scattering was 
sufficiently high that no better measurement of the 
width was afforded. 

The strong elastic peak at mass 14 raises the question 
of whether any inelastic scattering from nitrogen 
might be observed. The positions expected for peaks 
corresponding to the 2.31- and 3.95-Mev levels are 
indicated by arrows in Fig. 1. The computed position 
for the 2.31-Mev state is a distance of 6.5 mm to the 
right of, that is, 22 kev higher than, the observed edge; 
this separation represents over twice the error expected 
in the computed location. No evidence for inelastic 
scattering to this level is observed. 

No inelastic peaks are expected from C” or O'* in 
the region studied. The elastic peaks for all the con- 
taminants other than carbon, nitrogen, and oxygen 
are sufficiently small so that no measurable inelastic 
yield is expected from them. 


B. B''(d,a)Be® 


In order to study the beryllium levels further, magnetic 
analyses of the alpha particles emitted from a thin 
film of boron under deuteron bombardment were 
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obtained. The result of a bombardment at a deuteron 
energy of 7.01 Mev is shown in Fig. 2. 

By means of exposures at bombarding energies 
between 5.0 and 7.3 Mev at angles of 60 and 90 degrees 
to the incident beam, it was possible to ascertain that 
the peak at d=35 cm was caused by alpha particles 
from the O'*(d,a)N" reaction ground-state group. The 
peak at d=58 cm shifted in a manner consistent only 
with the B!°(d,t) reaction leading to the ground state 
of B®. Since B” is 19% abundant in natural boron, the 
group is not unexpected. The track length expected 
for tritons at this momentum is quite close to that 
expected for alpha particles, and no distinction was 
made in counting them. In the interest of increasing 
the intensity, this experiment was performed under 
relatively low-resolution conditions ; furthermore, obser- 
vations were taken with the target in such a position 
that the emitted alphas passed through the target, 
tending to displace the positions of the peaks by an 
amount corresponding to the target thickness. Because 
of these factors, the energy measurements in this 
experiment were not of the highest precision. The 
ground-state Q value of the B'(d,t)B® reaction is 
measured as —2.187+0.010 Mev. A calculation using 
the masses of Li e/ a/."° predicts a value of —2.176 Mev. 

The peaks at d=69 cm and d=46 cm and the 
broad group at d=41 cm all shift with energy and 
angle as expected for groups associated with states in 
Be’. The Q value measured on two observations of the 
ground state is 8.015+0.010 Mev. Four measurements 
of the separation between the ground state and the 
sharp excited state yield an excitation energy of 2.424 
+0.005 Mev in Be’, in good agreement with the results 
of Sec. A, as well as those of reference 7. The peak of 
the broad group is located at 3.05+0.03 Mev excitation, 
the uncertainty arising from the difficulty of locating 
the peak to any better accuracy. In Fig. 2, this peak 
shows a low-energy side somewhat more ragged than 
expected from the statistical accuracy alone. As a 
result, the nominal 325-kev difference in the alpha- 
particle energies at the half-maximum points must be 
assigned a large error of +90 kev. Thus, the width 
AQ of the state derived from this measurement is 
425+120 kev. However, another observation at 6.5 
Mev and 90 degrees yields AQ=250+50 kev. The 
reason for this discrepancy is not known. It might of 
course be caused by the presence of an unexpected 
contaminant peak at about 39 cm distance in Fig. 2. 

A continuous background of alpha particles might be 
expected from the B'(d,a)Be® reaction. The Be’ 
ground-state group is at a position corresponding to 
about 9-Mev excitation in Be*. Little is known of the 
alpha spectrum from B" in this region; it may cause 
the background below the Be® ground-state peak, as 
well as the large rise below the O!'*(dja)N" peak. 
However, the step in the yield observed at d=53 cm 

138i, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 
(1951). 
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on Fig. 2 shifts, when bombarding energy and angle are 
varied, in such a way that it must be assigned to Be’. 
Unfortunately, the exposures taken inadvertently 
place this edge near a junction of the 10-inch plates, 
which were obscured for a few millimeters near their 
edges. Therefore, measurements of this edge were 
obtained by extrapolating the slope, in itself fairly 
poorly defined, until it intersected a straight line 
drawn through the background. In this manner, an 
excitation of 1.669+4-0.010 Mev obtained, in 
agreement with results of Sec. A and the (y,) threshold 
of references 9 and 10, but with lower accuracy. 


was 


III. DISCUSSION 


The present results confirm the conclusion of Lee 
and Inglis! that a state at 3.04 Mev in Be’ is produced 
in the B''(d,a) reaction. As these authors have suggested, 
the previous high-resolution work of Van Patter et al.,® 
using a 180-degree spectrograph which viewed only a 
small portion of the spectrum at any one exposure, 
appears to have missed this broad state of relatively 
low yield at the peak. In Fig. 2, the peak yield of the 
2.43-Mev level is 10 times that of the 3.04-Mev level. 
This state is also observed with inelastic protons from 
Be’, although it was not reported in earlier work.* 
However, it appears possible that peaks g and 7 of 
Fig. 1 in reference 8, interpreted there as deuterons 
from the Be*(p,d)Be* reaction, may have actually 
been protons." If this is the situation, these two peaks 
correspond to excitations of 1.8 and 3.1 Mev in Be’. 
Since recent experiments do not support the existence 
of levels in Be* at 4.0 and 5.1 Mev, the reinterpretation 
seems reasonable. From the present observations, 
the width of the 3.04-Mev state is at least 280 kev. 

The edge of the continuous distribution lies at the 
energy that would be expected for the threshold of 
the three-body reaction. It therefore appears that it 
may be incorrect to interpret the rise as evidence for a 
level. Perhaps the question is best answered by attempt- 
ing to compute the expected shape by the method 
outlined by Watson! and applied to this particular 
problem by Rasmussen ei al.’ 

These authors have pointed out that, for given 
assumptions regarding the interaction between Be® 
and the neutron, one can compute the relative number 
of, say, alpha particles per unit momentum interval 
dN/dp, in terms of the alpha-particle momentum p 
and the momentum of the neutron relative to the Be® 
nucleus g. For the B"(d,an)Be® reaction, conservation 
of energy and momentum give 


¢ (M+M;+M,)p’ 
=W- p (1) 
Qu (M3+M,)2M 
neutron mass, Ms= mass of Be’, 


p=M,Ms3/(M,4+Ms), 


4 R. Bender (private communication). 
18K. M. Watson, Phys. Rev. 88, 1163 (1952). 


where M, 
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Fic. -3. Expected distributions from three-particle reactions. 
The circles are data replotted from Figs. 1 and 2 in terms of 
particles per 1-mm strip across the exposed zone of photographic 
plate versus distance along the plate. The horizontal dashed lines 
indicate the level of the instrumental background. The dashed 
curves are the distributions expected for no interaction between 
the neutron and Be’. The solid curves graph the distributions in 
the case of an s-wave potential scattering of the neutron by Be®, 
of strength measured by a scattering length of 2X10~" cm. 


M=alpha-particle mass, and W=energy available for 
breakup of the compound nucleus. 

In Fig. 3(a), a portion of the alpha-particle data 
shown in Fig. 2 has been replotted as the number of 
alphas per 1-mm strip versus distance. In Fig. 3(b), 
a similar treatment has been applied to part of the 
proton data from the upper part of Fig. 1. For this 
reaction, g is also given by Eq. (1) if the proton mass 
and momentum are substituted for M and 4f, 
respectively. 

The alpha-particle (or proton) momentum distribu- 
tion in the case of no interaction between alpha (or 
proton), neutron, and Be® is given by dN/dp~#’q. 
This expression, transformed into the laboratory system 
and written in terms of the number of particles per 
unit distance on the photographic plate, yields the 
dashed curves in Fig. 3. (In the figure, the data have 
not been corrected for the solid-angle transformation 
from center-of-mass to laboratory system nor for the 
variation in solid angle with the position on the plate. 
This variation is essentially linear, the solid angle at 
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29 cm being approximately 8% greater than that at 
40 cm.) This expression clearly does not fit either set 
of data. 

If one assumes that there is no interaction between 
the alpha particle (or proton) and the other particles, 
but an s-wave potential scattering of the neutron by 
Be® characterized by a scattering length a=h/a, the 
distribution is expected to follow dN/dp~p’q/(e?+¢°). 
This expression is represented by the solid curves in 
Fig. 3, drawn for a= 2X 10-" cm. This value of a gives 
a reasonable fit for the (p,pm) data, but is somewhat 
too large for the (dam) data. Furthermore, it is larger 
than the value of 1.3X10- cm which fits the (d,dn) 
data,* and which represents a reasonable size for the 
scattering length of Be*. This suggests that the simple 
interaction chosen is insufficient. More complicated 
interactions are possible, but it seems unprofitable to 
introduce more parameters until more data pertinent 
to this problem are available. Therefore, in agreement 
with the conclusions of the authors of references 2 and 
3, it is felt that, although a 1.8-Mev state in Be’ is un- 
likely, it cannot be ruled out until a detailed fit of all 
the data can be obtained. 

Recently, Kurath has published the result of inter- 
mediate coupling calculations in the 1p shell.’® If, as 
seems most likely, there is no state of Be® at 1.8 Mev, 
then the Be’ level positions are well fitted with a choice 
of the coupling parameter similar to that which applies 
to nearby nuclei. This conclusion would be strengthened 
if the 3.04-Mev state were assigned a spin of } and 
negative parity. If this level decays primarily by 
neutron emission to the ground state of Be’, its reduced 
width can be computed simply”’ for various values of 
the orbital angular momentum of the emitted neutron, 
l. The Wigner sum rule!® places an upper limit to the 
reduced width. For an interaction radius of 3X10-* 
cm, these considerations limit / to 1, and thereby the 
spin of the 3.04-Mev level to <3. However, since the 
level width of 280 kev used in this calculation is only 
a lower limit, a better measurement might limit the / 
to 0 and the spin and parity to }*. 
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Atomic Masses in the Region from Iron to Zinc* 
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The large double-focusing mass spectrometer recently constructed at this laboratory has been used to 
measure the atomic masses of the stable isotopes of iron, cobalt, nickel, copper, and zinc. Except in the 
cases of nickel and copper, the new masses agree reasonably well with the results of previous investigations. 

The isotopic assignment of neutron capture y rays in the above elements has been examined using the 
new data and several new (n,y) reaction Q values result. Comparison between measured stable isotope 
mass differences and the mass differences calculated from nuclear disintegration energies shows no out- 
standing discrepancy in this region, assuming the new (n,y) assignments to be correct. 

From nuclear energy data a complete mass table has been calculated for these five elements and the 
resulting masses used to investigate nucleon binding energies. The binding energy of the last proton or last 
neutron in the nucleus shows a reasonably consistent variation with mass. Pairing energies for the last 
neutron and last proton pairs have also been calculated wherever sufficient mass data exist. Only partial 
correlation seems possible between pairing energy and the angular momentum of the level occupied by 


the pair. 





INTRODUCTION 


HE development of the large double-focusing 
mass spectrometer at the University of Minnesota 
makes possible the measurement of atomic masses with 
increased precision.~* Because there have existed fre- 
quent discrepancies, not only between the results of the 
various mass spectroscopic investigations, but also 
between the spectroscopic masses and mass differences 
calculated from nuclear energy data, it seems desirable 
to re-examine with this instrument such regions of 
disagreement. 

The region studied in the present investigation was 
chosen both because of the several disagreements 
between the mass spectrometric and nuclear energy 
data and because of certain unexplained breaks in the 
packing fraction curve. Recently others have discussed 
the discrepancies in this region*~* and they too suggest 
the possible existence of incorrect results. Many of the 
inconsistencies between the nuclear data and the mass 
results were discussed by Wapstra’ in connection with 
his mass table calculation. 

Besides helping to resolve these discrepancies, meas- 
urements made with the precision of the present 
spectrometer are useful in systematically investigating 
binding energies of nucleons. The measurements re- 
ported here have an accuracy of about 1 in 10 000 000, 
hence quantities such as the last nucleon binding en- 
ergy may be calculated with useful precision. 

The present measurements cover the stable isotopes 


* Research supported by a National Science Foundation grant. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 

1 For a description of the instrument see Scolman, Quisenberry, 
Collins, Giese, and Nier (to be published). 

2 Quisenberry, Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 

3 Scolman, Quisenberry, and Nier, Phys. Rev. 102, 1076 (1956). 

4 Kerr, Taylor, and Duckworth, Nature 176, 458 (1955). 

5 Kerr, Isenor, and Duckworth, Z. Naturforsch. 10a, 840 (1955). 

6 Eastman, Isenor, Bainbridge, and Duckworth (private com- 
munication, 1956). 

7A. H. Wapstra, Physica 21, 385 (1955). 


of the elements iron, cobalt, nickel, copper, and zinc. 
Mass doublets sufficient to determine the masses of 
some of these have been measured previously,* though 
the only systematic study is that of Collins et al.® The 
mass of the stable isotope of cobalt has never before 
been measured. 


MEASUREMENTS 


The mass doublets which relate the masses of the 
isotopes in question to the masses of the secondary 
standards are listed in Table I together with their 
measured values. Each error quoted is the square root 
of the sum of the squares of (a) the statistical standard 
error of the mean associated with the set of runs of the 
doublet and (b) a factor reflecting the possible error in 


TABLE I. Measured mass doublet differences (in mMU). 





Number Mass 
of runs difference 


107.374 +4 
127.698 +4 
135.055 +7 
144.977 +4 
80.1466+23 
142.941 +7 
90.387 +6 
97.894 +5 
87.339 +6 
33.901 +5 
93.909 +7 
111.377 +4 
32.7687 +32 
25.2633426 
120.935 +6 
127.675 +7 
137.781 +4 
152.953 +6 


Doublet 
measured® 





C,He— Fe 11 
C,Hs— Fe®* 14 
C,H ,— Fe®? 8 
C,Hio— Fe’ 6 
C:H;02.—Co® 11 
CsHio— Ni® 12 
C:H,O2— Ni® 12 
C2:H;02.—Ni* 10 
CsH2— Ni® 10 
SO2.—Ni™ 14 
C;sH3— Cu® 17 
C;H;— Cu® 19 
SO.—Zn" 

O.—43Zn" 

CsHs—Zn* 

C;H;—Zn™* 

CsHs—Zn* 

C;Hio— Zn” 





_* Throughout this paper, H, C, O, and S refer to the abundant isotopes 
of these elements, namely H!, C!2, O16, and S%2, 
> Errors are essentially standard error. See text for the method of calcu- 
lation, 
8 For a review of recent work see Duckworth, Hogg, and 
Pennington, Revs. Modern Phys. 26, 463 (1954). 
® Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 
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TABLE IT. Atomic masses of the stable isotopes of iron, 
cobalt, nickel, copper, and zinc. 








Mass (amu)* 


62.949 607+8 
64.948 427+5 


63.949 473+5> 
63.949 471+3° 
63.949 472+3 
65.947 01347 
66.948 418+7 
67.946 456+5 
69.947 572+6 


Isotope 


Cu® 
Cu® 


Zn 


Mass (amu)* 


53.956 758+5 
55.952 722+4 
56.953 5097 
57.951 73144 


Isotope 
Fe 
Fe5é 
Fe? 
Fe®8 





Co* 58.951 919+3 


(Zn™) ay 
Zn 


Zn** 
Zn* 
Zn” 


Nis8 
Ni® 
Nié1 
Ni® 
Ni* 


57.953 76747 
59.949 82346 
60.950 460+5 
61.948 03347 
63.948 33945 








* Errors are essentially standard errors. See text for the method of 
calculation. 

> Calculated from the doublet O: —$Zn®, see Table I. 

¢ Calculated from the doublet SO: —Zn", see Table I. 


the calibration of the spectrometer. This method of 
assigning errors assumes the nonexistence of systematic 
errors. Each run consists of a total of 20 measurements 
taken and analyzed in the manner previously described 
for use with this spectrometer.?* 

Ions are obtained by electron bombardment of 
molecular vapor in the ion source. Vapor for the refer- 
ence members of the doublets was obtained from the 
appropriate liquid or gas. The metallic elements were 
vaporized directly in the ion source using an electrically 
heated metal boat. 


MASSES 


The atomic masses calculated from the doublets of 
Table I are listed in Table II together with their 
associated errors. The mass of Zn™ was measured using 
two different doublets and the final mass is the un- 
weighted average of the two results. Agreement between 
the two is excellent, and in fact is somewhat better 
than might be expected. Errors given are standard 
errors, calculated by taking the square roots of the sums 
of the squares of the standard errors associated with 
the doublet results and with the reference ion masses. 
The reference ion masses may be calculated as combi- 
nations of CH,4, C2Hy, and C3Hs, as well as C and H. 
Thus the reference ion mass errors are derived from the 
errors associated with the measured results for the mass 
doublets CH,—O, C2H,—CO, and C3;Hs—COs,? and 
hence are not directly calculable from the quoted 
secondary standard errors. 

Values used for the secondary standards H!, C®, and 
S® are those previously obtained by using this spec- 
trometer.2 They are H'=1.0081442+2 amu, C” 
= 12.0038167+8, and S*=31.9822401+-9. 


COMPARISON WITH MASS SPECTROSCOPIC 
RESULTS 


In Table ITI the mass excesses (M—A) measured in 
the present experiment are compared with the results 
of the previous systematic investigation.’ An exami- 
nation of the differences between the two sets (A 
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=present mass excess minus previous mass excess) 
shows reasonably good agreement for the isotopes of 
iron and zinc, except Zn® and Zn®*, However, in the 
cases of nickel and copper large discrepancies are noted. 
The general pattern is that the masses obtained previ- 
ously for the isotopes of these latter elements appear 
to be low. 

Recently mass spectrographic measurements have 
been made in this region by Duckworth’s group at 
McMaster University.* Two of the doublets they 
measured are the same as those used here. These are 
presented in Table IV and compared with the present 
results. Both McMaster results are higher, although 
the Zn™ doublet is not inconsistent. 

Several other zinc and nickel masses may be deter- 
mined from the recent McMaster data. These too are 
compared with the present results in Table IV. The 
values of the secondary standards used in the present 
paper have been used to obtain masses from the 
McMaster doublets and in the cases of Zn**, Zn®’, and 
Zn® the recent xenon measurements of Johnson” have 
also been used. Though most of the differences between 
the two sets lie outside the errors, their apparent 
randomness suggests no constant systematic error 
between them. 

Also in Table IV is shown a comparison between the 
two sets of results for the abundant iron isotopes. 
McMaster results obtained earlier have been recalcu- 
lated using the present secondary standard masses and 
the two sets seem to be consistent. 


TABLE III. Comparison of the mass excess (MM —A) obtained 
in the present investigation with the values obtained previously 
at this laboratory. 








Measured mass excess (M —A) in mMU 
Present Previous® 


—43.242+5 —43.0745 
—47.278+4 —47.40+10 
—46.491+7 —46.5349 
—48.269+4 —48.09+40 


—48.081+3 


—46.23347 
—50.177+6 
—49.540+5 
—51.967+7 
—51.661+5° 


Isotope 


Fe* 
Fe5 
Fes? 
Fe’ 





Co® Not measured 
—46.6749 
—51.12+429 
—51.06+23 
—53.3248 
—52.45+7 


Ni 


—50.8745 
—51.79+5 


— 50.3938 
—51.57345 


—50.528+3 
—52.987+7 
—51.582+7 
—53.544+5 
—52.428+6 


—50.46+2 
—52.92+5 
—51.99+5 
—53.27+6 


Zn” —52.3545 








® See reference 9. 

b A =present minus previous mass excess. 

© This mass is believed to be in error. The corrected mass excess value 
is —51.715+4. See text for discussion. 


10W. H. Johnson, Jr., Ph.D. thesis, University of Minnesota, 
1956 (unpublished). 





ATOMIC MASSES IN 


NUCLEAR ENERGY DATA 


One may gain information concerning the correctness 
of the mass spectrometric data by comparing measured 
stable isotope mass differences with the mass differences 
calculated from the results of nuclear disintegration 
energy measurements. The relatively high precision of 
many of the 6-decay energy and nuclear Q-value 
measurements renders this a sensitive test of the 
correctness of both sets of data. 

A preliminary comparison between the two sets of 
data showed good agreement except for several isolated, 
large discrepancies. This led to an examination of the 
assignments made for the y rays observed in neutron 
capture experiments and suggested changes in the Q 
values for some of the (n,y) reactions in this region. 
This examination will first be discussed in detail and 
then an over-all comparison between the mass spectro- 
scopic and nuclear data will be made. 

In converting from energy units to mass units the 
revised conversion factor, 931.141+10 Mev/amu," has 
been used. The neutron mass needed in converting some 
reaction Q values to mass differences was calculated 
using Wapstra’s value for the »—H?* mass difference, 
namely n—H!=783.0+0.7 kev.’ All errors have been 
combined by taking the square roots of the sums of 
the squares. 

NEUTRON CAPTURE y-RAY ASSIGNMENTS 

The neutron capture y-ray energy spectrum for the 
elements in this region has been investigated by Kinsey 
and Bartholomew” (Z even) and by Bartholomew and 
Kinsey® (Z odd). At the time of their work (1953) 


TABLE IV. Comparison of the present results with those 
obtained recently by the group at McMaster University. 








Mass difference or mass 
Minnesota McMaster 


Values in mMU 


90.387 +6 90.82+15> 
25.2633426 25.45+15° 


Mass doublet 


As 
or mass in mMU 





0.43415 


C:H,O.—Ni® 
0.19+15 


O2—4$Zn™ 


Values in amu 


REGION FROM Fe 


Fe 
Fe5s 
Ni®8 
Ni® 
Zn** 
Zn 
Zn* 
Zn 


53.956 758+5 
55.952 722+4 
57.953 76747 
59.949 823+6 
63.949 472+3 
65.947 01347 
66.948 418+7 
67.946 456+5 








53.956 61224 
55.952 82154 
57.953 80+15> 
59.949 39+15> 
63.949 09+ 15° 
65.947 44+.15° 
66.948 74+ 20° 
67.947 51+20° 


—0.1522 
0.10+15 
0.0315 

—0.43+15 

—0.38+15 
0.43415 
0.32415 
1.0520 








® A=McMaster minus Minnesota results. 


b See reference 6. 
© See reference 5. 


4 Recalculation of previous McMaster results using the current secondary 
standard masses, H. E. Duckworth (private communication, 1956). 

® Recalculated from reference 5 using Johnson’s xenon masses; Xe? 
= 131.946 1045, Xe! =133,947 9945, Xe!% =135.950 4243 amu, refer- 


ence 10, 


11 Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 


27, 363 (1955). 


2B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 


(1953) 


3G. A. Bartholomew and B. B, Kinsey, Phys. Rev. 89, 386 


(1953), 
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Fic. 1. Schematic representation of the nuclear reaction and 
B-decay paths connecting the isotopes under investigation. All 
paths shown were used in the mass difference comparison. 


sufficient auxiliary data to enable them to identify 
positively the isotopic source of all observed y rays did 
not exist. We examine the neutron capture y-ray 
assignments by using measured atomic masses to 
predict the energy of the ground state transition and 
then compare the predictions with observed y-ray 
energies. The results of this comparison are summarized 
in Table V. Transitions to excited states have been 
included whenever they help to clarify the assignments 
or when they are useful in inferring information 
concerning the correctness of the mass data. In cases 
where an unstable mass is needed in the y-ray energy 
prediction, 8-decay energy data are used to relate the 
unstable mass to a stable neighbor. The following 
discussion covers Table V element by element. 


Iron 


The transitions listed as ground state appear to 
have been correctly assigned previously. The deviation 
Arx for Fe®® seems to indicate an error either in the 
measured mass of Fe* or in the Fe’— Mn*®>— Mn**— Fe5é 
reaction chain used to predict the mass of Fe®® (see 
Fig. 1). Another possibility is that a 65-kev excited 
state exists in Fe®® and all transitions observed here go 
to that level. However no other evidence indicates the 
existence of such a state." 

The discrepancy in the case of y-ray A assigned to 
Fe®® may not be a mass error. The y-ray coincidence 
spectrum given in the original paper shows peak A as 
being quite broad. It seems possible that energy A 
could be slightly lower, thus improving the agreement 
with the mass data. 

Wapstra’ assigned y-ray G to the ground state 
transition in Fe. Our data suggest that this is not a 
ground state transition but rather one to an excited 
state, assuming that the Fe® 6-decay energy measure- 
ment is correct. 


4 For a review of excited state energies see Way, King, Mc- 
Ginnis, and van Lieshout, U. S. Atomic Energy Commission 
Report TID-5300, 1955 (unpublished). 
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TABLE V. Comparison between the observed neutron capture y-ray energies and the ground state y-ray transition energy calculated 
from the measured atomic masses. Some transitions to excited states are compared with the known excited state energies to help judge 
the correctness of the mass data. 








Mass 
difference 
used® 


Calculated 


maximum energy 


in Mev 


Observed 
y-ray energy 
in Mev» 


Ae 
in kev 


Observed 
excited states 
in kev4 





Fe'5— Fe 


Fe'?— Fe’ 


Fe'*— Fes? 


Fe®—Fe™ 


Co®— Co? 


Ni®— Ni® 


Ni®™!— Ni® 
Nis?— Nie 
Ni*?— Nis 
Ni®— Ni® 


Cu™ —Cu® 


Cu*—Cu* 


Zn*—Zn* 
Zn*"—Zn** 


Zn*—Zn*? 


Zn—Zn'** 


9.360+30 


7.63448 


10.022+8 


6.63147 
7.49847 


9.01648 


7.77348 
10.626+9 

6.825+10 

6.130+20i 


7.91949 


7.057+20 


7.992+-6 
7.058+10 


10.1939 
6.50 +20 


9.298+7 
8.872+10 
8.345411 


7.639+4 
7.28549 
6.01547 
5.914+10 


10.160+40 
9.29847 
9.20 +208 


6.369+9 


7.48646 
7.201+6 
6.867+6 
6.690+6 
5.966+6 
5.646+6 


8.99745 
8.53248 
8.119+10 
7.81748 
7.81748 


Q wee “Hwy YAW 


SS Shwe 


6.839+ 10 
6.100+20 


7.914+6 
7.634+6 
7.296+9 
7.160+20 
6.690+30 
7.010+20 


ARZSSoOws» 


QA Bm 


& O&& 


7.87647 

6.940+20 
6.650+30 
9.510+30 
B 9.120+10 
H 6490+20 


mA 


60+30 
490+30 
1010+30 


—5+9 
349+ 12 
1619+11 
1720413 


—138+40 
722411 
820+20 


262+11 


12+9 
297+9 
63149 
808+9 
153249 
1852+9 


19+9 
484+ 11 
897+13 
1199+11 
—44+11 


o y ray found with energy above 9.0 Mev 


—14+14 
30+30 


5+11 
285+11 
623413 
759+20 
1229+30 
47+30 


116+9 
118+20 
408+ 30 
683430 
107314 
100+ 200 


ground 
425+10 
940+50 


ground 
35545 
1650+60 
(1719)! 


ground 
805+12 


? 


ground 
289+3 
650+305 
820+30 

1480+30 

1820+30 


ground 
450+30! 
878+15i 

1180+13! 

ground? 


ground 
ground? 


ground 
280+5 
5104-50 
840+ 50 

1290+50 

ground 


114+4« 
92+20 
388+3 
? 


110020 
ground 





* When the heavier nucleus is unstable, its mass is calculated from its stable neighbor by using 8-decay energy data. 


> Obtained from reference 12 (even Z), or from reference 13 (odd Z). 
¢ 4 =maximum energy minus observed y-ray energy. 

4 Excited state data is summarized in reference 14. 

© Agx =A minus the observed excited state energy. 

{ This state inferred from intensity considerations. See reference 12. 


Cobalt 


The only question here is whether or not y-ray A 
represents the ground state transition in Co™ since an 
excited state is known to exist at 58.9+0.9 kev." The 
data here strongly suggest that the ground state 
assignment is correct. The randomness of the Ag, 
values indicates no systematic error in either the energy 
or the mass measurements. 


Nickel 


Since the nickel masses previously obtained at this 
laboratory were incorrect by a rather large amount, 
some of the previous y-ray assignments in nickel have 
now been modified. The present masses place new 


® This energy estimated from Fig. 6, reference 12. 

b Error values are estimated from the data presented in reference 14. 
i States taken from reference 15. 

i Based upon the corrected Ni®™ mass. See text. 

* Excited state from reference 17. 


limits upon the maximum y-ray energy that may be 
associated with capture in a given isotope. These energy 
limits show that y-rays B and C, originally assigned to 
Ni®™, must now be assigned to Ni®. 

The assignment of y-ray D is inconclusive, since it 
fits both the 1180-kev excited state of Ni®®, and the Ni® 
ground state transition. These two energies appear to 
be slightly different, however, and the measured y-ray 
energy may be the average of two unresolved compo- 
nents. This observation seems to be substantiated by 
the data obtained in the Ni(d,p) reaction study of 
Pratt.1® Tentatively we assign the measured energy of 
D to the Ni®(n,y)Ni® Q value. 


16 W. W. Pratt, Phys. Rev. 95, 1517 (1954). 
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Assignment of y-ray K to Ni® must be considered 
tentative only. Because of its relatively low isotopic 
abundance, Ni® gives a contribution to the y-ray spec- 
trum that is easily obscured by excited state y rays 
from other isotopes. In making this prediction we have 
used the corrected Ni mass. This correction is dis- 
cussed in the section covering the A = 64 region. 


Copper 


The y-ray assignments to the copper isotopes are 
clarified by the present work. From the mass determined 
energy limits, it is seen that y-rays A to C’ must come 
from Cu. Previously it was suggested that y-ray B 
might come from Cu®, but that now seems unlikely, 
unless the Cu®* 6-decay energy is in error by a large 
amount (~600 kev). Also y-ray B seems to match the 
280-kev excited state in Cu® seen in the investigation 
of low-energy capture y rays.’ Assignment of y-ray E 
is open to question since it energetically could come 
from either isotope. The excited state agreement is 
better at Cu®, as shown. 


Zinc 


Several assignment changes are made for this element. 
The Zn™(n,y)Zn® reaction is assigned a Q value of 
7.99048 Mev because of the good agreement between 
the predicted maximum energy and the sum of the 
energies of y-ray G and the 114+4 kev excited state.” 
The assignments of y-rays G and H to Zn®™ and Zn®, 
respectively, are new, being based entirely upon the 
mass data. The agreement of y-ray G’ with the excited 
state in Zn®’ lends support to the correctness of the 
Zn ground state assignment. The Zn**(n,y)Zn®™ Q- 
value is obtained from the sum of the energy G and the 
92-kev excited state, giving a value of 7.0340.02 Mev. 
Energetically, y-rays A and B must come from Zn®, 
Wapstra suggested,’ and the data here confirms, the 
assignment of y-ray B to the 1100-kev state,“ giving 
a ground state Q value of 10.22+0.02 Mev in good 
agreement with the mass prediction. Insufficient data 
exist with which to infer the energies of y rays emitted 
with capture in the rare isotope, Zn”. 


MASS DIFFERENCE COMPARISON 


A convenient method for comparing the measured 
masses with all the nuclear energy data is the calculation 
of mass differences of adjacent stable isotopes. Such 
mass differences have been calculated for all neighboring 
pairs of stable isotopes in this region along all possible 
paths as shown in Fig. 1, using all available nuclear 
energy data. Nuclear reaction Q values were taken 
from the review article of Van Patter and Whaling,'* 
except for the new or revised Q values listed in Table 


16 T, H. Braid, Phys. Rev. 102, 1109 (1956). 

17 B, Crasemann, Phys. Rev. 93, 1034 (1954) ; J. B. Marion and 
R. A. Chapman, Phys. Rev. 101, 283 (1956). 

18D, Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 
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TABLE VI. New or revised nuclear reaction Q values used in 
the comparison between the nuclear energy data and the measured 
atomic masses. 


Reaction 





Co (d,p) Co 
Ni® (n,v) Ni® 
Ni®?(n,7) Ni® 
Ni®™(n,y) Ni® 
Cu®(y,m) Cu® 
Cu®(d,p) Cu® 
Cu®(p,n)Zn® 
Cu®(y,n)Cu® 
Cu®(p,2)Zn® 
Cu® (ny) Cu® 
Zn (n,y)Zn® 
Zn (n,y)Zn** 
Zn* (n,y)Zn* 


Q-value in Mev 


5.28343 
7.817+8 
6.839+10 
6.130+20 
— 10.800+50 
5.66 +4 
—4.149+4 
—9,910+110 
—2.136+3 
7.010+20 
7.990+8 
7.030+20 
10.220+20 


Reference 


a 
b 
Cc 
b 


6.490+20 
—3.694+6 


Zn*8 (n,y) Zn 
Zn*8(p,n)Ga® 


a G. M. Foglesong and D. G. Foxwell, Phys. Rev. 96, 1001 (1954). 

b See text for discussion of y-ray reassignments. 

¢ See Table V. 

1 Bendel, McElhinney, and Tobin, Bull. Am. Phys. Soc. Ser. II, 1, 192 
1956). 

e D. C. Hoesterey, Phys. Rev. 87, 216(A) 
cation. See reference 14. 

f Obtained from an average of the values of Kington, Bair, Cohn, and 
Willard, Phys. Rev. 99, 1393 (1955) and Brugger, Bonner, and Marion, 
Phys. Rev. 100, 84 (1955). 


1952), and private communi- 


VI. The (x,y) Q values are derived from the examination 
of the neutron capture y rays, as has been discussed. 
8-disintegration energies were taken primarily from the 
review article of King.” 

In Table VII these calculated mass differences are 
compared with the spectrometrically determined re- 
sults. The comparison column (A=measured minus 
calculated mass difference) shows a pattern of reason- 
ably good agreement. In the following, two discrepancies 
are discussed. Discrepancies not mentioned are covered 
in the section on neutron capture y-ray assignments. 


Co” 


Wapstra’ discussed the discrepancy in the nuclear 
cycles involving the Co’ B-decay energy and concluded 
that this energy was in error. Subsequently this decay 
energy value was revised (see Table IX) and the 
over-all agreement in the cycles is now reasonably good, 
as the comparisons along alternate paths found in 
Table VII, lines 3-6 show. 


A=64 


Consideration of the region centered on Cu® leads to 
the suggestion of a possible error in the measured mass 
of Ni* (Table VII, lines 11, 12, and 14). Considerable 
difficulty was experienced in obtaining a Zn®-free Ni™ 
ion current. Since these two differ in mass by only 1 in 
60000, and because of their unfavorable relative 
abundance ratio, it seems possible that a contamination 
could have been present and remained undetected. The 
spectrometer resolution was only 1 in 30000 for these 
runs and the Ni* peak was of very low intensity. 


9 R. W. King, Revs. Modern Phys. 26, 327 (1954). 
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TABLE VII. Comparison of measured stable isotope mass excess differences with those calculated from nuclear 
reaction Q values and §-disintegration energies. 








Mass difference Paths 


Mass excess difference in .MU 


Measured Calculated> Ae in h™MU 





(1) Fe—Fe*—2 
(2) Fe'?—Fe*—1 
(3) Fe'®—Fe'"—1 


Fe, Mn, 
direct 
direct 
Co®, Nis 
Cos 

Ni®8, Feo? 
Ni57, Co8? 
Co™, Fess 
Ni*® 

Fe’, Fe5? 
Co” 
direct 
Cu® 

Cu® 

Zn® 

Cu 

Cu 

Zn — Ni 
Cu 
Zn%—Zn83 
Cu™ 

Ni® 

Cu 

Zn 

Cu 

Zn% 

Zn 
Cu%*— Cu 
direct 
direct 
Zn” 


(4) Co®—Fe'8—1 
(S) Ni*®—Fe'?—1 
(6) Co®—Ni'*—1 
(7) Ni®—Co®—1 
(8) Ni*—Ni®—1 
(9) Cu¥®—Ni®—1 
(10) Zn*—Cu*—1 


(11) Ni*—Cu8—1 
(12) Zn*—Ni* 


(13) Cu®—Cu%—2 
(14) Cu%—Ni*—1 
(15) Cu®—Zn*—1 
(16) Zn*—Cu%*—1 
(17) Zn**—Zn*—2 
(18) Zn*?—Zn**—1 


(19) Zn®*—Zn*7—1 
(20) Zn®—Zn**—2 


—4036+6 —3976+30 
787+8 781+4 
—1778+8 —1926+40 
— 1630+350 
446+ 200 
740+300 
650+ 300 
360+ 200 
— 1836+6 
—2120+350 
—2097+12 
587+8 
1610+60 
—129+6 
—2+160 
—1316+6 
1187+3 
1217+30 
—1180+110 
—1043+170 
144+110 
174+30 
—1045+110 
—1043+8 
— 1360+30 
— 1540+200 
— 2590+ 200 
—2405+110 
1435+20 
—1991+20 
1120+ 200 


—60+30 
649 
148+40 
—150+350 
—258+200 
—550+300 
—390+300 
—100+200 
—12+9 
270+350 
1+14 
50+11 
—36+60 
—6+11 
—137+160 
48+11 
—54+7 
—84+30 
0+110 
—137+170 
—56+110 
—86+30 
0+110 
2+10 
—54+30 
126+200 
130+200 
—55+110 
30+20 
28+22 
—4+200 


188+5 
258+10 
—1848+7 
—2096+7 
63748 
1574+11 
—135+9 


—1268+9 
11336 


—1180+9 
88+7 

— 1045+6 
—1414+9 
—2459+8 
1405+10 


—1962+9 
1116+8 








. Paths refer to energy connections shown in Fig. 1. 
> See text for method of calculation. 
¢ A=measured minus calculated mass difference. 


In view of this possible contaminant we examined 
the effect of a correction in the Ni* mass which im- 
proves the agreement between the measured and 
calculated Zn™—Ni®™ mass differences. If we assume 
the mass of Zn™ and the Zn*— Ni* mass difference as 
calculated from the Cu 6-decay energies to be correct, 
the Ni* mass is lowered by 54 uMU. The effect of such 
a change is shown in Table VIII where the appropriate 
lines from Table VII are reproduced, the only difference 
being the use of the lowered Ni* mass in determining 
the measured mass differences. The agreement along 
all paths improves greatly and also reinforces the belief 
that the y ray previously assigned to neutron capture 
in Ni® is correct. 


TABLE VIII. The effect of lowering the Ni* mass by 54 uMU on 
the mass differences shown in Table VII.* 








Mass excess difference in «MU Ab 


Isotope difference Path Measured Calculated in ~MU 





(11) Ni#—Cu®—-1 Cu —132249 ~—1316+6 —6+11 


Cus 
Nis’ —Zn 


1187243 1187+3 


1217+30 


standard 
—30 +30 


—2+110 
—32+30 


(12) Zn®—Ni* 


(14) Cu®—Ni*—-1 Cu 


Ni®s 


14247 144+110 


174+30 





® The new Ni® mass is 63.948 285 +4 amu. 
> A =measured minus calculated mass difference. 





UNSTABLE ISOTOPE ATOMIC MASSES 


With the measured stable isotope atomic masses as 
a base, it is possible to use the Q value and f-decay 
energies to calculate the masses of the unstable isotopes 
in this region. In doing this the 6-disintegration energies 
summarized by King” have been supplemented by the 
more recent results shown in Table IX. The resulting 
unstable masses are shown as mass excesses in Table X 
together with an indication of the path of calculation. 
Where it is possible to base the unstable mass on more 
than one stable isotope this has been done, and the 
final result shown is the average of the separate mass 
excesses. If the individual results for a given mass are 
consistent, a weighted average is used. Inconsistent 
results are averaged with equal weight, except that 
results with errors greater than 100 kev are eliminated. 


¥ 
NUCLEON BINDING ENERGIES 


Binding energies of nucleons in a nucleus may be 
investigated in an over-all way by studying the easily 
calculated average binding energy per nucleon. Specifi- 
cally, this is 


T.B.E./A=[Z(M,+M.)+N(M,)—2M4YA, (1) 


where T.B.E.=the total binding energy (nuclear and 
electronic) and zM4 is the mass of the atom whose 
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nucleus is under consideration. M,, M., and M, are 
the masses of the proton, electron, and neutron, re- 
spectively. For our work here (M,+M,) may be 
replaced by My, the mass of the hydrogen atom, 
without introducing significant error. 

This average binding energy has been calculated for 
all the stable isotopes whose masses were measured in 
this investigation and the results are summarized in 
Table XI. Errors associated with these values are due 
primarily to the error in the »n—H mass difference. In 
Fig. 2 these results are shown graphically with T.B.E./A 
plotted as a function of V. The curves drawn through 
the points have no mathematical significance but are 
for ease of interpretation. Collins et al.” proposed 
making a least squares fit of the mass data to a parabola, 
primarily because of the parabolic shape assumed for 
isobaric sections of the binding energy surface. Because 
of the increased experimental accuracy of the present 
measurements, such fitting is inconclusive. Various 
trials were made, and the agreement with parabolic 
shape was always no closer than about five times the 


TABLE IX. New §-disintegration energies used in the calculation 
of unstable isotope atomic masses. 








Decay energy in kev Reference 


3457+13 
6270+30 
700+ 200 
1490+ 20 
5000+ 300 
1697+10 


Isotope 


Cos 
Cu® 
Co5? 
Co" 
Co® 
Zn* 








®R. S. Caird and A. C. G. Mitchell, Phys. Rev. 94, 412 (1954); 93 
916(A) (1954). 

> R. H. Nussbaum ef al., Physica 20, 555 (1954). 

© See reference 14. 

4R. H. Nussbaum ef al., Physica 20, 571 (1954). 





quoted errors. Furthermore, it was found to be possible 
to materially alter the shape of the parabola, but not 
the quality of fit, by eliminating the data points one by 
one and recalculating the curve. For these and other 
reasons it seems reasonable to assume that the parabolic 
shape is indeed a measure of the gross variation of the 
binding energy surface, but that other effects modify 
the curve sufficiently so that it cannot be used as a 
check upon the consistency of the present, more precise 
data. 

It is interesting to note that T.B.E./A reaches a 
maximum at nickel, Z= 28, and falls steadily for higher 
Z. This is one effect that may perhaps be associated 
with the closing of the proton shell at the “magic 
number” Z= 28. 

Information of a more specific nature is obtained by 
calculating the binding energy of the last nucleon 
(neutron or proton) added to the nucleus. This binding 
energy is just that mass which disappears when a 
nucleon is added to a nucleus of mass A—1 to form a 
nucleus of mass A. It is readily calculated from atomic 
mass values. 


~ % Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954). 
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TABLE X. Unstable isotope atomic mass excesses (M—A). 








Final mass 
excess in mMU 


—43.358-+30 
—37.407+200 


—44.279+30 
—46.405+7 

—40.566+35 
—42.306+20 


—45.937+140 


Mass excess 
in mMU 


Unstable Calculated 
isotope from 


Mn*é Fe 
Fe's Fe 
Fe Fe 
Fe5é 
Co® 
(Fe®) a 
Fe5é 
(Nis?)> 
Fe? 
Co 
Fe58 
Co 
Ni® 
Nis! 
Nis 
Ni58 

( ( *057) c 
Nis8 
Co® 
Cus 
Cu® 
Ni®4 
Ni® 
Ni® 
Ni? 
Cu 
Cu® 
Cus 
Zn“ 
Ni®4 
Cu® 
Zn%6 
Zn? 
(Cu2)e 
Cus 
Zn 
Zn* 
Zn 
Cus 





—44.243+9 
—44.309+30 
Fe 
Co 
Co's 
Co? —46.133+200 
—45.741+200 
—46.061+200 
—45.800+11 
—47.149+12 
—47.148+7 


Co 
—45.800+11 
Co 
—47.148+6 

—47.940+20 
—46.567+30 


Co® 
Co® 
Ni5? —42.653+200 
—42.457+300 
—46.913+9 

— 46.931+30 


—42.593+200 
Ni? 
—46.915+9 
Ni®8 —50.312+8 
Ni® —49.313+20 
—49.281+20 —49.297+14 
—43.443+30 
—47.146+8 


Cu” 
Cu 
Cu™ —47.747+20 
—47.779+50 
—49.907+10 
—49.913+110 
—49.913+4 
(—49.913+4)4 
—50.113420 
—50.167+20 


—47.751+418 


Cu 


—49.912+4 


—50.140+30 
—50.968+11 
—45.929+20 
—46.791+9 
—46,928+170 
—50.126+8 
—49.997+200 
—50.126+6 —50.126+5 
Zn*8 —51.529+20 

Zn” —51.538+200 —51.529+20 


—46.791+9 








® Based upon Fe and Fe*®* through the average Fe*® mass. 
| > Based on Ni** through Ni*, 
© Based on Fe’ through Co’, 
t 4 The corrected Ni mass is based upon this value. It is not used in 
obtaining the final Cu mass. 
» °* Based upon Ni® and Cu® through the average Cu®? mass. 


Neutron Interactions 


Wherever sufficient data exist, the binding energy 
of the last neutron B, has been calculated. The results 





Ea ¥ T 


TBE/A mMU 











28 30 32 


Fic. 2. Average total binding energy per nucleon. 
Data are taken from Table XI. 
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TABLE XI. Average binding energy per nucleon for the stable 
isotopes of the elements studied in this investigation (in mMU). 








Stable 
isotope 
Fe* 
Fe* 
Fe5? 
Fe®® 


Stable 
isotope 
Cus 
Cu® 


TBE/A* 


9.3810 
9.4389 
9.4172 
9.4405 


T.B.E./A® 


9.3979 
9.4033 





Zn 
Zn 
Zn*? 
Zn%8 
Zn” 


9.3804 
9.4057 
9.3785 
9.4015 
9.3737 


Co 9.4152 
Ni58 
Ni 
Ni® 
Nie 
Ni* 


9.3763 
9.4290 
9.4112 
9.4435 
9.4253 








® All values have an associated error of +0.5 ~MU due primarily to the 
error in the »—H mass difference. T.B.E./A =average binding energy per 
nucleon. 


are listed in Table XII. Variations in B, with respect 
to neutron number JN of the final nucleus are shown 
graphically in Fig. 3. From this figure several obser- 
vations may be made. 

Consider first a neutron added to form a nucleus of 
odd NV. This nucleon must enter an empty two-particle 
energy level and neutrons in this category have a 
binding energy range of 7 to 10 mMU here, the energy 
decreasing with higher NV in each element. Decreasing 
odd neutron binding in a given element is expected 
because of the saturation of n-p forces. Conversely, a 
given neutron (V constant) is generally more strongly 
bound as Z increases because of the increased number 
of n-p interactions. This effect is consistent with the 
concept of nuclear symmetry, that is, except for the 
modifying influence of the Coulomb repulsion, nuclei 
with V and Z approximately equal tend to be most 
stable. 

When one considers the neutron added to form a 
nucleus of even J, it is seen to be bound more strongly 
than its predecessor. Even neutron binding-energy 
values range from 10 to 13 mMU in this region, with 
the same sort of NV and Z variations as discussed for 


Bn 

Cl oe 
UPPER CURVES 
ARE EVEN N 





apy 


LOWER CURVES 
ARE ODD N 











Fic. 3. Binding energy B,, of the last neutron in the nucleus. 
Data are taken from Table XII. 
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the odd N last neutrons. The even neutron occupies 
the same two-particle energy level as the preceding 
odd one and its additional binding energy is attributed 
to “pairing energy.” Neutron pairing energy P, is 
taken as the difference between the B, values for the 
last and next to last neutrons in even NV nuclei. Values 
of P,, for all possible neutron pairs are summarized in 


TABLE XII. Total binding energy of the last proton and the 
last neutron for all nuclei where sufficient data enables their 
calculation. Values in mMU. 








Isotope N Bn* 





14.82 +20 
10.022+30 
11.984+-30 
8.198+8 
10.763+8 
7.212+8 


Fe* 
Fe 55 
Fe®s 
Fe 57 
Fe’ 
Fe 59 


11.392+12¢ 
11.277+30 


5.468435 
6.17140 
6.80 +14 
7.453413 
7.95645 
8.887+8 


Co® 
Co 10.725+40 
12.62 +14 
8.85 +14 
11.266+11 
8.05247 

9.777420 
7.612+40 


8.43 +20 
8.44 +14 
9.26 +20 
10.242+7 
10.536+8 
12.171+20 
11.889+30 


12.63 +20 
9.667+11 
12.247+11 
8.348+8 
11.412+9 
7.330+11 
10.388+9 
6.567+14 


12.688+30 
9.590+20 

11.627+20 
8.504+9 

10.646+6 
7.552+30 
9.813430 


7.9666 
8.987+30 


6.927+20 
7.183420 
8.279+9 
8.3586 
9.558+8 
9.586+30 
10.720+12 


9.847+20 
12.722+9 
8.53646 
11.846+9 
7.580+10 
10.947+9 
6.970+20 
9.884+-20 








® B, =total binding energy of the last neutron in the listed nucleus. 
b By =total binding energy of the last proton in the listed nucleus. 
Based upon the Mn®> mass doublet of reference 9. 


Table XIII and are plotted with final neutron number 
as abscissa in Fig. 4. 

Examination of these results shows several interesting 
features, the most obvious being a correlation between 
proton number Z and P, for a given pair (N constant). 
In odd Z nuclei, here those of cobalt and copper, P, is 
generally lower than in nuclei of even Z. Explanation 
of this difference seems to be connected with the fact 
that in odd Z nuclei the odd proton may interact more 
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strongly with the individual neutrons, reducing the 
pairing energy. In even Z nuclei all the protons are 
paired and hence interact less strongly with the neu- 
trons. This reduction in pairing energy due to the 
presence of an unpaired nucleon of the other type is 
observed also for proton pairs in odd-N nuclei and is 
mentioned below. 

Mayer and Jensen”! discuss pairing energy and point 
to the correlation between it and the magnitude of the 
spin of the intermediate nucleus formed when only the 
first pair member is present. According to their argu- 
ments, calculations show that a pair of nucleons in an 
orbit of high total angular momentum interact to give 
a greater pairing energy than a pair of nucleons occu- 
pying a lower total angular momentum level. 

In an attempt to correlate this effect with the data 
collected here, the angular momentum assignments for 
the levels occupied by the various neutron pairs have 
been included in Fig. 4. These assignments are predicted 
by using the nuclear shell model. Measured nuclear 
spins have been used as a guide wherever possible. 


TABLE XIII. Pairing energy of the last pair of neutrons in the 
listed nuclei (in mMU). 


Isotope N Pp® 
Fe 30 
Fe58 32 


Isotope N 


2.04 +4 
2.142+12 
2.26 +6 


Cus 34 
Cu® 36 
Cu®? 38 


1.96 +6 

2.565415 

Co*? 1.89 +16 

Co 2.42 +14 
1 


d Zn* 34 
Co 725425 


Zn* 36 
Zn*8 38 
Zn” 40 


2.875+30 
3.263413 
3.367416 
2.580+20 2.914+40 
3.064+ 14 


3.058+18 





a P, =pairing energy of the last neutron pair in the listed nucleus. 


Because the 3/2 and fs/2 levels are relatively close 
together in energy, and because the /5,2 pairing energy 
may be greater than the 3/2, it is difficult to predict 
the actual level configuration for V=33, 35, and 37. 
The possibility exists that the presence of unpaired 
protons perturbs the pairing energy in such a manner 
as to cause the level filling to vary with Z. 

That the angular momentum of the level occupied by 
the pair does not totally explain the variations in P, 
becomes apparent upon examination of the data. In 
the case of iron the two pairs have the same angular 
momentum, yet the second pair (V=32) has a Pp, 
greater than that of the first pair. For zinc the final 
pair (V =40) occupies a 1/2 level, yet its pairing energy 
is essentially the same as that for the first pair (V’ = 34) 
in a 3/2 or fs/2 level. Some correlation between angular 
momentum and pairing energy is shown by the rise of 
P,, from the first to the second pair in nickel (3/2 to a 


21M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 


REGION FROM Fe TO 


Zn 


Pn 





(ts,) 


Pa in mMU 
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40 





Fic. 4. Pairing energy P,, of the last neutron pair in the nucleus. 
Data are taken from Table XIII. Also shown is the angular 
momentum assignment for the level occupied by each neutron 
pair. These level assignments are derived from the nuclear shell 
model. 


possible 5/2), and the decrease from the third pair 
(NV =38) to the last pair in zinc (fs/2 to p1/2). 

Considering specific neutron pairs, values of P,, seem 
to be relatively independent of Z, except for the odd 
or even character mentioned above. For example, at 
N=34, the pairing energy is essentially the same in 
nickel and zinc and also in copper and cobalt. 

A reasonable explanation of the over-all situation 
may be as follows. Assume that the neutron level 
filling pattern is similar for these elements. Further 
assume that pairing energy is influenced by angular 
momentum and that the energy difference between 
odd and even Z depends primarily upon the presence 
or absence of an unpaired proton. Then variations in 
P, may possibly be explained not only in terms of 
relative angular momentum but also in terms of inter- 
actions of the pair with other pairs that may be present. 
In the cases examined here, the second pair added to 
the nucleus is paired more strongly than the first, and 
the third pair shows a P,, generally equal to that of the 
second pair. This suggests the existence of such inter- 
actions between neutron pairs, but the relatively meager 
data presented make impossible more exact conclusions. 














Fic. 5. Binding energy B, of the last proton in the nucleus. 
Data are taken from Table XII. 
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TABLE XIV. Total pairing energy of the last pair of protons in 
the listed nickel and zinc nuclei (in mMU). 








Zine 
isotope N Py 

Zn® 1.814+25 
Zn* 0.828+40 
Zn* 1.727418 
Zn 0.614+-12 
Zn 1.592+13 
Zn*? 0.59 +6 


Nickel 

isotope N Py 
Ni*? 2.26 +20 
Ni® 1.64 +30 
Ni® 1.81 +20 
Ni® 2.28649 
Ni®™ 1.649+15 











® P, =total pairing energy for the last proton pair in the listed nucleus 
Values are not corrected for Coulomb interaction. See text for discussion. 


Proton Interactions 


Specific information regarding proton interactions is 
obtained by calculating, in a manner analogous to the 
neutron case, the binding energy B, of the last proton 
wherever sufficient data exists. Results of this compu- 
tation are also shown in Table XII. Variations in B, 
are shown in Fig. 5. Study of the figure reveals the same 
general features as did the neutron data. 

In a given element, B, increases with increasing V 
because of the larger possible number of n-p interac- 
tions. Also, for V constant, B, decreases with increasing 
Z, although pairing energy obscures this result in the 
figure. The regularity of the curves for copper and 
zinc is not reflected into the cobalt and nickel data, 
No direct explanation of this is offered here. However, 
in nickel Z=28, a magic number, and one may expect 
nuclear effects to deviate from a regular pattern near 
magic numbers. The best test of these regularities 
would be to obtain data for elements with Z greater 
than that for zinc. 

The effect of pairing energy for proton pairs can also 
be seen in Fig. 5. The last proton-in nickel and zinc is 
more strongly bound than in cobalt and copper, 
respectively. Values of the proton pairing energy P, 
have been calculated for all nickel and zinc nuclei 
where data exists and the results are presented in 
Table XIV. Pairing energy values are not corrected for 
the Coulomb interaction because the correction here is 
essentially constant and because the uncertainty in the 
method of its calculation introduces an unnecessary 
uncertainty in the values. 

In Fig. 6 are shown the variations of P, with respect 
to Z and NV. The most significant effect shown is that 
mentioned above; namely that P, is lower when an 
odd neutron is present in the nucleus. Considering the 
zinc data, P, is considerably greater when N is even 
rather than odd. The nickel case is not as clear, although 
the first two points (V=29 and 30) are the only ones 
that deviate from the pattern. These two points have 
large associated errors and therefore great weight should 


SCOLMAN, AND NIER 


not be given to them. Although the proton number 28 
shows very little evidence of being magic (i.e. no large, 
abrupt changes are observed in nucleon binding energies 
as Z crosses 28), the irregularity in the nickel P, values 
may be associated with this value of Z. Additional 
data both above and below this region might clarify 
the situation. 

The data suggest that P, is essentially neutron 
number independent, provided JN is either always even 
or always odd. The odd-nuetron interaction with the 
proton pair is stronger than the odd-proton interaction 
with the neutron pair. It is interesting to note that 
while the nickel pair is presumably in an f7/2 level and 
the zinc pair in a p32 one, P, for the two is essentially 





+ —-— EVEN N 
— ODD N 

° 1 1 : 
28 30 32 34 36 38 
N 











Fic. 6. Pairing energy P, of the last proton pair in nickel and 
zinc nuclei. Data are taken from Table XIV. 


the same. Apparently angular momentum effects are 
masked. 

The data presented serve to emphasize the point 
that nucleon interactions in the nucleus are not to be 
interpreted in an elementary way and that much more 
data are needed to complete the picture. 
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The electron-capture decay of 70-day Re'® has been studied, principally by conversion electron spectros- 
copy at 0.1% resolution. All but one of the eighteen gamma transitions identified in the present study have 
been seen by others from beta decay of Ta'® to the same daughter nucleus W'®’. The transition intensities of 
the present study suggest an assignment of 5/2+ to Re'*. New information on M1—E2 mixing ratios for 


some of the gamma transitions is obtained. 





INTRODUCTION 


HENIUM-183 was first produced and studied by 
Hicks and Wilkinson,! who characterized it as an 
electron-capturing isotope of ~ 240 days half-life, but 
we now prefer a half-life of 70 days.? Der Mateosian and 
Goldhaber® have produced a 5.5-second isomer of beta- 
stable W'®, and Campbell and Goodrich‘ report gamma 
rays of 0.12 and 0.17 Mev for this isomer. Recently, Poé® 
measured these gamma rays as 0.105 and 0.155 Mev. 
From their high-resolution beta- and gamma-spectro- 
scopic studies of the beta-emitter Ta'*, Murray, Boehm, 
Marmier, and DuMond‘® have obtained extensive in- 
formation on the levels of the daughter nucleus W'®, 
and from these data Kerman’ has made a theoretical 
analysis of the W'® level scheme based on the Bohr- 
Mottelson® rotational model. The majority of the 
prominent gamma transitions in W'® are of the M1—E2 
mixed type, and Kerman has calculated expected mixing 
ratios. The data of the present paper allow us to assign 
numerical values or limits for some of these mixing 
ratios on the basis of L-subshell conversion coefficients. 
In addition, the data give information regarding the 
electron-capture transitions themselves. 


INSTRUMENTS AND EXPERIMENTAL PROCEDURE 


The most extensive and useful measurements in the 
study of Re'® were made with uniform-field permanent- 


¢ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

* The Nobel Institute of Physics, Stockholm, Sweden. 

1H. G. Hicks and G. Wilkinson, Phys. Rev. 77, 314 (1950). 

2 There is serious disagreement concerning the correct half-life 
value for Re!®, B. J. Stover [Phys. Rev. 80, 99 (1950) ] lists the 
value 120 days without citing supporting evidence. S. E. Turner 
and L. O. Morgan [Phys. Rev. $1 881 (1951) ] suggest a value of 
155 days in their work. Dr. Donald Strominger has recently fol- 
lowed the decay of the prominent 162-kev gamma peak in a 
sample containing Re!* and finds a half-life of 70410 days. We 
have used this 70-day value for ft-value calculations. 

3. der Mateosian and M. Goldhaber, Phys. Rev. 76, 187(A) 

1949). 
' ’ E C. Campbell and M. Goodrich, reported in Hollander, 
Perlman, and Seaborg, Revs. Modern Phys. 25, 469 (1953). 
5A. J. Poé, Phil. Mag. 46, 611 (1955). 
® Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 1007 
1955). 
' a K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 

8A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953) ; in Beta- and Gamma- 
Ray Spectroscopy, edited by K. Siegbahn (Interscience Publishers, 
Inc., New York, 1955), Chap. 17. 


magnet beta spectrographs, described previously by 
Smith and Hollander.® Samples were usually prepared 
by electrodeposition of the activity onto 0.010-inch 
diameter platinum wires. Electron lines were detected 
photographically on glass-backed Eastman No-Screen 
x-ray plates with 25 uw emulsion thickness. The resolution 
achieved in these experiments (full width at half- 
maximum) was about 0.1%. 

Some beta spectroscopic measurements were also 
carried out at about 3% resolution, using the annular- 
focusing thick-lens solenoidal spectrometer developed 
and described by O’Kelley.° The resolution of this 
instrument was not sufficient to achieve a separation of 
the close-lying lines in many regions of the spectrum, 
hence the lens spectrometer measurements were of value 
only in providing supplementary intensity checks. 

Gamma spectroscopic and coincidence measurements 
were attempted with NalI(TI) scintillation detectors, 
but no really useful additional information on Re'* 
decay other than half-life? was obtained by these means, 
again because of insufficient energy resolution. 

The Re'* was produced by thick-target irradiations 
of tantalum foils by alpha particles from the Crocker 
60-inch cyclotron. Incident energies of 48 and 28 Mev 
were employed in separate experiments. Foils were 
bombarded in the intense internal beam of the cyclotron 
in a special probe assembly with direct cooling by water 
which circulated behind the foils at high pressure. 

The initial steps of the carrier-free chemical separa- 
tion procedure involved a distillation of the rhenium 
(probably as volatile oxybromides) from concentrated 
sulfuric acid solution according to the method of Gile, 
Garrison, and Hamilton." The distillate was trapped in 
cold 15N nitric acid and the nitric acid and bromine 
removed by evaporation. The resulting sulfuric acid 
solution was partially neutralized with ammonium 
hydroxide to about pH 2 and then transferred to a small 
electroplating cell® with a 0.010-inch platinum wire 
cathode, which served as the beta-spectroscopic source 
after cathodic electrodeposition at a current density of 
about six amperes per square decimeter. Sources for the 


9 W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

1G. D. O’Kelley, California Research and Development Com- 
pany Report MTA-38, May, 1954 (unpublished). 

1 Gile, Garrison, and Hamilton, J. Chem. Phys. 18, 995 (1950). 
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solenoidal spectrometer were prepared in a similar 
manner on copper cathodes. 


EXPERIMENTAL RESULTS 


After decay of the shorter-lived rhenium activities, 
the electron spectrum of Re'™ could be studied with 
interference only from a relatively small amount of 
50-day Re’. A reproduction of one of the spectrograms 
is given in Fig. 1, with some of the more intense electron 
lines labeled. The level scheme of Murray ef al.® as 
drawn by Kerman’ with his spin assignments is shown in 
Fig. 2. 

Electron lines corresponding to most of the transitions 
reported by Murray ef al.6 were observed, and in 
addition a weak K line of the transition FB, not re- 
ported by them, was seen. 

Tables I and II summarize the electron line intensity 
data from our experiments. On reading the film a rough 
visual estimate of line intensity was made, and the 
corresponding letter symbols are to be seen in Table I. 


K = 7/2,- 
453.08 


Ke '/2,- K = 3/2,- 


17/2 


H 7/2 412,08 


308,94 
F 5/2 291,71 


207.00 E 3/2————— 208. 8! 


C 5/2——_ 99.07 


B 3/2 46.48 


Ale-——_ 0 


Fic. 2. Level scheme of W!® from Murray ef al.* with rotational 
band assignments according to Kerman.’ 
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Fic. 1. Photo- 
graphic plate from 
the 99-gauss perma- 
nent magnet spectro- 
graph. Source mainly 
Re! with some 
Re!*, Some of the 
stronger lines are 
labeled. 


The density of the lines was also analyzed on a recording 
densitometer, and for the more prominent lines it was in 
this way possible to calculate numerical values for 
relative line intensities from the densitometer trace, 
using the method of Mladjenovic and Slatis.®:” These 
photographic intensity comparisons are subject to con- 
siderable uncertainty when the electron lines in question 
are of widely differing energies ; however, the numerical 
estimates of relative Z-subshell conversion coefficients 
should be quite good because of approximate cancella- 
tion of factors involving film efficiency and geometry. 
Hence in Table I we have given no numerical line 
intensity values, but in Table III we have listed experi- 
mental relative L-subshell line intensities, believed to be 
accurate to +25%. From these subshell ratios and the 
theoretical conversion coefficients of Rose plotted in 
Figs. 5 and 6 of the paper of Murray ef al.* we have 
calculated the M1—£2 mixing ratios for the gamma 
transitions. These are given in Table III as percentage 
E2 character of total photons, along with Kerman’s’ 
theoretically predicted values of the same quantity. 

Table II lists the observed Auger lines. In addition to 
lines given in Tables I and II, we have seen K(ew), 
Ly (ew), Lir(w), Lrnr(w), and M(w) lines of a 111.2-kev 
gamma ray which we assign as the £2 transition from 
the first excited state to ground state in W'™ following 
electron capture decay of Re'™. This transition has been 
observed in the Coulombic excitation experiments of 
Stelson and McGowan" and Bernstein and Lewis,!® who 
quote values of 112 kev and 116 kev, respectively. Of 
unassigned long-lived lines with greater intensity than 
“extremely weak” there are only two, at electron 
energies 46.45 kev (vw) and 52.16 kev (vw). 

Using our intensity data supplemented with con- 
version coefficients and other relative intensities from 
the work of Murray et al.,* we have estimated roughly 
the total intensities of gamma transitions to and from 
the various levels. From these estimates it appears that 
the electron capture of Re'* mainly populates levels 


12 M. Mladjenovic and H. Slatis, Arkiv Fysik 8, 65 (1954). 

13 M. E. Rose (privately circulated tables). 

4 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 

16 EF, M. Bernstein and H. W. Lewis, Phys. Rev. 99, 617(A) 
(1955). 
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TABLE I, Gamma transitions in W"*. The intensity symbols are: s =strong, m= moderate, w= weak, v=very, e=extremely. Ordinary 
type refers to moderate exposure in 99-gauss magnet. Boldface type refers to long exposure in 216-gauss magnet. 








Gamma-ray 
energy (kev) 
(from Murray 

et al,>) c L Lu 


Initial 
and 
final 

states 


List of conversion lines observed in Re! decay 


Lit M1 Mu 





40.97 
46.48 w 
52.59 w 
82.92 ew 
84.70 
99.07 y ms 

101.94 

102.49 

103.14 

107.93 

109.73 

120.38 

142.25 

144.12 

160.53 

161.36 

162.33 

192.64 

203.27 

205.06 

208.81 

209.87 

244.26 

245.3° 

246.05 

291.71 

313.03 

354.04 

365.60 

406.58 


masked 


ew? 
w 
vw 
masked 
< ew? 
ms 
no lines seen from 
no lines seen from 
no lines seen from 
< vwe 
<wh 
no lines seen from 


vw wm 


no lines seen from Re!® 
no lines seen from Re!* 
vw 
no lines seen from Re!* 
no lines seen from Re!* 


no lines seen from Re!* 
no lines seen from Re! 











* Transitions not assigned to decay scheme by Murray et al. 
b See reference 6. 


¢ Lines of transition FB were not seen by Murray ef al.* The energy determination for this transition is ours. 


4 84.70L1 and 142.25K not resolvable. 

¢ 84.70L11 and 144.12K not resolvable. 
{107.9111 and 99.07M11 not resolvable. 
€107.9L11 and 109.7L11 not resolvable. 

b 109.7Lun and 111.21 in W'® not resolvable. 


E (K=3/2, 1=3/2—), F (K=3/2,[=5/2—),1(K=7/2, 
I=7/2—) and H (K=3/2, J=7/2—) in roughly the 
ratio 5:3:0.7:0.2. The only conclusions that can be 
reached concerning decay of Re'* to states B, C, and D 
of W!® are that electron capture to these states is at 
least less than that to E and could be very small. The 
uncertainty arises because these states are heavily 
populated by gamma transitions. Although the lack of 
information on the total decay energy precludes calcula- 
tion of ft values, one can deduce that the log ft value for 


TABLE II. Auger lines observed in decay of Re!®, 








Theoret. 


Exptl. energy 
kev energy* 


Line 


KLyL; 
KLyLy 
KLyLin 
KLlulu 
KLyLin 
KLyuLin 
KLlyMin 





45.07 vw 
45.62 ew 
46.96 vw 
46.17 masked 
47.51 Ww 
48.85 vw 
56.95 ew 


45.07 
45.54 
47.04 
47.60 
48.94 
56.94 








® Theoretical energies calculated according to formula of I. Bergstrém 
and R. D. Hill, Arkiv Fysik 8, 2, 21 (1954). 


the principal electron capture branch (to state E) must 
be somewhat greater than 6.5, since a lower limit on the 
decay energy to state E is set by the energy difference 
between states E and I. Thus, an assignment of first 
forbidden seems required, which assignment would be 
consistent with the configuration K=5/2, J=5/2+ for 
Re'*; such a configuration has been proposed by 


TABLE ITI. M1—£2 mixing ratios for the gamma transitions. 


Theoretical 
percent E2 
(Kerman) 


Experimental 
photon percent E2 


E2/(E2+M1) 


Experimental ratio 
(this work) 
@QLi:@_il: a@_ilt 


Transi- 
tion 





From intensi- 
This work ties of Murray 
Re!8 et al.* Tas 


1 

2 

100 

23 
~20—50 


FD very small 





® See reference 6, 
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Mottelson and Nilsson’® for the naturally occurring 
isotopes Re'®* and Re'®’. 

The striking differences in relative gamma-ray in- 
tensities between the present observations on Re'™* and 
those of Murray ef al.* on Ta'® arise from the different 
population of states by the primary beta process. Our 
relative conversion line intensities from a common level 
generally check those of Murray et al.® to within our 
experimental error; we do encounter difficulty in that 
we find a large excess of gamma transitions populating 
level D over those leaving D if we use Murray’s decay 
fraction percentages, specifically their figure of 65% for 
the fraction of depopulation of level F which is due to 
transition FD. The low JL; conversion coefficient of 
Murray et al. for FD as compared with FE also points 
out the need for additional study on the question of the 
transitions depopulating level F. 

A weak line of the correct energy to be the K line of 
transition FB was observed. Murray ef al.* did not 
report this line, but the transition has been suggested as 
important by Kerman.’ Using K-conversion coefficients 
of 0.38 for FB (M1) and 0.07 for FA (£2), we estimate 
the photon intensity ratio of FB to FA as ~0.1 in 
disagreement with Kerman’s theoretically predicted 
ratio of 0.55. 

The qualitative observation may be made that transi- 
tion FD must be quite pure M1 on the basis of the 
extreme weakness of the Ly11 line. Kerman’s theoretical 
estimate for FD is 0.8% £2. FE must have considerably 
more £2 admixture than FD, since the Ly; line of FE is 
nearly as intense as the L; line. The percentage E2 for 
FE thus should be around 20-50%, as compared with 
Kerman’s theoretical estimate of 20%. We support 
Murray’s tentative assignment of M1 to transition EC, 
by the observation that the Ly line is very weak com- 
pared to the K and J; lines. 


DISCUSSION 


With our assignment of K=5/2, J=5/2+ to Re'®, 
we would expect relatively less electron capture directly 
to the ground rotational band than to the upper bands, 
since by the K-selection rules decay to the ground band 
would be of the AK = 2, yes, unique first forbidden type. 
The accuracy of the present gamma-ray intensity data 
is not sufficient to provide a quantitative estimate of the 
branching to this band, however. 


6B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). 


GALLAGHER, 


SMITH, AND HOLLANDER 


To the extent that K is a good quantum number, 
the ft values for electron-capture decay to states E, F, 
and H (in the same rotational band) should be in 
the ratio of squares of the Clebsch-Gordan coefficients, 
(11K ;K,;—K,|I;1I;K,;)*. (These relationships have 
been given and applied by Alaga, Alder, Bohr, and 
Mottelson.'?) With Kerman’s’ term assignments for E, 
F, and H, this theoretical ratio of ft values is 1:0.43:0.072. 
Our observation of the surprisingly small electron- 
capture to state H (4% of that to state E) is in quali- 
tative accord with the theoretical ratio, since this 
difference does not seem to be explained by decay energy 
arguments alone. 

Another test of this type of intensity relationship can 
be made with the gamma ray transitions which de- 
populate level C. The theoretical ratio of reduced transi- 
tion probabilities* of the E2 radiation from level C is 
given by 





Bes 


(=) (5/2 2 1/2 0|5/2 2 1/2 1/2)? 
= =3.5. 
theor (5/2 2 1/2 05/2 2 3/2 1/2)? 


Using our determination of 2% E2 in transition CB and 
employing Murray’s photon ratio CA: CB= 22:24, we 
find 

(Bca/Bes)exp* 3. 


It is gratifying to see in what detail the unified model 
for deformed nuclei is able to correlate a large amount of 
experimental information regarding the states of W'®. 
That the present data accord well with Kerman’s 
predictions gives added confidence in his approach. 
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The recently measured elastic and inelastic electron scattering cross sections of C™ are utilized to test 
the shell model of light nuclei. Collective effects are important in the excitation of two of the excited states 
(7.68 and 4.42 Mev), and are acceptably accounted for by the independent-particle approach to collective 
oscillations recently proposed by the authors. The inelastic scattering data leading to the 9.61 Mev state 
are shown to identify it as probably 1~. Some of the results of higher energy scattering experiments on 


C® and O" are predicted. 





I, INTRODUCTION 


REGEAU and Hofstadter! have recently measured 

the elastic and inelastic scattering of high-energy 
electrons from C!. They find that the cross sections 
can be analyzed in terms of form factors, indicating 
that the Born approximation holds.? Morpurgo* has 
calculated the form factor for the excitation of the 
4.43-Mev 2+ state, using shell-model wave functions in 
both L-S and j-7 coupling. His results, which we have 
verified, give too small an inelastic cross section by 
about a factor of two with L-S coupling, and by a 
factor of six with 7-7 coupling. In Sec. III, after extract- 
ing as much information about the ground state wave 
function as is contained in the elastic form factor, we 
will show that the admixture of a small amount of 
collective spheroidal oscillation to Morpurgo’s wave 
function brings the theory of the 2+ level into agreement 
with experiment. Section III also deals with the 
description of the 7.65-Mev 0* state*® as primarily 
a collective dilational oscillation,® which provides 
good agreement with the experimental inelastic form 


* Research supported by the Office of Naval Research and by 
the National Science Foundation. 

1 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 

? L. I. Schiff [Phys. Rev. 96, 765 (1954) ] has discussed multipole 
transitions in inelastic electron scattering, and justification of 
some of the formulas we shall use may be found in his paper and 
in those to which he refers. He has found [Phys. Rev. 103, 443 
(1956) ] that the criterion for validity of the Born approximation in 
electron scattering is Ze®/he In(ao/ro)1, where ao is the Bohr 
radius; and ro is the electron wavelength, the nuclear radius, or 
ao/Z, whichever is smallest. Thus C” is on the borderline, and one 
ought not take the Born approximation for granted, but should 
consider Fregeau and Hofstadter’s results as evidence of its 
validity. 

3G. Morpurgo, Nuovo cimento 3, 430 (1956). 

4F. Ajzenberg and T. Lauritsen [Revs. Modern Phys. 27, 77 
(1955) ] review evidence leading to tentative identification of 
this level. 

5L. I. Schiff [Phys. Rev. 98, 1281 (1955) ] has considered this 
state to be a two-particle excitation. His results lead to much too 
small a form factor. 

6 The present authors [R. A. Ferrell and W. M. Visscher, 
Phys. Rev. 102, 450 (1956) ] have considered the 6.06-Mev 0* 
state in O"* as a collective dilational oscillation, and have shown 
that a certain superposition of radially excited single-particle 
wave functions gives an excitation energy of 9 Mev, and a mono- 
pole matrix element to the ground configuration about twice 
that deduced from the experimental pair-emission lifetime. 
By relaxing one of the restrictions on our assumed wave function 
(namely, letting the s and p shells dilate independently) it has 
proved possible to reduce the calculated energy to 6.65 Mev, 
using the same forces as before. 


factor. The subject of Sec. IV is the interpretation of 
the scattering to the 9.61-Mev level, which is shown 
to be probably 1~. Section V consists mostly of a 
discussion of the results to be expected from a measure- 
ment of electron scattering from O"*. 


Il. STATES OF COLLECTIVE EXCITATION IN C 


Following the notation of reference 6 we write the 
first excited collective states as derivatives of the 
ground state with respect to a deformation parameter a. 


OP 
v=C— (1) 


Oa | am0: 


This wave function describes a 0* “breathing mode” 
dilational state if a is defined in the following way: 


®(r,;; a) =O(r,e-*; O)e- 242, (2) 
and a 2* spheroidal oscillation if 
&(r;; a’) = P(e’ x;,€-*'y;,€+'s;; 0). (3) 


The normalization constant depends on the specific 
choice of ®. If it is chosen to be a Slater determinant 
of harmonic oscillator single-particle functions, the 
evaluation of C is particularly easy. It can then be 
easily verified that 
Om! A 
—|  =7L (r?—(1*)0)®| ano, (4) 
el 


0a a= 


Ob 4 
=—7L (322—17)?|a'n0, (5) 


Oa’ a’=0 i=1 


where y is the parameter appearing in the factor 
exp(—4yr*) which is common to all the single-particle 
harmonic oscillator wave functions, and 


(r?)\o= (®,r 70) a—0. 
The requirement that (V,¥)=1 can then be rewritten 


2 @ 
prs —(P(rye “*j, 
C* da 


A 
YX (r?—(7?)0)P(t;e)) |amo, (6) 
j=1 


which, by a change of variable in the integration 
implied by the scalar product, can be easily shown to 
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Fic. 1. Charge density as a function of radius for the harmonic- 
oscillator shell model. The dotted lines are the Gaussian and 
uniform charge distributions for C” taken from Fregeau and 
Hofstadter. R is measured in units of the harmonic oscillator 
wave-function size-parameter += 1.63 X 10-" cm. 


be 2Ay(r?)o. Therefore, for C” 
1 ob 
V+ = —_ — (7) 


(26)? alamo, 


and a similar procedure for the spheroidal state yields 


1 o® 
Yo+= Be ia fede . (8) 
(52)? da’ |a'mo 


The form factors describing inelastic electron scatter- 
ing to these states can quickly be found; they are 
related to the derivatives of the elastic form factor with 
respect to a and a’. The expression for the elastic form 


factor 
A 1+73(j) 
r-(2ze(—)) 
j=! 


(where q is the momentum transferred from the 
electron to the nucleus), upon differentiation yields 


= (26)!{ Fo+(q)+Fo**(—q)}, 


= (52)#{ F°.+(q)+F*2+(—q)}, 
where 


. 1+73(j) 
F,Y= (“-. Zz cn - ~)o) 
i=1 A a'=0 


is the inelastic form-factor for excitation of the 2+ 
collective oscillation which has M=0. Since a change 
of integration variable in Eq. (9) shows us that F(q,a) 


= F (qe*,0), and® 
F (9,0) = (1—q?/9y) exp(—¢°/4y), (11) 


we see that 
1 OF 


13\' ¢ 
F+(coll.) =——— — --( ) — 
2(26)! da |axo 2/ 36y 


X (1—¢?/13y) exp(—¢°/4y), 
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and that 
1 OF 
F,+°(coll.) = — =—Vv2F +(coll.). (13) 
2(52)! da’ |a'—0 
In Eq. (13) we have chosen the z axis to be in the 
direction of q. Then the M=0 state (8) is the only 
substate of W2+” which can be excited, and the sum 
which would otherwise have to be performed to obtain 
the cross section reduces to a single term. 


III. COMPARISON WITH EXPERIMENT 


The harmonic oscillator wave functions fix the charge 
and density distribution in the nucleus. For C” and 
O"* its prediction is illustrated in Fig. 1. Since the elastic 
form factor is nothing more than the Fourier transform 
of the charge distribution, comparison with the experi- 
mental data provides a test of the model. Figure 2 
shows the theoretical form factor (11), and the experi- 
mental points. The size parameter y~! has been fixed at 
1.630X 10-" cm by requiring that the rms radius of 
the charge distribution agree with that found by 
Fregeau and Hofstadter, namely (2.40+0.25)x10-* 
cm. Although this curve is not violently sensitive, in 
the range of g covered by experiment, to the shape of 
the charge distribution, our model fits the data some- 
what better than either the Gaussian or uniform shapes, 
which are plotted by Fregeau and Hofstadter’ (their 
Fig. 11). One feature of the elastic form factor, however, 
does depend strongly on the shape assumed; namely, 
some shapes predict a root. Ours predicts one at 
g=1.84X10" cm, corresponding to 90° scattering 
of a 256-Mev electron. The Gaussian shape would give 
no zero in the form factor, and the uniform shape 
predicts one at g=1.58X10" cm™, corresponding to 
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Fic. 2. Elastic form factor. The experimental points are those 
of reference 1. The theoretical form factors corresponding to the 
charge distribution of Fig. 1 are plotted, the prediction of the 
harmonic oscillator model as a solid line. The Gaussian density 
function gives rise to no zero in the form factor. 


7 Our charge distribution is probably the same as that used by 
D. G. Ravenhall, whose work (unpublished) is mentioned by 
Fregeau and Hofstadter. 





INELASTIC ELECTRON SCATTERING BY NUCLEUS C!8 


90° scattering of a 220-Mev electron. The experiments 
reported in reference 1 do not go higher than 187 Mev. 
The results of a higher energy experiment would more 
exactly fix the shape of the charge distribution. 

The inelastic scattering to the 2+ 4.43-Mev state, 
which is the subject of Morpurgo’s paper,’ can be 
described in terms of a form factor, and the experi- 
mental points of reference 1 are plotted on Fig. 3. 
Since there is a low-lying 2+ configuration in the 
p shell (p3)-'p; in j-7 coupling; "D2 in L-S coupling, 
one expects the 4.43-Mev state to be composed mostly 
of this configuration, with a relatively small amount 
of collective excitation (8) mixed in. (W2*(coll.) of 
Eq. (8) is orthogonal to all states within the 19 shell. 
When it is expanded in product wave functions, one 
sees that it is a linear combination of single-particle 
excitations from the s and p shells into 1d, 1f, and 2 
states.) An admixture of the order of 10% is not 
unreasonable, because the energy of W2*(coll.) will be 
lowered in the same way the 0+ state of O'* is, as 
discussed in reference 6. The curves of Fig. 3 include 
Morpurgo’s result for L-S coupling, 


Fy+(L-S) = (1/18) (7/5)4(q*/y) exp(— ?/4y) 


[j-7 coupling gives the same shape, but a smaller 
form factor by a factor (5/14)!] and the form-factor 
corresponding to a 10% admixture of W2*(coll.); 
namely, 


F.+(10% coll.) = (0.1) 2*(coll.)+ (0.9)4F2+(L-S). 


(14) 


It is possible to fit the data fairly well with any mixture 
of collective wave function and Morpurgo’s L-S wave 
function from about 10% one to 10% of the other. 
The best fit obtained by mixing the collective with the 
j-j wave function drops down too soon, and is 20% low 
at gy~'=2. Probably one can fit the experiments with 
almost any intermediate (between j-j and L-S) 
coupling, but we have calculated only the two extremes. 


LS+COLL(50%) 
LS *COLLIIO%) 
us 








3 
-v 
qe 


Fic. 3. Inelastic form factor for the excitation of the 2+ 4.43-Mev 
level. Experimental points are taken from Fregeau and Hofstadter. 
The theoretical curves corresponding to pure L-S coupled 
p-shell excitation, and 10% and 50% admixture of the collective 
model are plotted. 


+ Note added in proof.—The recent value of (2.60.9) 10-* 
sec for the mean lifetime of the 2* state of C'* (Devons, Manning, 
and Towle, Proc. Phys. Soc. (London) A69, 173 (1956) ] is some- 
what too small to be consistent with the electron scattering data. 
The calculated lifetime varies (in LS coupling) from 12.5xX10-“ 
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Fic. 4. Inelastic form factor for the excitation of the 7.65-Mev 
level. The form factor for the 0* dilational collective state (12) is 
plotted as a solid line; the dotted line is the form factor corre- 
sponding to 35% particle excitation. Note that a zero is predicted 
in the scattering cross section for a higher momentum transfer 
than those reported in reference 1. 


The experimental form factor for the 7.65-Mev 0+ 
state is given on Fig. 4. There is no low-lying p-shell 
configuration which has spin 08; the lowest is a **P, 
state (in L-S coupling), estimated by Inglis to lie at 
about 17 Mev, and forbidden to electric electron 
excitation by a spin selection rule (AS=0). The 
theoretical form factor, if the 7.65-Mev state is assumed 
to be 100% dilational oscillation [for which the wave 
function is given by Eq. (7) ], is given by Eq. (12), 
and is compared with experiment on Fig. 4. It is about 
25% too high. Admixture of the p shell **Po (or its 
j-j analog, or intermediate) function affects | F7.65| only 
by reducing the amplitude of Wo+(coll.), and if one 
assumes 35% p shell, 65% collective wave functions, 
the resulting curve, given by | Fz.65| = (0.65)?! Fo+(coll.) | 
fits the data quite well. Comparable amplitudes for the 
collective and p-shell configurations are what one would 
expect, because the unperturbed energies for the two 
states are nearly the same. (The collective energy 
can be estimated by the methods of reference 6, and 
Inglis has estimated the energy of the **P» state.) Two 
orthogonal superpositions of these configurations are 
approximate eigenfunctions of the Hamiltonian. One 
of them must be lowered by configuration interaction, 
and is assumed to be the 7.65-Mev state. 


IV. INTERPRETATION OF THE 9.61-MEV LEVEL 


An attractive conjecture for the 9.61-Mev level, 
since it yields much the same angular distribution of 
scattered electrons as the 4.42-Mev 2+ level, would be 


sec to a minimum of 3.7X10™ sec for zero and 70% collective 
admixture, respectively. Such a large admixture requires the 
existence of a relatively low-lying 2* collective state, as in O'*. 
That this may also be the case in C” is suggested by the recent 
tentative detection by means of the 8 decay of B® of a very 
broad distribution of a particles which may result from the decay 
of such a state of as yet undetermined spin (only 0* and 2+ 
would provide allowed 8 and a decays), in the region of 8-11 Mev, 
[C. W. Cook and T. Lauritsen (private communication) ]. 
Because of the limited resolution in the electron scattering equip- 
ment, such a 2* level would produce a spurious contribution to 
the inelastic cross section assigned to the 9.61-Mev level, thus 
possibly affecting the conclusion reached in Sec. IV. 
8 D. R. Inglis, Revs, Modern Phys. 25, 390 (1953). 
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Fic. 5. Inelastic form factor for the excitation of the 9.61-Mev 
level. The experimental points are those of Fregeau and Hofstadter, 
and the curves are the theoretical form factors (15), plus an 
unlabeled curve corresponding to 85% (13/2)~!2si2 with 15% 
admixture of (1f3/2)~1ds/2. This curve is within the errors of 
most of the points; by varying the admixture coefficients one can 
improve the agreement with experiment, but not in a unique way. 


that it, too, is 2+. This was suggested by Fregeau and 
Hofstadter. However, the work of Graue® on the angular 
distribution of the neutron group from the B"(d,n)C” 
reaction which corresponds to the 9.61-Mev state of 
C” indicates that the proton is captured to a large 
extent into a d orbital. This definitely fixes the parity as 
odd, and the spin as O< J <4. 

The fact that the 9.61-Mev level decays by a- 
emission to the ground state of Be® then requires that 
the spin be odd, too. We have calculated the inelastic 
form factors for both 1~- and 3- states, using j-7 
coupling. They are 


ee ; 
F,-| =— -(4) exp(—4q’/4y), 
30\/6 73 


q , 
— — exp(—q?/4y), 
‘6 v3 
(15) 


| q - ¢ 
=— — exp(—¢’/47){ 1+— }, 


lq ¢ 
|Fy-4|= “ exp(—¢/n)(1-+), 
67 107 


where F;,°.*:? describe excitation into the (151/2)—1py2, 
(1psy2)*2sy2, and (13/2)'1d5,2 configurations, respec- 
tively. These are plotted on Fig. 5, along with the 
experimental data. F3- is much too low. There are, 
however, many ways in which the 1~ form factors can 
be combined to give agreement with observation. The 
dashed curve, for example, is that corresponding to 
85% 2s12 excitation, and 15% 1d5)2. 

® A. Graue, Phil. Mag. 45, 1205 (1954). The authors are grateful 
to Dr. C. L. McGinnis for calling their attention to this work. 

That the 2s; configuration should be favored is also indicated 
by the fact that the first excited state of C¥ is 1/2*, the 5/2+ 
level lying 770 kev higher, according to Ajzenberg and Lauritsen 
(reference 4). 


Although F3- should be calculated in L-S and inter- 
mediate coupling to more definitely exclude J=3-, we 
tentatively assign J=1- to the 9.61-Mev level." An 
experiment which seems not to have been done, namely 
a measurement of the angular distribution of the a’s 
in the C"(7,a)Be® reaction at y-ray energies near 9.61 
Mev, would fix the spin definitely. For J=1- it should 
be sin’, relative to the incoming beam. 


Vv. CONCLUSION 


As in the case for the elastic scattering, the 0+ 
theoretical cross section vanishes, but at a somewhat 
higher g, corresponding to 90° scattering at about 
500 Mev. The 2+ form factor, too, might have a root, 
whose existence and energy depends sensitively on the 
admixture of ¥2*+(coll.) in the wave function. Thus there 
is much to be learned from the extension of the scatter- 
ing experiments to higher energies. 

Since the closed p-shell nucleus O"* has no low-lying 
excited particle configurations of the same symmetry 
as W+(coll.) and Wo+(coll.), one might expect the 0+ 
and 2+ states in its spectrum to be quite pure collective 
oscillations. Inelastic electron scattering from this 
nucleus should therefore provide a direct and stringent 
test of the collective wave functions (7) and (8).” 
For example, if the 0* and 2+ states of O'* are accurately 
described by our wave functions," both | Fo+! and | F+| 
will have roots at the same value of momentum transfer. 
For O*, one finds the following form factors: 


F (9,0) = (1—q?/6y) exp(—q’/4y), 


5¢ ¢ 
Fo+(coll.) = "(1 -+) exp(—q’/4y), (16) 
72y 10y 


F+(coll.) = —V2F o+(coll.). 


In the above work the recoil of the struck nucleus has 
consistently been ignored; no differentiation has been 
made between laboratory and center-of-mass coordinate 
systems. This neglect has greatly simplified the form- 
factor calculations. It introduces an error of only a 
few percent at the energies of the existing experiments. 
Since the percentage error is proportional to the recoil 
velocity, however, it will become more serious as the 
energy increases. The finite size of the proton has also 
been ignored. 


11 A, E. Glassgold and A. Galonsky [A. E. Glassgold and A. 
Galonsky, Phys. Rev. 103, 701 (1956)] have re-examined the 
a model for C. They find that it can correlate the first three 
excited states of C!, and identifies that 9.61 level as 1~ or 2*. 
It suffers, however, from the difficulty that it predicts a 3 state 
at 5.54 Mev which has not been observed. 

2 The pair lifetime of the 0* state discussed in reference 6 
is inversely proportional to the square of the inelastic form-factor 
for small g. Thus Wo*(coll.) has already been tested to some 
extent for O'*, with encouraging results. 

13Qur wave functions can be improved by allowing the s 
and shells to oscillate with different phases and amplitudes. 
The predictions stated here will then be somewhat modified. 
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Fission Cross Section of U*** from 6 to 2000 ev 
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(Received June 13, 1956) 


The fission cross section of U** from 6 to 2000 ev has been measured with a large fission chamber in the 
KAPL neutron velocity selector. Improved resolution makes it possible to observe fluctuations in the 


previously unresolved range above 60 ev. 





EASUREMENTS have been made of the fission 
cross section of U* in the range below 50 ev,! 

plus additional measurements for energies to 2000 ev. 
The KAPL velocity selector operates with 0.11- 
microsecond primary neutron bursts from the General 
Electric 100-Mev betatron. For the experiments re- 
ported here, the time channels were varied in length 
from 1.3 microseconds in the low-energy range to 0.3 
microsecond in the high-energy range. The flight path 

was 7.4 meters. 

The fission chamber is a parallel-plate ionization 
chamber containing approximately 10 grams of U™®. 
The plates are coated to a thickness of approximately 


+ mg/cm? over a diameter of approximately 10} inches.” 
The alternate plates are connected to separate output 
channels, each with its own amplifier and discriminator, 
to minimize the effects of alpha pile-up. 

The relative fission data were corrected for the 
neutron spectrum (by measurements taken with an 
assembly of BF; detectors) and were normalized to the 
Columbia University fission data® in the neighborhood 
of 0.5 ev. 

The normalized fission cross-section curve is shown 
in Fig. 1. In the low-energy range, the values of ool’, 
have been calculated from the areas under a few of the 
prominent resonances; curve-fitting was used to sepa- 
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(a) (FIG. 1, continued on next page.) 


KS-8826 


* Operated for the U. S. Atomic Energy Commission by the General Electric Company. 

1 Yeater, McMillan, Mills, and Gaerttner, Bull. Am. Phys. Soc. Ser. IT, 1, 8 (1956). 

2 These plates were electroplated by W. Havens’ group at Columbia University. 

3D. J. Hughes and J. A. Harvey, Neutron Cross Sections, Brookhaven National Laboratory Report BNL-325 (Superintendent of 
Documents, U. S. Government Printing Office, Washington, D. C., 1955). 
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Fic. 1. Fission cross section of U** (a) in the energy range from 6 to 60 electron volts; (b) in the energy range from 50 to 2000 
electron volts. The flags indicate standard deviation based on statistics. 


TABLE I, U** fission level strength. 


E(ev) ool’ (ev-b) 


8.8 113 +10 
11.7 11.8+ 3 
12.3 50 + 5 
19.3 111 +10 


rate overlapping areas. The values are given in Table I. 

At higher energies, where individual levels cannot be 
identified, there are fluctuations encompassing many 
levels. The maximum in the vicinity of 1200 ev is an 


example of the higher energy effects; this was observed 
with poorer resolution in our previous measurements,‘ 
which the present data overlap. 
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Nuclear Levels in Dy!“} 


J. M. Cork, M. K. Brice, L. C. Scumip, anp R. G. HELMER 
University of Michigan, Ann Arbor, Michigan 
(Received June 6, 1956) 


A specimen of Gd! enriched from its normal 21.9% up to 95.4% was irradiated in the Argonne heavy 
water pile. The Gd! formed by neutron capture decays by beta and gamma emission with a half-life of 3.7 
min to radioactive Tb!*. Spectrometric studies of this activity show it to decay with a half-life of 7.15 days 
emitting both beta and gamma rays many of which previously have not been evaluated. There appear to be 
seven gamma rays in Dy, all internally converted, whose energies are: 25.6, 27.7, 48.9, 57.3, 74.8, 78.3, and 
106.2 kev. These energies fit into a scheme with nuclear levels at 25.6, 74.8, 103.9, and 132.0 kev. Coincidence 
data with the scintillation spectrometer support the proposed plan. The beta spectrum, studied with the 
double focusing spectrometer, appears to be complex, having three components whose energies are 531, 447, 


and 405 kev, with relative intensities of 68%, 22%, and 10%, and log ft of 6.7, 6.9, and 7.2, respectively. 





ADOLINIUM-161 formed by neutron capture in 
Gd! decays with a 3.7 minute half-life to terbium- 
161. This activity in turn emits beta and gamma radia- 
tion with a half-life found in the present investigation 
to be 7.15 days, terminating in dysprosium-161. A 
gamma transition of energy 49.0 kev had been reported! 
for this activity. An additional gamma ray of energy 
approximately 75 kev and a beta upper energy of 550 
kev were observed? by the scintillation method. 
Coulomb excitation by alpha rays on unseparated 
dysprosium showed* gamma rays with energies of 76 
and 166 kev, the latter probably not being in Dy'®. 
A proportional counter study of low-energy photons 
indicated a 26-kev transition.‘ 

With the stronger sources now available a rein- 
vestigation of the activity seemed desirable. A speci- 
men of separated Gd!®, enriched up to 95.4 percent, 
was irradiated for a week in the maximum flux of the 
heavy water Argonne reactor. Beta energies were 
studied with the double focusing magnetic spectrometer, 
using a scotch tape backed source and 15 yg/cm? 
Zapon window. Gamma energies were evaluated from 
conversion electrons in magnetic spectrometers and 
coincidences observed with the scintillation spectrom- 
eter. 

Some twenty-five electron conversion lines were ob- 
served and their energies measured as shown in column 
1, Table I. The interpretation of these lines yields seven 
gamma energies, four of which had not been previously 
reported. The relative intensities of many of the lines 
were measured with the microphotometer and the 
relative values for each group shown in column 4. The 
clearly resolved 18.6-kev electron line was interpreted 
as an JL, line for a gamma ray of 27.7 kev. Had this 
been a K line then an Z; at 63.3 kev should have been 
expected, but it was not observed. In addition to the 
group of electron lines tabulated, all of which decayed 


+ This work was supported jointly by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Cork, LeBlanc, Nester, and Stumpf, Phys. Rev. 88, 685 (1952). 

2R. Barloutaud and R. Bellini, Compt. rend. 241, 389 (1955). 

3N. Heydenberg and G. Temmer, Phys. Rev. 100, 150 (1955). 

4 Scharff-Goldhaber, der Mateosian, McKeown, and Sunyar, 
Phys. Rev. 78, 325(A) (1950). 


with a half-life of 7.15 days, certain other lines per- 
sisted with a longer half-life. These were recognized as 
due to gamma rays in europium, which must have been 
present as an impurity, even in the separated terbium. 

The relative intensities of the three Z lines of the 
25.6 kev and the 48.9-kev gamma rays are shown in 
Table II. These are compared with the calculated L 
shell coefficients of Rose e¢ al.° for a pure M1 transition 
at this energy and for a sufficient admixture of E2 to be 
in agreement with the observed data. The possibility 
that the 25.6-kev gamma is an electric dipole transition 
is not completely excluded. The ZL» line of the 57.3 


TABLE I. Conversion electron energies in Dy'! and their in- 
terpretation. (Numbers italicized in column 4 indicate arbitrary 
normalization for each group of lines.) 





Gamma 
energy, 


Electron Energy 
energy, sum, 
kev Assignment kev 
16.4 
17.0 
17.8 


Relative 
intensity 


25.5 
25.6 
25.6 
23.6 25.6 
25.3 25.7 
18.6 p P| 


49.0 
48.9 


39.9 
40.3 
41.0 
46.9 
48.6 


48.1 
48.6 
49.4 
55.6 
57.1 


20.8 
65.8 
66.9 
73.0 
74.5 


a 
a 
oo 


48.9 


uo = 
~s © 
no So 


ana 
xa 


Arh Ss: 
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5 Rose, Goertzel, and Swift (unpublished). 
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TABLE II. Theoretical and observed relative L-shell intensities 
for the 25.6- and 48.9-kev gamma rays. 








48.9-kev gamma 
QLicaL2:aLs 


10:0.8:0.2 
10:1.1:0.6 
10:1.6:0.7 


25.6-kev gamma 
Q@QLi:aL2:als 


10:0.9:0.16 


10:6.0:8.5 
10:7.5:6.3 





Pure M1 
M1+£2($%) 
Observed 


Pure M1 
M1+£2(2%) 
Observed 





gamma falls together with the N line of the 48.9-kev 
gamma ray so that its intensity and hence the multi- 
polarity of the transition cannot be expressed with 
certainty, although the possibility of electric quadrupole 
is eliminated. The K/L ratio for the 74.8-kev gamma is 
compatible with an £2 transition. The multipolarities 
of the other weaker gamma rays were not determined. 

A nuclear level scheme as shown in Fig. 1 satisfies 
both the observed energies and the relative intensities 
of the gamma rays. In this plan the 25.6-kev gamma ray 
should be the strongest. Actually its Z lines photo- 
graphically appear weaker than the ZL lines for the 48.9- 
kev gamma, but when the proper correction for the 
variation of emulsion sensitivity with energy is made, 
the expected relationship appears reasonable. To check 
the proposed level scheme coincidence measurements 
were made with a scintillation spectrometer. The fine 
resolution obtainable with the magnetic spectrometers 
could of course not be obtained with the scintillation 
device. The singles gamma-ray spectrum is found to 
consist of three broad peaks at 25, 50, and 76 kev, each 
of which is believed to be composite. Coincidences were 
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Fic, 1. Proposed nuclear energy level scheme for Dy"*, The 
heavy lines indicate the strongest transitions. 
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observed between (76, 50); (50, 25); and (50, 50) kev 
gammas. When lead shielding is used so as to minimize 
the effect of backscattered iodine x-rays (28 kev), there 
still appeared to be a (25, 25) kev coincidence. These 
data are in accord with the arrangement shown. 

The Kurie plot of the beta spectrum was found to be 
complex. Since all gamma rays observed were of low 
energy, it was expected that the maximum energies of 
all beta components would lie rather close together. 
In order to avoid the large uncertainties resulting from 
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Fic. 2. Analysis of the Kurie plot of the beta spectrum of Tb!*!, 
The set of points A represents the composite spectrum. The lines 
B, C, and D indicate the separate Kurie plots of the three com- 
ponents whose energies are 531, 447, and 405 kev. The points 
adjacent to C and D indicate the result of previous subtractions. 


determining each component by only a few points near 
its upper limit, the set of experimental points was fitted 
as the sum of a number of components, assumed to be 
of allowed form, an assumption subsequently justified 
by the log ft values. It was found that two components 
were not sufficient but the data above 200 kev could be 
fitted well by three components, as shown in Table III 
and Fig. 2. Deviations below 200 kev are probably due, 
at least in part, to backscattering in the source. 

The spin of the ground level in Dy'® has been ob- 
served and reported to be probably 7/2 in one report® 
and 5/2 in the other.’ Odd parity is predicted by the 
shell model. Similarly the ground level in Tb'® is pre- 
dicted to have even parity but the spin may have values 
3/2, 5/2, or 7/2. This isotope lies in a region where 
rotational bands are to be expected. However, the levels 
at 25.6 and 74.8 kev cannot be the first two excited 
levels of a rotational band with a ground state spin 


6K. Murakawa and T. Kamei, Phys. Rev. 92, 325 (1953). 
7A. H. Cooke and J. G. Park, Proc. Phys. Soc. (London) 
A435, 282 (1956). 
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greater than 3. If the ground state spin is assumed to be 
3, then these two excited levels can be used to calcu- 
late a decoupling parameter a= —0.071, and the next 
rotational level is predicted at 134.5 kev. The vibration- 
rotation interaction correction, which is proportional 
to J?(I+1)?, for this 7/2 level amounts to about —2 
kev, bringing the energy of the expected level into good 
agreement with the one observed at 132 kev. This 
apparent sequence of rotational levels seems to be 
fortuitous, however, since it is not supported by the 
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TABLE III. The resolution of the beta sh vinnanine of Tb'*, 








Percent 
abundance og fi Al, parity 


Maximum 
energy, kev 





531+10 
447+10 
405+ 10 


0 or 1, yes 
0 or 1, yes 
0 or 1, yes 





observed ground state spin, Coulomb excitation 
studies,’ or character of the beta transitions. 
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Fluctuations of Nuclear Reaction Widths* 


C. E. Porter, Brookhaven National Laboratory, Upton, New York 


AND 


R. G. Tuomas, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received July 5, 1956) 


The fluctuations of the neutron reduced widths from the resonance region of intermediate and heavy 
nuclei have been analyzed by a statistical procedure which is based on the method of maximum likelihood. 
It is found that a chi-squared distribution with one degree of freedom is quite consistent with the data while 
a chi-squared distribution with two degrees of freedom (an exponential distribution) is not. The former 
distribution corresponds to a Gaussian distribution for the reduced-width amplitude, and a plausibility 
argument is given for it which is based on the consideration of the matrix elements for neutron emission from 
the compound nucleus and of the central limit theorem of statistics. This argument also suggests that within 
the framework of the compound-nucleus theory all reduced-width amplitudes have Gaussian distributions, 
and that many of the distributions for the various channels may be independent. One consequence of the 
latter suggestion is that the total radiation width for a given spin state which is formed in neutron capture 
will be essentially constant, in agreement with some observations, because it is the sum of many partial 
radiation widths. The fluctuations of the provisional fission widths of U** are best described by a chi- 
squared distribution with about 2} degrees of freedom, indicating that there are effectively only a few 


independently contributing fission channels. 


I. GENERAL REMARKS 


EVERAL hundred resonances have been observed 

in the Brookhaven fast chopper work on total 
neutron cross sections of intermediate and heavy nuclei 
in the neutron energy range up to several hundred 
electron volts.! For many of these resonances it has been 
possible to deduce the neutron width I’, and the velo- 
city-independent reduced width I,°=I,/o!, where Eo 
is the resonance energy.?* In a typical sample of from 
ten to fifteen resonances the reduced widths are observed 
to fluctuate violently, the ratio of the largest to the 
smallest being as high as several hundred. Indeed, 
Hughes and Harvey‘ have recently shown that the 
aggregate of the reduced-width data for fourteen nu- 
clides is reasonably consistent with exponential-like 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Seidl, yr Palevsky, Levin, Kato, and Sjiéstrand, Phys. 
Rev. 95, "476 (19 54). 

? Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955). 

3D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superin- 


tendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 


‘*D. J. Hughes and J. A. Harvey, Phys. Rev. 99, 1032 (1955). 


distributions, one of the form «~! exp(— }) and another 
of the form exp(—x), where «=I',°/(T,°). In view of 
the importance to nuclear reaction theory and to nuclear 
engineering of knowing which of the two distributions is 
more likely to be the correct one, we have made a more 
quantitative statistical analysis of the data. This 
analysis shows that the former distribution is quite 
consistent with the data, whereas to the latter one it 
assigns a very small probability of being correct. The 
most significant consideration of our analysis which 
enables this distinction to be made is the accounting for 
the possibility that levels with small widths, of which 
there are predicted to be a relatively large number in 
the former distribution, will not be observed. A second 
consideration which also enhances this distinction is the 
accounting for the errors introduced when finite- 
sample averages are used as esenaten for the infinite- 
sample (population) averages (I’ n°) ».° 


5 The existence of a reasonably well-defined average neutron 
reduced width is assumed here. The existence of such an average 
is suggested by the work of Feshbach, Porter, and Weisskopf, 
Phys. Rev. 96, 448 (1954) and of Lane, Thomas, and Wigner, 
Phys. Rev. 98, 693 (1955). 





484 c. . 


The a exp(— 4x) distribution is also more reasonable 
on theoretical grounds. It corresponds to a Gaussian 
distribution for the reduced-width amplitude (that is, 
for x) for neutron emission from the compound nucleus 
while the exp(—x) reduced-width distribution corre- 
sponds to an amplitude distribution which assigns a 
zero probability for a zero amplitude. The reduced- 
width amplitude is proportional to an integral (matrix 
element) of the product of a wave function for the state 
of the compound nucleus and a wave function for the 
neutron channel, the integral being over the nuclear 
configuration space of many dimensions (essentially 
3A, where A is the number of nucleons).* In the spirit of 
the compound-nucleus theory, the former wave function 
is presumed to be very complex as a result of the strong 
nuclear interactions, and the wave functions for the 
various states are presumed to be essentially unrelated 
to each other. One may regard the matrix element as 
composed of contributions from many “cells” of the 
configuration space, the sign of the contribution from a 
particular cell being positive with the same probability 
that it is negative, and the sign and magnitude of a 
particular contribution being random from level to level 
and independent of the signs and magnitudes of the 
contributions from the other cells. The over-all size of 
each cell may be supposed to be such that each linear 
dimension is about 1X10-" cm, the characteristic 
wavelength of a nucleon in the nucleus, so that in a 
heavy nucleus there will be a very large number of 
independently-contributing cells. In consideration of 
the central-limit theorem of statistics,’ it may be ex- 
pected that the probability distribution for the matrix 
elements (that is, for the sum over cells) will be approxi- 
mately normal (that is, Gaussian) with zero mean and 
asymptotically normal in the limit as the number of 
effective independently-contributing cells becomes in- 
finitely large (as in a hypothetical, infinitely heavy 
nucleus).® 

The above arguments are not intended to constitute 
a derivation for the normal distribution but they do 
make it a plausible one. Departures from normality are 
to be expected. For example, according to the Wigner 
limit the reduced widths I’,” cannot exceed several 
thousand electron volts. However, this limit is millions 
of times larger than typical average reduced widths of 
heavy nuclei, so that the truncation occurs far out in the 
tail of the distribution and will not significantly affect 
the present considerations.° 


® More precisely, the matrix element is a “surface” integral in 
the sense that the coordinate for the relative separation of the 
neutron and the residual nucleus is set equal to the channel radius. 
See Eq. (17) of E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 
(1947) for the precise definition. 

7See, for example, Harald Cramér, Mathematical Methods of 
Statistics (Princeton University Press, Princeton, 1945), Sec. 17.4. 

8 In this connection it is important to realize that the matrix 
elements can always be made real. See the discussion following the 
equation referred to in reference 6. 

® The relation between the reduced width 7? of the Wigner- 
Eisenbud theory (reference 6) and the reduced width I,,° which is 
commonly used in the discussions of low-energy neutron resonance 
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It seems reasonable to hypothesize that all reduced- 
width amplitudes for levels of the compound nucleus 
(that is, levels of fairly high excitation) will be dis- 
tributed approximately normally with zero means when 
sampled from level to level!®; the variances of these 
distributions are just the average reduced widths. The 
amplitudes associated with the partial radiative capture 
widths for the compound states will also be assumed to 
have such a distribution because these amplitudes are 
proportional to matrix elements involving the wave 
functions of the compound states (as well as to wave 
functions for the final states). On the other hand, the 
distribution for the fota/ radiation width for a particular 
spin state which is involved in neutron capture is ex- 
pected to be very narrow, its variance being inversely 
proportional to the number of contributing partial 
widths. However, this demonstration (Sec. III) involves 
the additional assumption that the distributions for the 
various partial widths are independent," which assump- 
tion is more open to question than is the normality 
assumption. Although the independence assumption 
may be applicable to the bulk of the transitions to states 
of fairly high excitation, which states are dense and 
presumably complex like the states of the compound 
nucleus, it may not be applicable to the direct transi- 
tions to low-lying states which may not be sufficiently 
complex. That is, several low-lying states might be 
identical in all respects except for a single property 
which is not involved in the radiative matrix elements 
except possibly through a common factor; the distribu- 
tions of the matrix elements to these several states 
would then be completely correlated, although they 
could still be normal. However, for the treatment of ITI 
such transitions are combined as a single “indepen- 
dently-contributing” transition. The above-mentioned 
variance of the distribution for the total radiation 
width is then inversely proportional to the number of 
“independently-contributing” partial widths rather 
than to the actual number of partial widths. It is hard 
to say just what difference is to be expected of these two 
numbers; it would depend on the relative importance of 
the contributions from transitions to the low-lying 


is T,°=T',/Eo(ev)*=0.439072a X 10-3, where 7* has the same 
energy unit asT’,°, and a is the channel radius in units of 10-4 cm; 
although +? refers to the center-of-mass system, the energies of 
I’,° and Eo refer to the laboratory system. (As it is not necessary 
to specify a nuclear radius in the consideration of s-wave neutron 
widths, one may prefer to regard the reduced width as the product 
y*a, which has the dimensions of energy times distance.) The upper 
limit of y? is approximately #?/Ma?, where M is the neutron mass, 
or 40/a? Mev when a is specified in the above unit. The upper 
limit of I’,° is therefore 18/a kev. 

The proton reduced widths of the 2+ levels of Cu® which are 
excited when Ni®’ is bombarded by protons with energies from 
23 to 5 Mev are observed to be distributed in an exponential-like 
manner [J. P. Schiffer (private communication) ]. For an abstract 
on this experiment, see Moore, Schiffer, and Class, Bull. Am. 
Phys. Soc. Ser. IT, 1, 39 (1956). 

1 Distributions which are independent are of course also un- 
correlated, but the converse is not generally true. However, for 
the discussions which follow it is well to keep in mind that normal 
distributions which are uncorrelated are also independent; (see 
Sec. 24.1 of reference 7). 
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states compared to the contributions from the states of 
fairly high excitation. 

The distribution of fission widths is considered in 
Sec. IV. Offhand, one might expect this distribution to 
be very narrow because, like radiative capture, there 
are many final states for the fission process, one for each 
possible fragment pair and additional ones for each 
possible pair of excitation states that are energetically 
accessible. The amplitudes associated with the partial 
widths for these states are expected to have normal 
distributions. However, if in the fission act the nucleus 
passes through only one or a few well-ordered nuclear 
states (fission channels) which describe the saddle-point 
configuration,” the various partial widths would be 
highly correlated (see the appendix). Indeed, if there 
were only one such state, the partial width distributions 
would be completely correlated, and the total fission 
width would be expected to have the one-channel 
distribution «~! exp(—}«). 

The distributions of nuclear reaction widths enter 
into the considerations of the averages and the fluctua- 
tions of the cross sections for nuclear reactions which 
proceed through compound-nucleus formation. Al- 
though in some of the previous published work the 
randomness of the signs of the reduced-width amplitudes 
was considered, it was generally not suspected that the 
fluctuations of the magnitudes were large enough to 
warrant detailed considerations.” The average cross 
section for compound elastic scattering of neutrons, for 
example, is now found to depend critically on the extent 
of the fluctuations of the neutron reduced widths. Thus, 
the cross section predicted using the «~! exp(—3«) 
distribution is twice as large as that predicted using the 
less-violent exp(—.) distribution, and in the excitation 
region where the levels overlap it is many times larger 
than the prediction for constant widths.“ As another 

-example, the average capture-to-fission ratio of U™® is 
found to exceed the ratio of the average capture width 
to the average fission width by an amount which 
depends on the extent of the fission width fluctuations." 
These matters will be discussed later in more detail. 


II. NEUTRON WIDTHS 


The distributions «~! exp(—}~) and exp(—x) belong 
to the class of chi-squared distributions 


P(x; p)dx=T (p)~ (px)? e-?“pdx, (1) 


where v= 2p is a parameter which is referred to in the 
literature on statistics as the number of degrees of 
freedom. This terminology is also appropriate for 
physical discussions, and the distributions under in- 
vestigation will be referred to as chi-squared distribu- 

12,4. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy (Columbia University Press, New 
York, 1956), Vol. 2, Report P/911. 

18 See, for example, R. G. Thomas, Phys. Rev. 97, 224 (1955). 

4 See Eq. (45) of reference 13. 

16 Sophie Oleksa (to be published). 
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Fic. 1. The chi-squared distribution (1) is plotted for v=1, 2, 
4, 16, and ~ degrees of freedom. The abscissa ~ is the ratio of the 
width I to its average (I) ay. Note that »=2p. 


tions with one and two degrees of freedom, respectively. 
The above expression is recognized as being proportional 
to the integrand of the integral which defines the gamma 
function; the gamma function I'(p) in (1) thus serves to 
normalize P(x) to unity. It is evident that (x), =1 and 
that the variance of x(varx=(x")s,—(x)a) is equal to 
p ‘so that the parameter p (or, equivalently, the number 
of degrees of freedom v) characterizes the width of the 
distribution, the greater the number the narrower the 
distribution. Chi-squared distributions for several 
integral values of v are drawn in Fig. 1: when p>1, the 
maxima (most-probable values) appear at x=1—p"'; 
when p< 1, the function becomes infinite at the origin; 
and when p= , it reduces to a delta function at «= 1. 
The chi-squared distribution can thus describe a wide 
variety of distributions, and the object is now to deter- 
mine the range of v (considered as a continuous variable) 
that is reasonably consistent with the data and to test 
the hypotheses that the “true” distribution has one or 
that it has two degrees of freedom.'® 

A statistically efficient method (that is, one that 
admits a small uncertainty) for determining the best- 
fitting value of the parameter p is the maximum-likeli- 
hood method.” According to this method the most- 
probable value of p is the one that maximizes the loga- 
rithm of the likelihood function, which is the product of 
the P(«;;p) for the set of m measurements x;. In this 
way it is found that the most probable value of p is the 


16 The distribution «+ exp(—-x?) was also tested by Hughes and 
Harvey,‘ and found to be inconsistent with the aggregate of the 
data. This distribution was observed by Bethe to give a good ac- 
count of the reduced widths of U%* [H. A. Bethe, Proceedings of 
the International Conference on the Peaceful Uses of Atomic Energy 
(Columbia University Press, New York, 1956), Vol. 4, Report 
P/585]. We will not consider it here because the chi-squared 
distribution seems general enough, and for the same reason we will 
not consider any of a large variety of other distributions that 
might be proposed. 

17 See, for example, M. G. Kendall, The Advanced Theory of 
Statistics (Charles Griffin and Company, Ltd., London, 1946), 
Vol. II, Chap. 17. 
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Fic. 2. Plot of the function F(p; x4) of (11) for several values of 
the parameter 24, the value of x at which the efficiency for detecting 
levels is one-half. The most probable value of x is 0.01. When 
— this function reduces to the function defined by (2a). Note 
that y=2p. 


one that satisfies the transcendental equation (the 
subscript and superscript of I’,.” being dropped) 


1 m 
— DL In(P/T) mw) — F() =0, 


m i=1 


F (p)=y(p)—Inp, 


¥( ) being the derivative of the logarithm of the 
gamma function. The curve in Fig. 2 labeled 4,=0 is the 
function F(p), and it may be used for the determination 
of p when the sum in (2) is known. The asymptotic 
expression for the variance of this determination is 


var,p=m—[y'(p)—p7}, 


where y’ is the derivative of y.'8 

For U*® there are 11 reduced-width measurements 
that can be used.” By approximating the population 
average (I’),, by the sample average, 


where 


(2a) 


(2b) 


(3) 


a value of —1.22 is obtained for the sum in (2), and 
referring to the x;=0 curve of Fig. (2) a value of y= 1.04 
degrees of freedom is deduced. According to (2b) the 
standard deviation of this determination is 0.36 degree 
of freedom, indicating that the value v= 1 is consistent 
with the data whereas the value v= 2 is not. 

Although the above example does illustrate the main 
features of the maximum likelihood analysis, several 
important refinements are called for: 1. The sample 


18 For tables of T(_ ), ¥, and y’ see Harold T. Davis, Tables of 
Higher Mathematical Functions (The Principia Press, Inc., Bloom- 
ington), Vol. I (1933) and Vol. IT (1935). 

19 These are the measurements which appear above the dotted 
line in the table of resonance parameters of heavy nuclei in refer- 
ence 3. The listing below the dotted line is not considered to be 
complete. 


sizes available for the various nuclides are not large, 
and a correction must be made for a possible difference 
of the sample average from the population average. 
2. Samples of reasonable size are available for about 15 
nuclides, and an analysis is desired which makes use of 
all of these for the estimate of the best universal value 
of v. 3. The experimental uncertainties of the reported 
reduced widths should be taken into account. 4. As a 
consequence of instrumental limitations, levels with 
small widths may escape detection, and although there 
may be only a few of these, rather large errors can be 
introduced into the v determination, especially when v 
is small, as it seems to be. These complications will now 
be considered. 

1. The sample average (3) has a chi-squared distri- 
bution with my degrees of freedom”: 


1 mpI'\ ™e-! 
P(T; p)df= (~) 
T'(mp) \(T) wv 


co EMG). 


From this distribution it is evident that 
(Py a= TT) wv, 
var, I’ =(I’)42/mp, 
(In(P/(I')m))= F (mp), 


and that the most probable value of I is [1— (mp) ] 
(I). Consider the function 


(4a) 
(4b) 
(4c) 


m 


v= f In(T,/T)+F (mp) —F(p). (5) 
Mm i= 
Using (4c) it is evident that 
(®)w=0, 
and it may be shown using (1) and (4) that 
var,b= my’ (p)—y' (mp). (Sb) 
The best estimate for p may be taken as the solution to 
#(p)=0. (Sc) 


According to the central-limit theorem, as the sample 
size increases the distribution of the function @ asymp- 
totically approaches normality : 


P(@)d@~ (2 varb)—! exp(—#?/2 varb)d@. (5d) 


It will be assumed that the samples are large enough to 
justify a normal approximation (5d), and the hypo- 
theses may then be tested by consideration of the error 


2” See M. G. Kendall, The Advanced Theory of Statistics (Charles 
Griffin and Company, Ltd., London, 1946), Vol. I, Example 
10.11. This result may readily be verified by noting that its 
Laplace transform is equal to the mth power of the Laplace 
transform of the distribution (1), in agreement with the convolu- 
tion theorem. 


(Sa) 
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2\' 7” 
cy (-) f exp(—}32")dz, 
wT ' 


a) 


function 
(Se) 


where 
a=/(vare)!. 


It is evident from (4b) that the variance of an average deter- 
mination of a sample of widths which obey a »=1 distribution is 
twice as large as it is for a y=2 distribution. In many of the pub- 
lished listings of average reduced widths and of strength functions, 
the uncertainties were arrived at assuming »=2; these uncer- 
tainties should be increased accordingly if the y»=1 distribution is 
accepted as the correct one.”! For the U** data the average of the 
11 widths is 2.7 mv (1 mv=10- ev), and the standard deviation 
corresponding to (4b) is 1.2 mv, indicating that the errors of the 
average extimates from the typical samples available for heavy 
elements are apt to be rather large. 


2. It is a straightforward matter to modify the above 
formulas for treatment of the composite data. In place 
of (5), one considers the function 


= (1/m) Doi; In(T5/Pj)+20j(m;/m)F (mjp)— F(p), 
(6) 
where I’;; is the ith width of the jth nuclide; m; is the 


number of the widths of the jth nuclide; and m= > jmj. 
It may be verified that 
(®) w=0, (6a) 
and that 
var,®= (1/m)y'(p)— 20 j(m;/m)*y' (mip). (6b) 


For even the smallest sample which is used (m,= 3), it 
is sufficiently accurate to use for F (mp) and for y’ (mp) 
just the first few terms of the asymptotic expansions”: 


¥ (2) —Inz~— 32 — (1/12)2-°+ (1/120)24*—---, (7a) 
Wy (2s) ~a+427%7+4 §24— (1/30)2->+---, (7b) 
3. If the possible values of the errors of the I';; in the 
first sum in (6) are assumed to be small, independent, 
and normally distributed with zero means and with 


standard deviations o;;, the additional contribution to 
the variance of ® is found to be 


var =m > fo:;(Tij—PT;)/Ti P,P. (8) 


The additional contribution to the variance (4b) of 


I; is 


oh 
var I ;= mj; >. o;;. (9) 
i=1 


For the evaluation of (5e), the contributions (5b) and 
(8) may be added as though they were independent. 


21 There are several indirect methods for determining the 
strength function which effectively make use of very large samples, 
and they are therefore not subject to this uncertainty: see S. E. 
Darden, Phys. Rev. 99, 748 (1955); D. J. Hughes and V. E. 
Pilcher, Phys. Rev. 100, 1249(A) (1955). 

2 Erdélyi, Magnus, Oberhettinger, and Tricomi, Higher 
Transcendental Functions (McGraw-Hill Book Company, Inc., 
New York, 1953), Vol. I, Sec. 1.18, Eq. (7). 
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4. Since the instrumental resolution depends upon the 
neutron energy (as does the average neutron width), 
the efficiency for detecting levels will also depend on the 
neutron energy as well as on the average reduced width 
of the sample. An analysis which accounts for these 
dependences has not been devised, and we will have to 
be content with using an over-all efficiency factor E(x) 
for all energies and for all samples. The “experimental” 
distribution function will be taken as the product of the 
“theoretical” factor, which is given by (1), and the 
“experimental” factor E(x), this product being then 
renormalized to unity. According to an analysis by 
Harvey,” the over-all efficiency is one-half at a value 
x= 2x;=antilogio(— 2.00+0.15) ; the efficiency increases 
from 30 to 70% for a factor 10 increase in « and from 
15 to 85% for a factor 100 increase in «; it is uncertain 
outside of the latter interval. As a function of logiox, the 
efficiency curve may be approximated closely by an error 
function with a standard deviation of 0.85. However, 
for the present considerations it is more convenient to 
represent it by a function of the form 


E(x; x4; 0)=1—exp[— (xx) ], (10) 


where 
x= (In2)"/"/x4, 


and a good fit is obtained with a value of 0.53 for the 
shape parameter o. The analysis has been carried out 
with c=3, 1, and «.% The results were found to be 
essentially the same in each case so that it will suffice to 
present here the details for just the simplest case, ¢= 1. 

The quantity « is very large compared with p, and it 
is therefore permissible to neglect — px when it appears 
together with —xx as the argument of the exponential 
function; after renormalization the “experimental” 
distribution is then 


P(x)dx= (1+9)I (p) (px)?! (e-**§— e—*) pdx, (1’) 


where 

q=(§°—-1)7,  $=x/p. 
We were unable to derive from (1’) the distribution 
corresponding to (4) for the sample average. However, 
the low-order moments can readily be derived from (1’) ; 
to a high degree of accuracy one finds that 


(Ma= (1+¢)T) m, 


var, F=(T)42/mp, 


(4a’) 


(4b’) 
where 


m=m(1+q)(1—pq)-. 


For the final analysis it is sufficiently accurate to 
approximate the distribution for the sample average 
by (4) with ([)s replaced by (1+ )(I')s and with m 
replaced by m, so that the correct expectation values 
(4a’) and (4b’) are obtained. With this approximation, 


*3 J. A. Harvey (private communication). 

* The analysis for o= © was actually carried out by truncating 
the distribution (1) at x; and by replacing the normalizing gamma 
function by the appropriate incomplete gamma function. 
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one can write 
(In[P/(1+-q)T)w])w=F (mp), (4c’) 


and it may be shown that (6a) is very nearly satisfied if 
in (6) the function F(m,p) is replaced by F (mp) and if 
the function F(p) is replaced by 


F(p; x,)=F(o)+q Inf—In(1+4q). (11) 
The expression corresponding to (6b) is found to be 


var,b= (1/m)[y' (p)—q(1+q) Int] 
— > ;(m;/m)*y' (Msp). 


The function F(p; x) is plotted in Fig. (2) for several 
half-efficiency values a;, including the most-probable 
value #;=0.01. It is evident that when v= 1 the function 
is rather sensitive to x;, but when vy=2 it is not. With 
«,;=0.01 and v=1, the factor (1+¢)=1.09, and (4a’) 
indicates that to estimate (I), the sample average 
should be reduced by about 9%, which amount is 
usually small compared with the statistical uncer- 
tainty corresponding to (4b’). The quantity mm in (4b’) 
is equal to 1.15m. 

The expressions (5) through (9) with the modifica- 
tions indicated under item 4 were used to analyze a 
total of 148 neutron reduced widths for 15 different 
nuclides. This total includes the 3 recent determinations 
for manganese” in addition to the 145 values which were 
analyzed by Hughes and Harvey.*:* The sum over 77 in 
(6) is found to be —0.795 and the sum over 7 is —0.091 
for v=1 and —0.050 for v=2; by using the 2;=0.01 
curve of Fig. 2, a value y= 1.02 is obtained as the solu- 
tion to (5c). The standard deviations corresponding to 
(6b’) and (8) are 0.062 and 0.020, respectively, for 
v=1, giving an over-all standard deviation of 0.065, 
which is primarily due to statistics. The standard 
deviation of the v estimate corresponding to the com- 
bined variances of ® is about 0.13 degree of freedom. 
The hypothesis y=1 gives a probability integral @, 
Eq. (5e), which is close to unity, indicating that this 
hypothesis is quite consistent with the data, while the 
hypothesis v=2 gives a value a= —6.4 and an inad- 
missibly small value of ®. The y= 1 hypothesis would be 
acceptable for any value of a; in the range antilogio 
(—2.00+0.15) specified by Harvey. However, for 
*,=0, ® is only 0.006 for y=1, thus indicating the 
importance of the efficiency correction; for v=2 it 
would still be extremely small. 

There is one datum which appears to be at variance 
with the v=1 hypothesis. The plotted point for y=x! 
=0.1 on Fig. 2 of the paper by Hughes and Harvey‘ 


(6b’) 


26 Bollinger, Dahlbert, Palmer, and Thomas, Phys. Rev. 100, 
126 (1955). 

26 The actual values and their uncertainties were read from the 
listing of resonance parameters in reference 3. The nuclei were: 
Mo*(4) ; Mo®7(4); In™3(7); In™5(8); Sn™7(5); Cs88(12); Eu)51.153 
(14); Tb***(16); Ho'®(10); Tm'*(10); Hf?7(12);  H#'79(17); 
Ta!*!(10) ; U®8(11); the number of widths used for each nucleus is 
indicated in parentheses. Only those widths appearing above the 
dotted lines in the listings were used. 
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falls way below the curve for y= 1 and near to the curve 
for v= 2. Since this point just corresponds to the most- 
probable half-efficiency value «,;=0.01, it should be 
raised by a factor of about two, thus placing it almost 
within a standard deviation of the y= 1 curve and several 
standard deviations away from the v=2 curve. 

With the exception of U*®, all nuclides of reference 
26 can form two different spin states when interacting 
with low-energy neutrons. It has been assumed here 
that the two spin states have identical reduced-width 
distributions. At the time that this analysis was under- 
taken, this assumption seemed reasonable and was not 
known to be in contradiction with any data. However, 
from a recent summary of the data on the angular 
momentum associated with slow-neutron resonances, 
Sailor has found indications that the compound nucleus 
is preferentially formed in the state of higher spin.” 
If the two spin states are equally abundant, this 
indication implies that the average neutron width is not 
the same in each state. Unless the widths of the states 
of the lower spin are unobservably small, our analysis 
is apt to be biased towards a v value which is too small. 
With the existing data it is difficult to estimate the 
extent of this bias. 

Before proceeding with the radiation and fission 
widths, it is worthwhile to include an explanatory re- 
mark on the physical significance of the terminology 
“degrees of freedom.” In Sec. I, arguments were put 
forth for the plausibility of a Gaussian amplitude 
distribution, corresponding to a chi-squared width 
distribution with one degree of freedom. These argu- 
ments took account of the fact that the amplitudes 
could suitably be chosen as real.’ Now, if the amplitudes 
had been regarded as complex with independent real 
and imaginary parts, these arguments would have led 
to a width distribution with two degrees of freedom, 
one for the real part and one for the imaginary part.”* 
In the next section on radiation widths a situation is 
illustrated involving effectively a large number of 
degrees of freedom, and in the following section on 
fission widths one encounters a distribution with 
effectively only a few degrees of freedom. 


III. RADIATION WIDTHS 


The total radiation width [ which pertains to the 
neutron resonance region is expected for heavy nuclei 
to be the sum of a large number 1 of partial radiation 
widths I',”*: 


(12) 


r=> 1, 
i=l 


We will examine here the consequences of assuming that 


7 V. L. Sailor (to be published). 

28 See J. M. C. Scott, Phil. Mag. 45, 1322 (1954). 

29See J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), Chap. XII; 
and the article by B. B. Kinsey, in Beta- and Gamma-Ray S pectro- 
scopy (Interscience Publishers, Inc., New York, 1955), pp. 
795-822. 
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the distributions of the individual I; are independent 
and chi-squared with one degree of freedom, like the 
neutron widths. As mentioned in Sec. I, the latter 
assumption seems reasonable, while the former one 
stands on less certain grounds because some correlations 
are expected in the distributions of the partial widths 
for transitions to states of low excitation. 

If. all of the partial widths had the same average 
value (I';)4, the probability distribution for the total 
width would be chi squared with m degrees of freedom ; 
that is, it would be given by (4) with mI replaced by 
and with p replaced in 3». The distribution for the total 
width would thus become narrower as the number of 
partial widths becomes larger. For the general case 
where the (I';)4 are unequal, we have succeeded in 
deriving the distributions for the total only for even 
values of the number of degrees of freedom y of the 
partial-width distribution. However, these total dis- 
tributions are rather complicated and all we need to 
consider anyway are the average and the variance; for 
any value of v they are * 

n 
TP) w= Ts) wy 


i=1 


(13a) 


(P—(P) m)*) w= (2/r) | Pda? (13b) 
i=l 

These equations show that in the general case the dis- 

tribution also becomes narrower as the number of 

partial widths becomes larger. In the following it is 

assumed that v= 1. 

The partial radiation widths are believed to be 
proportional to E,?'*!, where E, is the transition energy 
and / is its multipolarity.*® By approximating the sum 
over radiative transitions by an integration using the 
level density formula 


p(E)=C exp(E£/T), (14) 


with constant temperature 7 and a constant coefficient 
C, one finds that the average of any power m of E, is 
(Ey") w=CT™ ey (m+1, r), (15) 


where r= B/T, B being the neutron binding energy, and 


z 


(a,x) ={ t=-le~tdt 


is an incomplete gamma function. For electric dipole 
radiation, the square of the coefficient of variation V is 
therefore predicted to be 
V2=((P— (DP) w)?) w/(T = 2 Ey®) y/ (Ey?) 0? 
= 2n(1—e)[y(7,7)/° (4,7), 
where 


(16) 


B 
n= f p(E)\dE=CT(e"—1) 


%” See, for example, S. Chandrasekhar, Revs. Modern Phys. 15, 
1 (1943), Appendix IV. 
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is the number of partial widths. Using Pearson’s tables,” 
one finds that 
f 23, r=0 

5.3, r=3 


10.9, r=6 





| 20.0, r= 20. 


There are only a few elements for which a sufficient 
number of radiation widths have been determined for 
statistical considerations. The use of the above formulas 
will be illustrated by analyzing the widths for Ta'*, 
which has the largest reported number, although there 
may be some question as to their reliability ; in mv they 
are: 49+6, 49+11, 50410, 51+10, 50+15, 40415. It 
is apparent that these widths show very little fluctua- 
tion other than that which could be ascribed to the 
indicated experimental uncertainties. The actual dis- 
tribution must be narrow, and it may therefore be 
approximated by a normal distribution, the coefficient 
of variation of which may be compared with (17). As a 
generalization to the familiar chi-squared test of sample 
variances, it may be shown that the weighted sample 
variance has a chi-squared distribution with m—1 
degrees of freedom, where m is the number of measure- 
ments, the weighting factors being equal to the re- 
ciprocal of the sum of the population variance and the 
variance corresponding to the uncertainty of the 
measurement. Assuming to begin with that the popu- 
lation variance is zero [ that is, that # in (17) is infinite ], 
one arrives at a total probability of less than one percent 
for weighted sample variances which are smaller than 
the observed one, indicating that there may be some 
systematic errors in the measurements or in the estima- 
tions of the uncertainties. For illustrative purposes, the 
undertainties are neglected altogether, thus allowing 
one to state, for example, that there is only a 5% total 
probability for the weighted sample variances being 
smaller than observed when a population variance of 
(8.7 mv)? is assumed; this variance corresponds to 
n= 340 in (17) with r=3. This statement is consistent 
with the view that there are many independently- 
contributing partial widths, but it sheds very little 
light on the question of what fraction of all of the partial 
widths contribute independently. Thus, the number of 
partial widths is expected to be of the order of magni- 
tude of the ratio of the nuclear temperature to the mean 
level spacing, which ratio is about 10° for a typical 
heavy nucleus. 

The radiation widths of eleven nuclides for which 
more than one width are reported have carefully been 
analyzed for fluctuations by Levin and Hughes.” They 
found rather definite indications of fluctuations in the 
widths of several of the accurately measured nuclei, 


ax. Pearson, Tables of the Incomplete Gamma Function (Cam- 
bridge University Press, Cambridge, 1934). 
#2 J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 
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notably In"® and Eu'*!. However, for these two it is 
observed that the radiation widths fall into two groups, 
each group having a definite but distinct isomeric 
branching ratio, thus suggesting that each group 
corresponds to a different spin state of the compound 
nucleus. With this contingency, they concluded that it 
was not possible with the existing data to reject the 
hypothesis that the radiation widths of a particular 
spin state of a particular nucleus are the same at all of 
the levels. A more critical testing of this hypothesis 
should be realized with a zero-spin target nucleus, with 
which only compound states of a single spin value could 
be excited with low-energy neutrons. The only such 
nucleus with a sufficient number of reported widths is 
U8, these being 24+ 2, 2542-5, 294-9, 17+10 mv.’ From 
the chi-squared test of the weighted sample variance, 
it may be concluded that with a population variance of 
(12 mv)? there is only a 5% probability for a sample 
variance smaller than the observed one. This population 
variance corresponds to a value of m=40 in (17) with 
r=3. This conclusion is not significantly different from 
the previous one for Ta!*!.* 


IV. FISSION WIDTHS (U5) 


An analysis has been made of the fluctuations of the 
15 fission widths of U** which are provisionally re- 
ported in the recent compilation by Hughes and 


Egelstaff ind in a private communication from Sailor.*® 
These widths fluctuate considerably but not as much as 
do the neutron widths. The solution to Eq. (5c) is 


v=2.3 degrees of freedom, the standard deviations 
being 0.8 degree of freedom from the statistics and 0.3 
degree of freedom from the indicated experimental 
uncertainties. The average width is 71 mv as estimated 
from the sample average, the standard deviations being 
17 mv from the statistics and 5 mv from the indicated 
experimental uncertainties. To test the hypothesis that 
there is only one fission channel, that is, that the distri- 
bution has only one degree of freedom, the probability 
integral P(v=1) of (Se) was evaluated and found to be 
0.10, which is small but not{inadmissible according to 
most statistical criteria. 


Another way to estimate the number of degrees of freedom of 
the best-fitting chi-squared distribution is to equate the first and 


% H. H. Landon and V. L. Sailor, Phys. Rev. 98, 1267 (1955). 
See also H. H. Landon, Phys. Rev. 100, 1414 (1955); G. Igo and 
H. H. Landon, Phys. Rev. 101, 726 (1956). 

* Six radiation widths for U™* have recently been reported by 
J. E. Lynn and N. J. Pattenden, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy (Columbia 
University Press, New York, 1956), Vol. 4, Report P/423. They 
are 26.14+1.5, 28.8+2.3, 24.944.2, 18.642.7, 15.5+5.4, 13.6 
+4.8 mv, thus revealing rather significant fluctuations. With these 
data, one could state with essentially 95% confidence that » lies 
in the range from about 30 to 500. 

35 EP. J. Hughes and P. A. Egelstaff, Progress in Nuclear Energy 
(Pergamon Press, London, 1956), Vol. 1, Chap. II. The widths in 
the compilation were used except for those which have recently 
been determined more accurately by Sailor; the values and their 
uncertainties are: 99+5, 120+15, 1343, 110+45, 130+25, 
872415, 342, 9.545, 10. 545, 70+ 16, 42418, 43421, 90+ 26, 
200420, 44+20 mv. 
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second moments of the sample to the corresponding moments of 
the population. In this way one estimates that*® 


y=2(1—m™)/V?, 
V=(m 2(0i-PY yh, 


the variance being given to order m™ by 

vary =y?(1+4y)m/(m—1)*. (18a) 
Using the same data, these give 3.31.6 degrees of freedom, which 
is consistent with the maximum likelihood estimate. The estimate 
(18) is especially poor when » is small,*” but for large vy the variances 
(2b) and (18a) may be shown, by using (7b), to be asymptotically 
equivalent. 


(18) 
where 


The number of degrees of freedom will in general be 
smaller than the actual number of channels if the 
average widths for the various channels are unequal and 
if there are correlations in the distributions. Another 
difficulty in the interpretation is that there are two spin 
states formed when low-energy neutrons are captured by 
U*®, and these states will not necessarily have the same 
distributions.** The fact that the ratio of the average 
capture cross section to the average fission cross section 
at low energies® is about equal to the ratio of the average 
capture width” to the average fission width of the low- 
energy resonances indicates that the average fission 
widths for the two spin states are equal to within a 
factor of two. However, there is no way of telling from 
the existing data whether or not the distributions for 
the two spin states have the same variances. In spite of 
these complications, the original qualitative conclusions 
should remain valid: namely, that there are not very 
many channels involved in the slow-neutron-induced 
fission of U**>, and the likelihood is small of there being 
only one channel (for each spin state). The main 


9 See ee Sec. 27.7 of reference 7, in particular Eq. (27.7.3). The 
derivations of Eqs. (18) and (18a) above are very similar to those 
of the example presented in connection with Eqs. (27.7.10) of this 
reference. However, here we treat the square of V whereas the 
example treats V. The expectation value of V? has also been evalu- 
ated to one higher order in m™ in order to obtain the factor 
(1—m™) of (18) which makes the estimate unbiased. 

37 See Sec. 17.51 of reference 17. 

38 The spin of U* is 7/2 [K. L. Vander Sluis and J. R. McNally, 
Jr., J. Opt. Soc. Am. 45, 65 (1955) ] and its parity is presumably 
even [M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), p. 81] so that even-parity states of spin 3 and 4 are formed. 
From the theoretical account of slow-neutron-induced fission 
which is given in reference 12, it is implied that the average fission 
width of the 4* states will be larger than that of the 3* states, 
because the former type state is contained in the rotational band 
associated with the lowest nucleonic configuration while the latter 
type would appear in a band involving an excited configuration. 
This configuration excitation is estimated to be of the order of an 
Mev, so that the difference of the average fission widths is ex- 
pected to be especially large if the slow-neutron excitation energy 
exceeds the absolute threshold for fission of the 4+ states by less 
than about one Mev. However, recent results on the U*(d,p) 
fission reaction indicate that this excess is about 14 Mev (un- 
published experiments of K. Boyer and R. H. Stokes), and it is 
perhaps not inconsistent with the theory for the difference of the 
widths to be small. 

%® Kanne, Stewart, and White, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy (Columbia 
University Press, New York, 1956), Vol. 4, Report P/595. 

“ V. L. Sailor, ’ Proceedings of the International C onference on the 
Peaceful Uses of Atomic Energy (Columbia University Press, New 
York, 1956), Vol. 4, Report P/586. 
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reason for seeking the best fitting chi-squared distribu- 
tion is that this distribution is very convenient to use 
for calculating the effects of the fission width fluctua- 
tions on the averages and variances of fission and com- 
peting reaction cross sections."! 

Interference effects have been noticed by Sailor® in 
the fission cross section of U**®, It has also been noticed 
by him that the occurrence of interference effects in 
fission and the nonoccurrence of such effects in reactions 
in which radiative capture dominates are consistent 
with the view that there are many exit channels in the 
latter case, the reduced-width amplitudes of which have 
random signs, whereas there are effectively only a few 
such channels in the former case. 

As a final remark, it is noted that there is no signi- 
ficant correlation in the fission and neutron width 
distributions of U™*®, This observation confirms an 
earlier one by Harvey.” It also indicates that no correc- 
tion to the analysis using (5c) is needed for failure to 
detect levels having very small neutron widths.* 
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APPENDIX 


The relation between the descriptions of the fission 
process in terms of fission channels and in terms of 
fission fragment pairs may be illustrated by a few 
simple equations. The wave functions y, for the fission 
channels c may be expanded in terms of the wave func- 
tions ¢, for the fission fragment pairs p as 


Vo=ZpepHp, (19) 


41 A likelihood analysis of the 15 fission widths for Pu, which 
are provisionally reported by L. M. Bollinger, R. E. Coté, J. M. 
LeBlanc, and G. E. Thomas, gives for the number of degrees of 
freedom v<1.7 with an uncertainty of 0.5 degree of freedom from 
the statistics. Only an upper limit to » can be stated because one 
of the resonances has no detectable fission width. 

42 J. A. Harvey, Bull. Am. Phys. Soc. Ser. II, 1, 86 (1956). 
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with real coefficients a.p. Both sets of wave functions 
are assumed to be orthonormal (but not necessarily 
complete) so that 


(20) 


» > = 
— phe o' p= Sec’. 


On the “surface” © of the nuclear configuration space, 
the wave functions X, of the levels \ of the compound 
nucleus may be expressed in terms of the fission-channel 
states as 


Xy\(S)~Zerrhe (21a) 


plus terms associated with other reactions, where the 
coefficients y,- are the reduced-width amplitudes for 
the fission channels c. Using (19) the surface expansion 
may alternatively be expressed as 


(21b) 


X\(S)~Zrpep; 
plus the other terms, where 


(22) 


VYo= ZeVadep 


is the reduced-width amplitude associated with the pth 
fission fragment pair. The total fission width Ty, for 
the level \, which is normally expressed as the sum of 
partial widths for the various fragment pairs, may also 
be expressed as a sum over the partial widths associated 
with the various fission channels; using (20), one finds 
that 


Ty=Zene=ZNne.- (23) 


Now if the distributions of the ya, are normal with 
respect to levels, with zero means, and independent 
with respect to channels, then the distributions of the 
Yxp, aS expressed by (22), will also be normal with 
variances 


(ynp”)av =2 Mop (Yre)av5 (24a) 


the averages being with respect to the levels, and with 
covariances (correlation coefficients) 


(YrpYrp’ Yaw = 2 Ole ptep(Vre ave (24b) 


Near the fission threshold it is expected that only a few 
fission channels will have appreciable amplitudes y- 
so that the covariances will not generally vanish even 
though the ¢, may constitute a complete set. This 
means that the distributions of the y,p are expected to 
be correlated, and therefore to be dependent.” 
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A formulation of the energy eigenvalue problem for a many-particle system is presented in several alterna- 
tive forms and, following Brueckner and his collaborators, the energy of the system is expressed in terms of 
solutions to the two-body problem. This work bears considerable resemblance to Brueckner’s “linked 
cluster” expansion. The present expansion is derived with the aid of an ordering operator and involves a 
sequence of “nearest neighbor” interactions. The particles tend to form “chains,” the sequence of approxi- 
mations involving “two-particle chains,” “three-particle chains,” etc. The rapidity of convergence of the 
method depends on the particle density and “temperature” and on the nature of the force between particles. 
The method lends itself readily to use in statistical mechanics. Some applications to the calculation of the 


equation of state of a gas are included. 





I. INTRODUCTION 


HE problem considered in the present paper is 
that of determining the energy of a quantum- 
mechanical system of N particles interacting through 
known two-body forces. We assume that the system is 
macroscopically homogeneous and attempt at first to 
calculate only its volume energy. We begin by formu- 
lating the quantum-mechanical eigenvalue problem in a 
manner useful for N-particle systems. Our next task is 
to express all pertinent quantities in terms of solutions 
to the two-body problem. This is the technique of 
Brueckner and his collaborators!:? who developed their 
theory of nuclear structure in terms of “two-body 
scattering operators.”” The considerable advantage 
gained from this approach is that subsequent approxi- 
mations can be based on more or less exact solutions to 
the two-body problem. 

We have in mind applications to statistical me- 
chanics* and thus suppose the number of particles NV 
to be large. The advantage of the present formulation 
of the eigenvalue problem is that it permits one to 
show that extraneous powers of NV do not enter at any 
stage of the calculation. This problem has already been 
faced by Brueckner.* He studied the structure of the 
terms of the Rayleigh-Schrédinger perturbation ex- 
pansion for the energy, arranging the terms in a se- 
quence which he called the “linked cluster” expansion.‘ 
Our own expansion can be designated as a sequence of 
“nearest neighbor” interactions, the successive terms 
of which describe excitation of a progressively larger 
number of particles with the remainder of the particles 
acting as a dispersive medium. Fast convergence of the 
expansion implies that the excitation of only a few 
particles at a time suffices to determine the energy 
levels. The nearest-neighbor expansion is in some re- 


* This work was supported in part by a grant from the National 
Science Foundation and in part by the Wisconsin Alumni Re- 
search Foundation. 

1 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954). 

2K. A. Brueckner, Phys. Rev. 96, 508 (1954) ; 97, 1353 (1955). 

3K. M. Watson, Phys. Rev. 103, 489 (1956). 

4K. A. Brueckner, Phys. Rev. 100, 36 (1955). See also K. A. 
Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 (1955). 


spects closely related to Brueckner’s linked-cluster 
expansion, but appears to differ in several fundamental 
respects. 

The nearest-neighbor expansion would seem to con- 
verge rapidly whenever the range of the particle- 
particle interaction is small compared to the dimensions 
of the system if “collective” modes of motion are not 
important. The origin of such cooperative phenomena 
is apparent in the structure of the terms of the nearest- 
neighbor expansion, which may indeed provide a useful 
starting point for the study of these effects. 

The apparent simplicity of the method is complicated 
by a self-consistency requirement in the calculation of 
the two-body scattering operators.’ This involves re- 
placing the kinetic energy of a particle by an “effective 
kinetic energy in the medium of the other particles” — 
which is tantamount to the more customary procedure 
of giving it a moment-dependent mass. Unfortunately, 
this effective kinetic energy is known only when the 
entire problem is solved, so that the problem involves 
nonlinear integral equations. For many problems, it is 
likely that simple iterative procedures will be practical. 

In the following section a survey of perturbation 
methods in quantum mechanics is made. Difficulties 
which arise in the application of the more common 
perturbation methods to the many-body problem are 
indicated. A general class of “optical model” perturba- 
tion theories is developed; these are applied in later 
sections. In particular, in Sec. IV the close similarity 
of the present problem to that of calculating the index 
of refraction of a dispersive medium is demonstrated. 
In Sec. V the nearest-neighbor expansion is developed. 

In Sec. VII is given an application of the method to 
the calculation of the equation of state of a gas at low 
temperatures. In a later paper® we shall give more 
detailed applications to the calculation of the equations 
of state of gases and liquids, and to a description of the 
phase transitions between them. There seems to be no 
reason to expect the nearest-neighbor expansion to fail 


5 See references 1 and 4. Brueckner’s self-consistency require- 
ment is related to ours, but not identical with it, as is discussed 


below. 
6 W. B. Riesenfeld and K. M. Watson (to be published). 
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below the condensation point of a gas, which permits us 
to carry the calculation of the equation of state from 
the gaseous into the liquid phase. 


II. EIGENVALUE PROBLEM FOR A MANY 
PARTICLE SYSTEM 


A. Formulation of the Problem 


We wish to find the energy spectrum of a system 
consisting of N identical particles, interacting with 
each other through two body potentials, and confined 
to a box of volume VU. Such a system was treated in 
reference 3 and we adopt the notation used there. If 
the particles have mass m, momenta k;,, and interact 
through potentials V;;, the Hamiltonian operator for 


the system is 
H=K-+V, 


N WR? 
K=> 7 ey a 
i=1 2m 
V=> Vij. 
i<j 
Here the subscripts 7 label the particles, the subscripts 
ij label the pairs, and 


V j= Vij(ri—4,) (2) 


is the interaction energy between the ith and jth par- 
ticles. For conciseness we also denote a pair (i,j) by the 
single symbol a and write 


V=VeeVa, 


with the understanding that the sum runs over all 
distinct pairs. We assume that the interaction (2) has 
a range fo, i.e., Vi; is negligible for | r,—r;|>>ro, and that 


4 3a7F0K1. (3) 
However, 
N (4 3rr°U-) 


need not necessarily be small’ since we must permit the 
possibility of having dense systems. 

We next introduce an important ‘working assump- 
tion”: The system is to be macroscopically homogene- 
ous within the volume 0. Often it is possible at the 
outset to verify from physical considerations whether 
this assumption is true. If it is not true, the system is 
interpreted to be in a collapsed state occupying some 
volume less than VU.’ In statistical mechanical prob- 
lems, collapse into a volume smaller than that of the 
container may represent a phase transition. This will 
be discussed in reference 6. For a system at the tem- 
perature of absolute zero one can vary the volume U 
with the hope of obtaining a minimum of the energy 
at U=,, with the system constrained to occupy the 
volume U throughout the variation. For extended 


7 Mixed phases form a somewhat trivial exception, which will 
be discussed in reference 6. 
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systems the boundary conditions at the surface of U 
are not expected to play an important role in deter- 
mining the structure, so that the assumption is 
plausible. 

B. Perturbation Methods 


Before proceeding with our specific discussion of the 
many-body problem, we should like to review briefly 
several perturbation methods which may be appli- 
cable. As was described in reference 3, a systematic 
development of perturbation techniques is readily 
given in terms of the Green’s function operator W (£) 
satisfying 

(E—H)W=1, (4) 
where £ is a complex variable. We shall use a momen- 
tum representation “p,” in which K is diagonal, to 
describe all our matrices: 

K|p)=K(p)|p). (5) 
K(p) is the appropriate eigenvalue of K. Letting ¥,(p) 
and £) (A=1, 2, ---) represent a complete set of eigen- 
functions and eigenvalues of H, we may write W as 


o im Vr(p)ra*(p’) 
(o|W(E)| P= 2 _ , 


(6) 


Clearly W(E) has poles at E= £) for all \. The eigen- 
value problem can therefore be formulated as a search 
for the poles of W(Z). From (4) and (1) it follows that 


(E—K)W=1+VW. (7) 
We define a diagonal matrix Wz having elements equal 
to the corresponding diagonal elements of W: 
(p|Wa| p)=Walp)=(p| W| p). (8) 
Then W(£) can be expressed in the form 
W=MWa, (9) 


where 9M is a new matrix which, by virtue of Eq. (8), 
has the property 
(p|M| p)=1. (10) 
Substitution of (9) into (7) yields 
(E—K)MW g=1+VMNW a. (11) 
If we define a diagonal matrix V, by 
(p| Vel p)=Ve(p)=(p| VN p), 


the diagonal part of Eq. (11) becomes 


(E—K)Wa=1+V Wa, 


(12) 


yielding a solution for W4 of the form 
Wa(p)=LE—K(p)—V.-(p) J". 


Since the eigenvalues of H are given by the poles of 
W (and hence of Wa), we see that Eq. (13) enables us 


(13) 
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to express the energy eigenvalues in the form 


E=K(p)+V.(p). (14) 


This equation was obtained in reference 3, where a 
discussion of its interpretation was given. Equation 
(11) and the definition (12) permit us to construct an 
integral equation for SM. 

To do this, we introduce an arbitrary operator O and 
subtract OMW 4 from both sides of Eq. (11), giving 


[E—K-—O]}mW.=1+[V—O]}MW.. 


Operating on this from the left by [E—K—O}" and 
from the right by W,~', we obtain 


m=(E-K-O}?°Wo+ [V—O}m. (15) 
E—K-—O 


A more convenient equation is obtained on setting 
m=MD, 
D=([E-—K-O}°W, (16) 
so that 


1 
M=1+———_[V-OJM. (17) 
E 


t—K—O 


This provides an integral equation for M which is for- 
mally equivalent to the stationary-state scattering 
equation. For all applications considered in the present 
paper, we shall suppose O to be diagonal in the p- 
representation ; thus D is also diagonal with respect to 
the p-states. 

A perturbation procedure for the eigenvalue problem 
may now be formulated. Equations (15), (16), and (17) 
are considered to operate on a specific eigenstate of K, 
say | fo). In this manner, Eq. (17) determines the po 
column of M. Now, suppose that we have a perturbation 
procedure for solving (17), by which we can solve 
Eqs. (12) and (14) for £. This solution will be denoted 
by E=Ejo, since it is one of the eigenvalues of H. In 
this manner we have established a ‘“‘pairing’”’ between 
the states | po) and yo. In the remainder of this paper 
we shall study methods of establishing this pairing of 
the states, and shall adopt as standard the notation 
that | po) represents the specific, initial unperturbed 
state, whereas yao, is the corresponding perturbed 
state. The quantity 


5E=Eyo— K (po) (18) 


will be called the “level shift.” 

Returning to Eq. (16), it is in general possible, and 
usually desirable, to choose the operator O in such a 
manner that 


(po| D| po p= (po| [E- K-—O} AW | po)1 (19) 


at some stage of the calculation. This usually requires 
some sort of limit properly taken. As we shall see in 
the next section, the quantities “D” for the parts of 


AND K. M. 


WATSON 


a composite system cannot always all be made to 
satisfy the condition (19). When condition (19) is met, 
it is possible to replace M by SM in Eq. (17) to obtain 


m=1+— (17’) 
E 


4 


1 
—[V—O]m. 
K-—O 


By making different choices for the operator O, we 
obtain different perturbation methods. To illustrate 
this, we list below three common forms: 

(W-B): Wigner-Brillouin method :° 


O == Vc(po)A poy 
M=M, 


1 
m= 1+——[1—A,. ]VM. 
E-K 


Here Ayo is a projection operator onto the state | po). 
In obtaining this integral equation from (17’), we have 
used Eqs. (12) and (14) to observe that 


ApoVM | po) =OM| po). 
(E-F): Eden-Francis’ method: 
O=A={5E+ (E—Eyo)[1— (|Pro(po) |) }3, 
Mm=M, 


(21) 


1 (22) 
M=1+———_[V—A]M. 
E~K—A 


Here & is the unit operator (which will not be ex- 
plicitly written hereafter). In the second term in the 
expression for A, we may suppose (E—EF),) to be 
always infinitesimal. Only in the limit when E—-£), 
need we identify this E with the Z in Eq. (22). In this 
way we are able to satisfy the condition (19), since 


ly of o) |? 
lim Wa(po)= lim : as 


E-E}o E>E,, E—E)o 


[If the state Fy. is degenerate, the appropriate modifi- 
cation of Eq. (21) can be made. The simplest de- 
generacies can be removed by a suitable choice of the 
states | p). | 

From Eq. (22), we may obtain 


(22’) 


1 
Eg Sen TD 


0) 


which leads to the Rayleigh-Schrédinger expansion. 

8 E. P. Wigner, Math. u. naturw. Anz. Ungar. Akad. Wiss. 53, 
475 (1935); L. Brillouin, J. phys. radium 4, 1 (1933). 

9R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955). 
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(T-F): Tanaka-Fukuda"” method: 


O=Orr= } Y pE pA», 


M=1+————_[V—Orr]M. 


E—K-—Orr 


(23) 


Here A, is the projection operator onto the state | p) 
and 6E, is the level shift associated with this state. 

Each of the above perturbation methods suffers 
from some disadvantage when applied to the N-body 
problem for large V. To see this, we observe that F, K, 
and (E—K)<6E are each of O(N) and thus large 
numbers, compared to single particle interactions. The 
interaction V contains O(N?) terms. As a result, the 
propagator in Eq. (20) is 


1/(E—K)= 0(1/N). 


This makes any simple perturbation expansion of (20) 
quite useless."' In Eqs. (22) and (23) the propagators 
are of order unity and thus are quite suitable for a 
perturbation expansion; on the other hand, the opera- 
tors [V—A] and [V—Orr | have an uncertain order of 
magnitude and are cumbersome to handle directly. 
These difficulties may be overcome by formal manipula- 
tion of the integral equations; however, the result of 
this seems to be equivalent to having started with one 
of the “optical model” methods,” which we now 
describe. 


C. “Optical Model” Methods 


Returning to Eq. (17), we investigate the conditions 
under which it can be written in the form 


1 


M=1+ PVM, (24) 


E-K-O 


where P is some operator with suitable properties. Sub- 
stituting this into (17) and recalling that both equa- 
tions are to operate on the state | po), we obtain the 
condition 


(1—P)VM| po)=OM | po), (25) 


if Eq. (24) is to provide a solution to (17). 

If the operator O is chosen in such a manner that 
(E—K—O) is of order unity (compared to N) for inter- 
mediate states, and if P is a manageable operator, Eq. 
(24) provides a convenient starting point for discussing 
many-body perturbation methods. 

A simple illustration of (24) is provided by choosing 

>= 1—Ayo. This then yields the (W-B) method. 

A more complex approach is: 

10H. Tanaka, Progr. Theoret. Phys. Japan 13, 497 (1955); 
N. Fukuda, Phys. Rev. 103, 420 (1956). 

11 FE. P. Wigner, reference 8. 

12K, M. Watson, Phys. Rev. 89, 575 (1953); N. C. Francis 
and K. M. Watson, Phys. Rev. 92, 291 (1953). 
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(F): Feenberg™ method: 

Here P= P, is a “counting operator” which excludes 
repetition of intermediate p states. That is, 

Ppp’ | VM | po) =0 

for all terms in the perturbation expansion of (p’| VM | po) 

. I I . ; rs 
which have p’ as a virtual state. The action of the 
operator Pr is illustrated by Eq. (29). The “Feenberg 
potential” Vy is defined as the diagonal matrix whose 


elements are 


V r(p)=(p| VM | p), (26) 


where | p) is any p state. We choose 
abbreviate 

a=E—K-—O, 
and verify that Eq. (25) is satisfied, since 


(pi1|(1—Pr)VM | po)=(pi| V | pi) 


1 a 


ge | 1 
+( pil V-Pev |) pill +-PrV+--- po) (29) 
| @ | | a | 


=(pi|VM| p1){p1| M| po) 
= V p(pi){pi| M| po). 


| 1 1 1 | 
<< ¢ 1+-PrV+-—-PrV-PrV+::: po) 
} a ( 


Before discussing further “optical model” methods, 
we write down the multiple scattering” solution to Eq. 
(24). This solution is, with 


V=DaVa, 


1 
-v fir] 
a 


1 
M=1+->D PtaMa, 


ada 


given by 


1 
Ma=1+- ¥ PtsMg. 


a b+a 


That these equations provide a solution to Eq. (24) is 
readily verified by substitution (for a detailed deriva- 
tion, see references 12). The integral equation defining 
ta is a “two-body equation,” since it involves only the 
interaction V. of the pair a. We may also easily show 
that 

VM =) ataM a. (31) 
13 FE. Feenberg, Phys. Rev. 74, 206 (1948). See also P. M. Morse 
and H. Feshbach, Methods of Theoretical Physics (McGraw-Hill 
Book Company, Inc., New York, 1953), Chap. 9. 
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Here the V.’s have been completely eliminated in 
terms of the two-body scattering operators fa. 

Equations (30) are formally rigorous, with the level 
shift given by 


Ve(po)=[(po| > ataM a| po) |D(po) 


for any consistent choice of P and O. This is true, in 
particular, for the (W-B) method with P= (1—A,,) or 
for the Feenberg method with P=Pyr. The specific 
equations used in connection with the optical model” 
and by Brueckner ef al.!* are obtained by taking 


P=(1—A, |Pwo, 


(32) 


where Pypta vanishes for diagonal elements of ta. For 
nondiagonal elements of ta, Pvp is unity. That is, 


Pyo\p | ai | p) = 0, 
Pyv(p'|\ta| p)=(p'\talp) if p’+p. 
Introducing the notation previously used,!:?:” 


Pyota=Ta, (33) 


where J, has matrix elements for inelastic scattering 
only, we obtain [D(po)=1] 


Vy = (po > ataM oa | po) 


1 
Moa= 1 ~ i. > [1 —A po} gM og (34) 


€ Ba 
e=E—K—)..(p| tal p). 


These provide just the Francis-Watson™ expression for 
the optical model potential, and the corresponding 
Brueckner'? formulation of the eigenvalue problem [as 
explicitly written out in reference 9]. Only in the first 
or “Brueckner approximation,” for which 


Ey.= K (po) +d a\ po! ta Po), 


does e in Eq. (34) not show an anomalous \-depend- 
ence. This N-dependence may be removed easily by 
solving a “self-energy” problem [i.e., by carrying out in 
closed form a sum over repeated “linked clusters,” in 
the terminology of Brueckner* ]. 

The same end may be accomplished formally by 
giving P=Pp» a suitable definition. We define it to 
eliminate to some prescribed order the diagonal ele- 
ments of clusters of the /,.’s. More specifically, let us 
define it by exhibiting its properties, making use of 
Eq. (31) [Note the close resemblance to the Feenberg 
operator Pr which is defined with respect to matrix 
elements of the V,’s, while Po operates on matrix ele- 


4 For the optical model problem, the summation index a does 
not run over all pairs of particles, but just over all indices of those 
particles scattering a given particle. In this case, K in Eq. (34) 
contains the entire Hamiltonian for the scattering medium and 
thus e does not contain an anomalous N-dependence. Also, ‘“un- 
liked clusters”’ do not occur [these will be discussed in Sec. V]. 
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ment of the f.’s ]: 


(1—Po){p| VM | po) 


= (Pap 


alta d 


1 
x tf 1+ ys —Potai 


1 1 
+> Pda ¥ “Pest =| po) 


a\ita q@ ag+ai d 


1 
=(p|d tal p) hee “Patert |e) 
° | aita @ | 
ea. | 
pid ta—Po >, tai| p 


a alta | 


| 1 | 
x{ p}i+ 5 “Paes to) bo (35) 


| agtai d 


The second factors in the terms on the right-hand 
side of Eq. (35) are (p|Ma| po), (p|Ma1| po), --*, re- 
spectively. In order to satisfy the condition (25), we 
must be able to replace each such factor by (p|_M| po). 
Since M, differs from M only by the omission of a final 
interaction of the pair a, this replacement may be 
accomplished by suitably restricting the sum in the 
first factors rather than in the second factors. Actually, 
such restrictions are not important’® because there is no 
free summation over the intermediate states p in Eq. 
(35); the interaction of the pair a is only one out of 
$N(N—1) pair interactions, and therefore it does not 
matter whether it is retained or not when JN is large. 

These considerations enable us to rewrite Eq. (35) in 
the form 


(1—Po)(p| VM | po)= Vo(p)(p| M| po) 
=(p|VoM | po), 


where 


1 
von=( oz tatd ta-Po D int---|p) (36) 


a aita | 


=(p|d taM «| p). 


Choosing 
O=Vo, (37) 
we satisfy Eq. (25). 
If we carry the sequence of operations (35) to infinite 
order, we obtain 
Vol po)=V-| po), 


so that D=1 and IN=M. For our subsequent applica- 
tions of this method, we shall extend the series (36) to 
the order required for a specific approximation, since 
in general Vo(p) cannot be evaluated exactly. At the 
same time, we shall suppose our approximation to be 


15 An exception occurs at the singularity of the propagator a“. 
In Sec. VI we shall see how to take this into account. 
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sufficiently good that D=1, or W=M. In this connec- 
tion, we see that Eq. (34) represents a “first approxima- 
tion” to Eq. (36). [Equation (34) is, of course, exact 
in a formal sense, but not in a practical form for use 
except as providing a first approximation to our pro- 
pagator [E—K—Vo]}-'. This limitation does not apply 
to the optical model problem, however. | 

Before continuing with a detailed discussion of the 
many-body problem, we describe two simple problems 
which will be seen to have a bearing on the “linked 
cluster” development of Sec. V. 


III. “ADDITION THEOREMS” FOR THE ENERGY OF 
COMPOSITE SYSTEMS 


A. Addition Theorem for Independent Systems 
We suppose that our system is composed of two non- 
interacting subsystems “1” and “2” with kinetic and 
potential energies K,, K2, and V;, V2, respectively. Then 
K=K,+K,, 
V=Vitbs, 
Ve(p)=(p| Vin| p)+(p| V2 | p). 


(38) 


Even though the integral equation (17’) for 9M inter- 
mixes operators for the two systems in a complicated 
way, we assert that this effect must be spurious since 
the systems are assumed to be isolated. Let us assume 
that Ex; and Fr, are eigenenergies for the individual 
systems, so that 

Ex= E+ Bro 


is a possible energy for the composite system, and let 
A1o and Ag denote any two of the states (A1,A2). Our 
assertion then becomes: as 


E-EF)yo+ E20, 


we obtain the limits 


(0! vie | p)= Va(Enup) - 
(p| Vo | p)= Ve2(Er2o,p), 


where V.; and V2 are the respective V,.’s pertaining to 


the individual systems. That is, 
W,= 1+[£i—K.i—0,;] TVi—O; jm, (40 
Vei(p) = (p| Vi9M | p). 


Similar expressions hold for system ‘‘2”. To prove this 
theorem, let (A) stand for the state (A1,A2) with wave 
function ¥(p). Then 


Do(p| Vil p' Wa(p")=LEm— Ki(p) Walp), (41) 
since the two systems are isolated. Now 


M=W(1/Wa), 


PARTICLE SYSTEM 


so that using Eq. (6) we may write 
(p| Vim p’) 

(p 

= ps sees 


p’’ xX 
[LEx— Ki(p) Wa(pyr*(p’) 


| Vi] p" Wa p"Wr*(P') 1 


E-E Walp’) 
N a(p’) (42) 


In the limit as E approaches Faio+ Fr20, most of the 
contribution to the sum comes from the single state 
Ao= (A10,A20) so that we may factor [Eaio— Ki(p) | out 
of the sum. There results 


1 
(p| Viott| pL Eaio— Ki(p) (p| W | p’)— 
Walp’) 
The diagonal element is 

1 
(p| Viot| p)~[ Exro— Ki(p) JW a(p)—— 

Walp) 
= [ Exo K,(p) ] = V er ( Ey10,p), 


(43) 


which proves the assertion of Eq. (39). This result, 
which states that we may replace quantities such as 
Vio by Vi9Ni when calculating the energy of com- 
posite systems made up of noninteracting parts, will be 
important for us later. It should be noted that the 
limit E—Ed1o+Fr20 is not taken until WaW 7" is set 
equal to unity in Eq. (43). 


B. More General Addition Theorem 


As in Part A, we suppose the Hamiltonian H=K+V 
to be 


K=Ki+K,, 


anit al (44) 
7 V it} 2) 


but make no assumption that this describes two “in- 
dependent” systems. An alternative way of writing 
Eq. (44) would be H= K’+V’: 
K'=K,+Ke+V2 (45) 
*] 
V’=Vj. 
A complete set of eigenfunctions of K and K’ are 
supposed to exist: 


K|p)=K(p)| p), 


ai m ? (46) 
K lop) =K (bp) |p). 


As is implied by the notation, it is supposed that a 
“pairing” of p and of ¢ states has been effected. 

Now, the eigenvalue problem can be formulated in 
terms of either set of basis states. We wish to study the 
relation between these two methods of formulation. 
That is, we seek the eigenvalue E= E,,, which may be 
associated with either | o) or |@,o). For this purpose, 
the (E-F) perturbation method [Eqs. (21) and (22) ], 
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in a slightly generalized form, is used: 


1 
M=14+———_[Vi4-V2—Ao JM, 
aoe 


oi — a0 
where 


Ao=5E+ (E—Ejo) do. 
Here a» is an arbitrary constant, and 
bE=E,.—K (po), 
= lim (po| VIM | po), 
E-E)o 


as usual. Alternatively, we may write 


‘ [Vi-—Ai JM, 


1 


M,=1+— ; 
Rw Kk? .. 
A,=6E,+(E-—E,.)a1, 
5E\= Eyo— K' (po) 
(bp0| Vii] dpo). 


== lim 
E-E)o 


Here a; is another arbitrary constant. 
According to Eqs. (16) and (19), 
m= MD 
M1= M,D,, 
where 


D= [E—K—Ao] WW 


=[1—a] 1 Wro( po) | ; 
[E-K’—Ay War 
=[1—a1 1" |Wro(dp0) |~*. 


In the above expressions Yo(po) and Yro(dpo.) are the 
eigenfunctions of H expressed in the p- and in the @ 
representations, respectively. Also, Wai is just the 
quantity W, in the @ representation. To prove the 
first of the relations (52), we make use of Eqs. (6), (8), 
and (48) to obtain 


lim 
E—E)}o 


D,= lim 


E-E)}o 


Wro( Po) . 
i 
E-E)o 
lim [LE—K—Ao]=(E—Ejo)(1—ap). 


EE }o 


lim 
E-E}o 


The second of Eqs. (52) follows by the same argument. 
The form (21) for Ao would correspond to the choice 


a=1- |Wro( po) 2 
making D=1. For the sake of added clarity, we shall 
continue to consider ao and a; as arbitrary, since they 
have no effect on the eigenvalue Eo. 

Finally, we shall define 
As=6F.+ (E—E),)ae, 
6F2=6E—6Fi, 
d2=do— 4, 
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so that 
Ao= Ay;+ Ao. 
It is convenient also to introduce the abbreviations 
a=E—K—Av, 


54 
d=E—K'—A,, oo 


and define a quantity m2 by 


1 
m= 1+-—(V2—As)me. 
a 


Equation (55) is formally solved by 


1 
m= 1+-—(V2—As) 
(56) 


With these quantities we are able to establish a rela- 
tion between dF and 6£, by observing first that 


M= M ym». (57) 


To prove this, we rewrite Eq. (50) for M; as 


1 
M,= 1+m(-) ( Vi—A)) My, 


a 


using 1/d=m2(1/a) [Eqs. (56) ]. Equation (57) may 
now be substituted into the right-hand-side of Eq. 
(47). That is satisfies (47) is easily shown, using the 

integral equations for M,; and mz. 
To continue, we show that if the limit exists, 
lim = me| po)= |@po)C, (58) 


E-E)}o 


where C is a constant. To see this, we use the second of 
Eqs. (56) and observe that 
lim [E—A,—K—V2]mo| po)= lim a|po)=0. 


E~E)}o E-E)o 


Thus 


(59) 


lim (K+V2)ms| po)= (Exo—5E1) | bo). 


E-E)}o 


The normalization factor C in Eq. (58) is determined 
from 


lim (@p0| me2| po) 


E-E)}o 


1 
=C2z lim (oy. a) = (bpo| Po) 
E-E)o d | 


x lim [E—K(po)—8E:—Ai}"[E—K (po) —Ao]}} 


E-E)}o 


1—a 
[Joni 60 


1—a, 


using the definitions of A; and Ao. 
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At last we are ready to calculate 


(po| Vion | po) = (po| ViMymz| po)D 
= (po| Vii |¢p0)(D/D1)C= (po| Vi91 |b) 
XL(@po| Po) | Wro(Pp0)/Pro (po) |* J. 


This is to be compared with Eq. (50) for 6£;. The 
relation is clearly not simple in general because of the 
change in representation.’ It is reassuring, however, 
that the constants do, a1, and dz have all disappeared 
in Eq. (61). 

In the following sections, we shall encounter prob- 
lems related to those just discussed, and shall make free 
use of the results obtained here. 


(61) 


IV. RELATION TO OPTICAL MODEL 

We can express the energy of the N-particle system 
as the energy of an (V—1) particle plus one particle 
system. For this purpose we can take over, without 
further calculation, the results of Sec. (III-B). Let the 
correspondence be 

N 
Vi-V =D Vis 


su 
VoV—V;i. 


The eigenfunctions of K+(V—V,) are then |¢,(z)), 
as in Sec. ITI-B. 
Thus the extra energy associated with adding one 
more particle to the medium is 
bE;= lim (pol VIM (i) |Pp0), 


E-E)}o 
where, by Eq. (20) 


m(i)=14+[E-K-(V-Vi) 
X[1—A(@po(7)) JV MZ). 


Here A(¢,0(i)) is a projection operator onto the state 
byo(i). | 

Adapting Eqs. (33) and (34) to the present problem, 
we have (for instance) 


N 
VOM (i) =). tisM s(i), 


S+i 


1 
M s(i)=1+-[1—A(p0(t))] SS TigM, (2), 
é 


a#8,i 


(62) 


(63) 


(64) 


where 


N 
e=E—K'—D (bpoltis|dpo)- (65) 


S+i 


The ¢ and J matrices are defined as in Eqs. (30) and 

(33), with Pyp in the present example acting on @ 

states rather than on p states. Thus, the problem of 

16When (K,+V;) and (K2+V2) form isolated systems, as in 
Part A, one readily verifies that Eq. (61) leads to 
(po| ViSIC| po) = (bpo| Vi Mi | po), 


which is, of course, just the result obtained in Part A. 
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determining the level shift 6£; from Eq. (32) is for- 
mally equivalent to that of finding the optical-model 
potential,’ except for the boundary conditions. 

We now return to the actual N-body energy, making 
use of the results of Sec. (III-B): 


Eyo= K (po) +6E, 
bE= lim (po| VIM po) 


E~E}o 


N 


=$>>{ lim (fo| Vi! po)} 


i=l ££ *EXo 


. 
=3> lim j (po| VIN(2)| bp0(2)) 


=1 E-E)o 
Vrolbpo(t))|* 


X (bpo°| po 
| Wro(Po) 


Here we have been able to take Eq. (61) over un- 
changed, except for notation. 

To evaluate the level shift given by Eq. (66), one 
makes use of Eq. (64). The wave functions y,. and 

¢o) are to be evaluated from the SN matrices in a self- 

consistent manner. One observes that the propagator 
e-! has no anomalous N-dependence and that ‘“un- 
linked clusters” do not appear in Eq. (66)‘ Las long as 
one does not “mix” the expansions of the various 
terms ]. 

One can easily obtain from Eqs. (64), (65), and (66) 
the approximations that Brueckner ef al.!* actually 
used in their calculation of the energy of the nuclear 
system. If one wishes to obtain higher order terms, Eq. 
(66) becomes cumbersome. In the next section we shall 
discuss an alternate expansion for 6E which is in some 
respects simpler than that just given. 

V. “LINKED-CLUSTER” AND “NEAREST-NEIGHBOR” 
EXPANSIONS 
A. Definition of the Clusters 


Returning to Eqs. (24) and (25) for the N-body 
problem, we have 


1 
M=1+-PVM, 


a 


(1 = P) VM | po) = AypM | po), 
a=E—K—Abp, 


where we have set O=Ao, an operator defined by the 
second equation above. It will turn out that we can 
conveniently choose Ao such that D(po)=1 and M@=M 
[Eq. (16) ]. 

For the moment, we shall not specify the operator P 
in detail. Since we take D=1, we must satisfy 
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(po| Ao| po)= V. (po) and 


lim (po| Ao po) =5E, (68) 


E-E)}o 


the energy shift of the po-state. 
According to Eqs. (30), (31), and (32), we may ex- 
pand V, as 


V (po) ={po| VM | po) => a{po|taM «| po) 


| 1 
=( pod tat ta-P © int---|p0), (69) 
| @ a a a\ta | 


Here, as above, 


a=E-—K-—Ay, (70) 


and the ¢, are defined by Eqs. (30). The summation 
indices a run over all pairs of particles. 

To discuss the order of magnitude of the terms in the 
expansion (69), we refer to the notation of Eq. (3). 


Each ¢, has a magnitude of the order 
ta= Of (ro?/V)u], (71) 


where u is the “effective interaction energy” between 
a pair of particles. On the other hand, 


> ala= OL Npro®u |, 


p=N/V 


where 


is the number of particles per unit volume. In Eq. 
(69), each sum over the intermediate momentum states 
k of a single particle contributes an integral 


De=V (ont) f a, (74) 


which removes a factor of ro°/U from ™the given term 
in (69). 

The terms in the expansion (69) may be classified 
according to their linked clusters, as defined by Brueck- 
ner.‘ A typical term in the expansion is 


TSE EF 


a aita agtal alFa(i—1) 


T (aay: + -a), 


where 
1 1 1 
T (aay: - +a) =(p te—Play-Ptaz: + +—Plaj po). (75) 
a a a | 


” 


To define a “linked cluster,” we pick a particular /- 
matrix, say fa; from the set of ¢’s contained in T (a: - -a). 
We now note all particles in T(aa,---a7) with which 
members of the pair a; interact, all particles with which 
these interact in turn, etc. Let us suppose that we ob- 
tain in this way a total of m interacting particles. The 
t-matrices describing the interaction of these particles 
in (75) determine a linked cluster in T(aa,:--a;). If 
the first linked cluster does not involve all the ?’s in 
Eq. (75), we pick a new ¢,; [one not involved before ] 
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and define in the same manner a second linked cluster. 
If there are still ¢’s left over, we can define a third 
linked cluster, etc. Eventually, we shall have placed 
each ¢, into one, and only one, linked cluster. 

Several simple examples of Eq. (75) are: 


1 1 
7(12,23,13) ={ po tie-Plog Pus| to), 
a a | 


T (12,13,24,35,45) 


i & 1 1 1 
=( poli Pty3-Ptoy-Pl35s—Ptss 
| a U 


1 a a 


T (12,13,45,23,45) 





| 1 1 1 1 
=(p tyo-Ply3 Ptgs—Plo3 Pts po). 
| a 2 oe" 2 


Each of the first two terms contains only one linked 
cluster. The third contains two linked clusters, ‘‘un- 
linked” to each other in Brueckner’s terminology. 

We wish now to estimate the contribution of a given 
linked cluster to T in Eq. (75) [and thus to the energy 
of the system through Eq. (69) ]. A linked cluster of 
n particles must contain at least m /-matrices in 
T (aa;:+-a1), because each of the m particles must 
scatter at least twice—once out of the po-state and 
once back into it. Since each ¢ matrix scatters two 
particles, there must be no less than m f-matrices. The 
order of magnitude of the contribution of an -particle 
linked cluster to T may be estimated from that of a 
linked cluster with exactly m ¢-matrices, since adding 
more /-matrices just introduces enough additional fac- 
tors (74) to remove the extra factors (r0°/V). 

Now each of the n /-matrices contains one 6 function 
expressing momentum conservation. One of these 6 
functions is redundant, since the final state | po) is 
specified, leaving us with (n—1) 6 functions. There are 
nm summations (74) over virtual states, of which all but 
one are removed by the (m—1) 6 functions. The linked 
cluster thus contributes to T (aa: - a) a factor 


ro? uy" 
von) f areal “ | 
Ua 


where (@)~ is an “effective value” for the propagator 
a~, On inserting this into the expression (75) for T, we 
must sum over all combinations of the N particles 
available for assignment to the » particles in the cluster. 
On the assumption that n<<JN, this gives us an addi- 
tional factor NV". Combining these two factors, we see 
that the -particle cluster contributes to T a factor 


T (Nu)[ pro? (u/a) |", (77) 


if we set 


(2xh)-8 f d*kr3= 
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Had the n-particle cluster contained g (>) ¢ matrices, 
(77) would be replaced by 


T no (Nu)[ pre? (u/a) ]""[u/a]o. (77') 
If part of the expression T in Eq. (75) contained m 
linked clusters involving a total of r different particles, 
then the order of magnitude of this contribution to T 
would be 
T~[N"u][pre®)"[u/a)!. (78) 
When substituted into Eq. (69), we get from this a 
hopelessly “nonconvergent sequence” of ascending 
powers of NV, as has been noted by Brueckner,*‘ since 
very large m will be favored. 

On the basis of the structure of the terms in the 
Rayleigh-Schrédinger perturbation series, Brueckner* 
has suggested that one discard as spurious those terms 
in (69) which contain more than one linked cluster. 
This avoids the difficulty just noted, since then m is 
always unity in Eq. (78). We have failed to derive 
Brueckner’s explicit expression, but have obtained one 
bearing considerable similarity to it. 

To continue, we define for each term 7 (aa: + +az) in 
(69) the “left-linked cluster,” which will be designated 
as Cy. This is the linked cluster containing the pair 
“q’’ of particles participating in the last scattering on 
the left. All other linked clusters will be grouped into a 
composite cluster, termed the “right cluster’”—which 
we shall designate by the symbol Cr. 

Next, we combine all the terms in (69) which have 
as the Cy cluster the n particles (i,---i,). The sum of 
all these terms is written as 


(79) 


Un(iy" + *in). 
This classification permits us to write Eq. (69) as 


Ve= oy (1,2,- +> N)+E ew_i(1,2,-+-r—1, r¥1, +++) 
$e $D anise sén) te FE v2(tiyia). (80) 


Here }-2,(i,-++in) means that we must sum over all 
combinations of the indices (i;---i,), the sum running 
over all N particles. We do not sum over different 
permutations of a given set (i1---in), however, since 
these are included in the definition of 2,. 

Now, the number of terms in Eq. (80) is finite, so 
there can be no formal question of convergence of the 
sum. In Part (B) we shall discuss the evaluation of the 
vn’s in Eq. (80) and show that each }°v, is of the order 
of magnitude of 


(Lon) Nu JLo? (u/a) |r, 


except for a multiplicative factor with an undetermined 
dependence on (u/d) and n. As will be seen, Eq. (80) 
represents a “nearest neighbor” expansion, in the sense 
that the lowest order term describes the interaction of 
pairs of particles, the next triples of particles, etc. The 
rapidity of convergence of the series of terms (81), 
when substituted into Eq. (80), evidently depends on 


(81) 
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the number of nearest neighbors of a given particle 
[i.e., upon pro |, upon the strength of the “interaction” 
u, and upon the “temperature” or “zero point energy” 
(through @).!" 

To avoid confusion, we observe that our linked 
clusters are not exactly equivalent to Brueckner’s,‘ 
because of the presence of the P operator. This is not 
quite a trivial difference, since this operator has con- 
siderable influence on the terms in Eq. (80). 


B. Evaluation of the Terms in the Nearest 
Neighbor Expansion 


Our next problem is to discuss a means for the evalua- 
tion of the general term », in the “nearest neighbor” 
expansion (80). Before doing this, we remark that the 
operator P may be taken to be either the Feenberg 
operator Pr or the optical model operator Po. The 
choice does not matter for our formal arguments; we 
shall actually use the operator P», however, since this 
seems a little simpler to interpret when we are finished. 
Then Ap in Eq. (67) is just the Vo of Eq. (36). 

For the evaluation of v,,(7;---7,), we define 


Vir=De(Cr) Va, 
Vr=Da(Cr)Va. 


Here the first summation is over all pairs of which both 
particles are in Cz [i.e., the group (i;---i,) of particles ], 
and the second summation is over all pairs of particles 
in Cr [ie all but particles (i;---i,)]. Thus 
[V—Vzi—Vr].includes only interactions between C, 
and Cr particles. Defining next, 


(82) 


(83) 


1 
M'=1+-P)(Vi+Vr)M’, 
a 


we observe that 


Un(i1: + tn) = {(po| VtM"| po), —[those terms in 
(po| VM" | po) for which all particles (i- - -i,) 


are not linked to each other ]}. (84) 


In other words, to evaluate 2,(i1---t,), we may 
evaluate (po|V1M’| po) and then omit those terms for 
which all the particles (7,---i,) are not linked together 
in the left cluster. Our problem is thereby reduced to 
that of evaluating (po|V1M"| po). 

At this point the solution of our problem is fairly 
evident. If we write 

K=Krt+Kz1, (85) 
separating the kinetic energies of the Cz and Cp par- 
ticles, our problem is formally like that of Sec. (III-A). 
That is, C, and Cr form two isolated systems, since 
Eq. (83) contains no V.’s of which one member of the 


7 For the nuclear problem considered by Brueckner, the quan- 
tity d was large because of the assumption of a degenerate Fermi 
gas. The occurrence of (pro*) in (81) does not seem to have been 
noted before; it provides much of the motivation for statistical 
mechanical applications. 
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pair a is in C; and the other in Cr. Thus, according to 
the theorem of Eq. (39), we may completely neglect Vr 
and Cr in solving Eq. (83) and evaluating (fo| VM" | po). 
Consequently, the only linked cluster in 2,(7;t2---+7,), 
according to Eq. (84) is Cz—that is, », contains no 
“unlinked clusters.” The order of magnitude of (}02,) 
is therefore just that of Eq. (77), from which Eq. (81) 
follows. 

Unfortunately, the argument of the preceding para- 
graph is not “sufficiently detailed” because the diagonal 
matrix Ao appearing in a a~ contains the interaction 
energy of the C, particles with the Cr particles. The 
main effect of this appears to be that one replaces the 
kinetic energy K,, by an “effective kinetic energy in the 
medium,” ez. To see this, we decompose the interaction 
energy Ay by means of the equation 


K+Ao=[energy of Cr ]+[self-energy of Cz ] 
+[kinetic energy of Cz-particles plus interaction 
energy of C,-particles with Cr-particles]. (86) 
The last term above gives the “effective kinetic energy” 
ex involving an “average” over the states of the Cr- 
particles. As an approximation, we evaluate this 
“average value” of ez, on the assumption that the 
Cr-particles remain in their Po-states. This new e;, then 
depends no longer on the coordinates of the Cr-particles, 
so that the conditions of the theorem of Sec. IITA are 
precisely fulfilled. The elimination of the unlinked 
clusters is therefore accomplished by the above 
procedure. 

The approximate evaluation of e€, just described is 
expected to be valid for our problem, i.e., for a homo- 
geneous, extended medium with V>>1. To see this we 
may argue as follows: ez is first of all a diagonal 
operator and therefore is not correlated to a previous 
or successive scattering. Secondly, e, involves a sum 
over (V—n)>>1 interactions for each C, particle. 
Fluctuations involving a finite number (actually <<.) 
of terms at a time are thus expected to average out for 
large NV. Consequently, we are justified in evaluating 
€, as an average over the p, states for the Cr particles, 
and in neglecting “fluctuations of the medium.” 

An alternative and perhaps more picturesque formu- 
lation of the problem would involve a time-dependent 
description of the system. Initially each particle is in a 
wave packet which is allowed to scatter against the 
wave packets of other particles for a fixed time. During 
this period any particle will have had opportunity to 
interact with only a certain number of other particles, 
which make up its C; cluster. As long as the number of 
particles involved is much less than V, we may argue 
that this C, cluster is nearly independent of the medium. 
From a macroscopic point of view, the error in the 
energy can be very small even though we have deter- 
mined the energy during a finite time interval. 
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For quantitative evaluation, we write 


Hr=[energy of Cr], P 
(87) 
A,=([self-energy of Cr], 
for the quantities appearing in Eq. (86). Since we sup- 
pose the nearest-neighbor expansion to converge for 
n<N in Eq. (80), we see that the terms in Eq. (86) 
have the following orders of magnitude: 


Hr= O(N), 
ex™0 (unity), 


(88) 


The difference 


E—Hr=en (89) 


represents just the energy of the C,, particles, because 
Hp subtracts from E in Eq. (89) the energy of Cr. 

With these definitions and the theorem of Sec. IIIA, 
according to which we may ignore the Cr system in 
evaluating Eq. (84), we may replace the propagator 
a by a new propagator d7: 


(90) 


d=ero—exr—At. 


Reference to Eq. (88) indicates that in general we may 
ignore the term A;.!® 

It is easily seen from an argument identical with the 
one leading to Eq. (30) that 


ViM = > all 1) RaM 1a, 


| 
Mra=1+- ¥ (Cr) PoRsM x, 


B+a 


(91) 


Ra=VatVa(1/d)PoRa. 


Here all sums over particle pairs are restricted to those 
which are contained in Cz, as indicated by the notation 
>a(Cz). The “scattering operator” is denoted now by 
R, instead of ta because we have made a specific as- 
sumption concerning the propagator. 

The “effective kinetic’ —or “dispersive”’—energy is 
a function of the momenta kij, ki2, - - -ki, of the  par- 
ticles in C,. Its evaluation is discussed in detail in 
connection with the formal development of Appendix C. 
We also can obtain e, from the considerations of Sec. 
IV, noting that ez represents the sum of the energies 
of the m particles in C,, each interacting with the 
“medium” consisting of CR: 


éex=>, ex(kir), 
l=1 


1 
€1 (Riz) =—ki?+6Ei, 


2m 


where 6£i; is given by Eq. (62). The first (or Brueck- 
ner'?) approximation yields for the energy of the ith 
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particle 


1 
€1(R;) =—k?+ > 


2m jin CR 


(ki, por R;; k;,Por), (93) 


where por indicates the po state for the Cr particles. 
It is hoped that Eq. (93) represents a suitable approxi- 
mation for most applications, since the propagators be- 
come cumbersome to evaluate in higher approximations. 

The quantity ez. in Eq. (90) is determined by the 
condition that as E> E)o, 


d po) =0. (94) 


This condition must hold because we explicitly con- 
structed the operator a to vanish in this limit when 
acting on the state | po). From Eq. (94) we see that ez. 
is given by 


€le= €x (po) +Ax(po). (95) 


In Sec. VI the evaluation of R. will be studied. After 
the R.’s have been obtained, the quantity (po | ViM_z| po) 
must be determined by use of Eq. (91). The v, are 
obtained from Eq. (84), and finally the energy of the 
entire system from Eq. (80). 

At this point we are able to make a few qualitative 
comments concerning the structure of the nearest- 
neighbor expansion (80). Since 


vn=linked terms in {(po! oa(Cr)RaM ra| po}, (96) 


we must consider all modes of exciting the m Cz par- 
ticles out of the po state and then returning them to it. 
The action of the Py operator prevents us from repeating 
intermediate states. We must also, of course, conserve 
total momentum at each scattering. For the purpose 
of a qualitative argument, let us approximate v, by a 
single T(a;:--a,), as in Eq. (75). Let us also suppose 
that each energy denominator is of order q,é, where q, 
is the number of particles excited out of the | po) state 
and é is an “effective energy of excitation,” perhaps of 
the order of the temperature or zero-point energy. Then 
Eq. (81) becomes 


co eomtwalfone“] [= (it—)] (97) 


The summation in the last factor runs over all per- 
missible ways of exciting each particle from the pp- 
state in a single scattering, and then returning it into 
the po-state in a second scattering. 

The possible transitions may be represented graphi- 
cally by placing » dots in a suitable array to represent 
the particles. Each scattering between a pair of 
particles is represented by a line joining the correspond- 
ing dots. If a particle is excited out of the po-state by 
a scattering, an arrow is drawn along the line near the 
dot which represents the particle, pointing away from 
the dot; if the particle is returned to the po-state, the 
arrow is drawn pointing toward the dot. As we saw in 
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(a) (b) 


Fic. 1. Cluster diagrams corresponding to the first two examples 
of Eq. (76). (a) Graph representing the term 


| 1 1 
( RizPoRosP oR 3 ps). 


(b) Graph representing the term 


1 1 1 1 | 
3) Rix PoR sgh oR PoR seg PoRis| po). 


Part A, only a single momentum transfer (except for 
sign) is possible at each scattering. Let a particle in 
each scattering then receive a momentum +q, which 
may be written on our graph near the line joining the 
dot. (We must, of course, integrate over q to complete 
the evaluation of v,.) The specification of a given term 
in v, is now complete. Some illustrations are given in 
Fig. 1. We may think of our points as being arranged 
on a “chain.” 

The factor involving the g,’s in Eq. (97) suggests that 
transitions with relatively few particles excited at a 
time will be favored. Indeed on including more virtual 
transitions one sees that powers of 1/m! will in general 
be obtained from Eq. (97). A simple “linear chain 
linkage ” which excites a minimum of particles at a 
time, is one in which particles 1 and 2 scatter. Next 1 
and 3 scatter, returning 1 to the po-state. Then 2 and 4 
scatter, with 2 returning to the po-state, etc. In this case, 


1 
ia, 
Ys 


(98) 


(99) 


t uy" 
(E es)=L ul ont | 


2é 


It should be emphasized that these order-of-magni- 
tude estimates have not attempted to calculate in 
detail the actual volume of phase space available, or 
the effect of the form of the two-body interactions. 

If the wave function y. is desired, it may be ob- 
tained from 


CiPro=M Po), (100) 


where Cy, is a normalization constant. To evaluate 
Eq. (100), we may write 


M | po)= | po)+ nearest neighbor expansion of 


[(1/a)PoVM ]| po). (101) 
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To avoid complication, we have not mentioned ex- 
change effects associated with either Fermi-Dirac or 
Bose-Einstein statistics. If the system is nondegenerate, 
and if the R, have been properly symmetrized,’ then 
we may ignore the symmetrization of the po states. If 
the exchange terms must be kept, then the po states 
should be properly symmetrized. To be more specific, 
let |p) represent the symmetrized form of the |p) 
state; i.e., 
|p)=A,| p), (102) 
where A, is the appropriate symmetrization operator.’ 
Then, since V¢ is an operator symmetric in the particle 
coordinates, we may calculate 6E from 


SE= lim (po| Vel po). (103) 


E-E)o 


A plausible approximation to Eq. (103) consists of 
calculating the R. using only the appropriate sym- 
metrization of the “two-particle states” for the pair a, 
and then keeping the exchange terms!” in 


(po! Ve | poy—(Po | DaRaM 1a | po). 
The R, can now be obtained from the equation 
Ra=VatVa(l/d)(1—Apo)Ra, 


where we have used the fact that the volume V is large 
to replace the operator Py by (1—Ajo); 1.e., the omis- 
sion of a “few” states from the sum over intermediate 
states is not important except near the singularity of 
the propagator. 

In Appendix C, we present a more formal develop- 
ment of the results obtained in this section. 


(104) 


(105) 


VI. EVALUATION OF THE TWO-BODY 
SCATTERING OPERATORS 


At present we restrict ourselves to a nondegenerate 
system, so the Fermi-Dirac or Bose-Einstein sym- 
metrization of particles other than (a) will not affect 
the evaluation of Eq. (105) for R.. The approximation 
(93) will be assumed; however, much of the discussion 
will be more generally valid. 

The dispersive energy ez of Eq. (103) is (where ki 
is the momentum vector of the ith particle), 


(106) 
(k;kjo| Ri;| kskjo). 


1 
e:(k;) =—k?+ > 


2m jin Cr 


Let the pair a in Eq. (105) consist of the particles s 
and /, so that R,; is to be evaluated. For simplicity, we 
suppose these two particles to form the C; cluster. Then 


by Eqs. (90) and (92), 


d= AE+ e:(keo) +61 (Reo) — e1 (Rs) — €1(h:). (107) 
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Here, according to footnote (15), AE is the contribution 
to E,. due to the (s,t) pair interaction. In other words, 
as E-Ejo, 


AE= (o| Rst| po). (108) 


Since R,; conserves the total momentum of the (st) 
pair, we can introduce the relative momentum k 
=4(k,—k,) and the total momentum k7=k,+k, into 
Eq. (107), and then ignore kr. Thus 


d= AE+ e(ko)—€(k), (109) 


where 


e(k)=e1(k.) + €1(Re) (110) 


is expressed as a function of k. 
If we now write 


(111) 


Ve = Vae= v, 


we can drop the subscript st on R,, for the remainder 
of this section. Equation (105) may then be written 
in the form 


R| ko) 
= {v+[ €(ko) +AE— e(k) }(1—Axo)R} | o) 


where Axo is the projection operator onto | ko). Equation 
(112) is of the standard form for the level shift of a 
two-particle system, except for the use of a generalized 
kinetic energy ¢(k). To obtain the energy of the V- 
particle system, we must perform an appropriate sum 
over the two-particle energies. It is useful to give this 
sum a Statistical interpretation and to think of it as 
yielding an ensemble average over two-particle energies. 
We may evidently carry out this average in any suitable 
representation which diagonalizes ¢, and usually single- 
particle plane wave states are most convenient. On the 
other hand, it is usually desirable to calculate the 
two-body level shifts in an angular momentum repre- 
sentation for the two-particle system, even though such 
a representation is cumbersome when applied to the 
counting of \-particle states. 

We shall therefore calculate the eigenlevel shifts 
R(n,!) of states with radial quantum number n and 
angular momentum /,} and then transform to a plane 
wave representation (k| R|k). The latter quantity may 
be interpreted as an “average energy shift” for an 
ensemble of pairs of particles, defined on a two-particle 
energy shell. The k representation is evidently the 
simplest for the final “average” over single-particle 
states. 

From the outset we have intended to calculate only 
the volume energy of the system, which is presumably 
independent of boundary conditions at the surface of 
the container. We therefore may impose any convenient 
set of boundary conditions for the calculation of the 
level shifts R(n,/). A natural choice is to demand that 


(112) 


t We are indebted to Professor M. Gell-Mann for calling our 
attention to the fact that a partial wave expansion of R is not in 
general useful because of the dependence on kr. The following 
development can be obtained from any of a number of approxima- 
tions, however. 
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the two-body wave function vanish when the relative 
particle coordinate r=|X,—X,| is equal to Ro, the 
radius of a spherical box of volume U=4/37R,’. 

To evaluate Eq. (112), then, we introduce a com- 
plete set of orthonormal radial wave functions for a 
particle within a spherical box of radius Ro: 


2\3 
xn) =H) (=) jiLk(n,l)r], (113) 


0 


satisfying the boundary condition j[k(n,/)Ro]=0. For 
simplicity we neglect spin-orbit interactions and assume 
kRo>!I. Then the boundary condition becomes 


kRo—jrl=ne (n=1,2,---). (114) 


The number of states 6m in an interval 6k is given by 
bn= (Ro/1) 6k. (115) 


In solving Eq. (112) it is convenient to replace sums 
by integrals, an approximation which will be good when 
Ry is large compared to the “microscopic distances” 
involved.'* Newton and Fukuda" have pointed out that 
integration across the pole in the energy denominator 
of Eq. (112) must be done with care. The reason for 
this becomes evident when we write 


[e(ko) +AE— e(k) }'=[e(Ro)— e(R) J 
— AE{[e(Ro) +AE—(k) ][e(Ro) — €(R) J}. 
Since the level shift AZ is of order Ry, the second term 


of Eq. (116) is important only near the singular value 
ko of k. Thus, with the definition 


a= €(Ro) — e(k), 


(116) 


(117) 
we may rewrite Eq. (116) as 


[e(ko) +AE—e(k) }“[1—Aro] 


1 
=-[1—Axo |+7(AE)6(a), (118) 


a 


where y(AE) is a function of AE to be determined. With 
the use of Eq. (118), we may construct R by first de- 
fining the reaction matrix G by means of the integral 
equation 


(119) 


1 
G=v1+0-(1—Axo)G. 
a 


18 The effect of letting Ro become large on the bound state 
energy spectrum is discussed by Reifman, DeWitt, and Newton, 
Phys. Rev. 101, 877 (1956). 

19 N. Fukuda and R. Newton (to be published). We are indebted 
to Dr. Newton for a very helpful discussion in which he pointed 
out that the diagonal elements of R are given by R(n,1)=6(n,l)/Ro, 
where 6(n,l) is the phase shift for scattering in the state (n,/). We 
had independently observed that this result was required to give 
the second virial coefficient [see Sec. VII]. The argument em- 
ployed by Fukuda and Newton is somewhat similar to that of 
G. Uhlenbeck and E. Beth [Physica 3, 729 (1936)]. Our own 
derivation, given below, is particularly adapted to the many- 
body problem. See also B. DeWitt, Phys. Rev. (to be published). 
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The operator R is then given by the algebraic equation 


R=G+ 7Gi(a)R. (120) 
That Eqs. (119) and (120) furnish a solution to Eq. 
(112) is readily verified by substitution. When the sum 
over states n is replaced by an integration, the summa- 
tion implied in Eq. (119) becomes a principal value 
integral, and consequently G is the usual reaction 
matrix of scattering theory. Hence we may write the 
diagonal elements of G in the angular momentum 
representation as 
ko 

- tand;, 
uRo 


(Ro| Gi| ko) = — (121) 


where 6; is the phase shift of a wave of angular mo- 
mentum /. The quantity yu is the “reduced mass in the 
medium” of the two-particle system, defined by 


ko d 
—=—¢(ko). 


mer (122) 
KB Go 


When the density of particles is small we have 


€(Ro) = Ro”, m, (123) 


so that in the low density limit » becomes the actual 
reduced mass. According to Eq. (120), the diagonal 
elements of R are given by 


(ko| Ri| ko) = (Ro|Gi| Ro) 


+ > nv (Ro|Gi|m)5(n,n0){n| Ri| Ro). (124) 
The radial quantum number mp labels the reference 


state | ko). With the definition 


1ky 
vo(AE)=—y(AE) 


Ro 


(125) 


and the use of Eq. (121), we obtain from Eq. (124) the 
diagonal elements of R in the form 


ko tand, 


_— (126) 
Ro 1+(Yo 1) tand; 


(Ro| Ri| Ro) = = 


Once the function yo(AE) has been calculated, the 
energy shift is determined by the relation [see Eq. 
(108) ] 
AE= (ko| Ri| Ro). (127) 

To evaluate y(AEZ) we make use of the fact that the 
second term of Eq. (116) is important only for k~ kp. 
Hence, if we write 

ko 

(ko) — €(k) -~——6k 
Mb 


ako 
=— (n—Np), 
uRo 
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and define 
qg =n— No, 


om ——AE, 
ky 


then the second term of Eq. (116) becomes 


(=) AE 
tky} g(o+q) 
according to Eq. (118), to obtain y(AEZ) we must 
sum the expression (130) over all g with g+0: 


uRo 2 x —20 1 
(AE) = -a2| [E+ y — 
mko}Le=1 a=-1Jg(o+q) 


Ro 2 or 1 1 
ft] 
wky} olao tan 


A derivation of this sum is given in the appendix (A). 
From Eq. (125) we obtain 


(130) 


(131) 


Yo 1 1 

aan te snot , (132) 
x To tanro 

After substitution of Eqs. (127), (129), and (132) into 
Eq. (126) there results 


61 
g= 
T 


re 1 
wal od 
6, tand, 
Ro 


AE=(ko R,| ko) =— 6). 
uRo 
discussion next 


In accordance with our above we 


transform to the plane wave representation : 
(k’| R\ k) 
82° Roh? x +1 


= ~ Y Verh) vir(k)(k'| Ri), 
Uk'k 1=0 m= 


(134) 


where 2 is a unit vector in the k direction. The matrix 
element in the forward direction with k’= k= ky is 
Qrh*Ry « 

» (21+-1) {ko R, Ry . 


l=0 


(ko R k,))= (135) 


Vk? 


If the particles obey Bose-Einstein or Fermi-Dirac 
statistics, we must multiply the right-hand of Eq. 
(135) by 2 and restrict the sum over / to either even or 
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odd values. Using Eq. (133), we then obtain 


9 


dr 
(ko| R| ko) = —— a 
Upko ! even, 1 odd 


(21+1)6,. (136) 


The extension to systems with spin interaction is 
straightforward. 
VII. APPLICATION TO STATISTICAL MECHANICS 
A. Equation of State at Low Temperature 


In accordance with the technique described in 
reference 3, we write 
H.(p)=K(p)+V-(p), (137) 
where 


N p? 
K()=L—, 


i=1 2m 


(138) 


and V,(p) is determined by the method of Sec. V. The 
probability distribution function and partition func- 
tion can then be written in the form 
u(8)=exp{—8H.(p)}, 
Z=>, exp{—BH.(p)}, 
B= (kT). 


(139) 


In the low-temperature limit we may expand H,(p) 
in powers of the pi’s, retaining terms of no higher power 
than quadratic in p. The Taylor expansion” of V.(p) 
to second order gives 


N 
V (p)~VotAL® p2+n>d pi- pj], (140) 
=1 i<j 


where Vo, A, and 7 are constant coefficients. The 
equality of the coefficients multiplying pi-p; for all 
(i,j) follows from the equivalence of the NV particles. 
Furthermore, we can deduce the value of the coefficient 
n by imposing the restriction of Galilean invariance on 
V.;1.e., V. cannot depend on the center-of-mass motion 
of the system. If P is the total linear momentum of the 
N particles and vi is the momentum of the ith particle 
in the center-of-mass system, we may write 


pi=vit+(1/N)P, 
N 
.& v,;=0. 
i=1 


Then if we substitute these relations into Eq. (140) 
and demand that the result be independent of P, 
there results 
n=—2/(N-1). 
20 If there are no external fields, terms linear in will not appear 


in the expansion of V.(p) because of rotational invariance 
restrictions. 
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Consequently H.(p) is given by the expression 


2. 


N { 
2, i —-—— Lm = (141) 
i=l N-1 i<i 


1 
H.(p)= vot( " +A 
2m 


H, is now a quadratic form in the pi’s. Assuming that 
we may treat the pi’s as continuous variables, and 
H,.(p) as a continuous function of the p’s,”! we can 
easily diagonalize* the quadratic form and evaluate 
the partition function. When \>1 we obtain 


1 NY 
H.=Vot+ aa > ae, (142) 


2m* i=1 


where the X:’s are normal coordinates and m* is an 
“effective mass” given by 


1/2m*= (1/2m)+A. (143) 


Use of Eq. (142) leads to a partition function of the 
form 


B N 
Z=e *¥4l (2nh) wy fas par fe «l] 
C Joa} 
2arm*\ 144% 
=¢€ orf cnt) “o/ ) 
B 


If we write 2=kT=1/8 for the temperature, then the 
internal energy is given by 


0 |InZ 
v--( ) =Vot3No. 
0g Vv 


If @ is the pressure, the equation of state is given by 


0 InZ 
=o ) 
dV J 2 
OVo NO 3 NO Oom* 
aenrrente anti J ( ) 
00 UV 2m*XN OV 
—| VD SOV o 3 VU OA 
~ fa V ( )- aul} 
V NOX AV 2 (2m)+A dV 
Equations (145) and (146) are completely rigorous 
to the extent that the Taylor expansion (140) is valid. 
If the “nearest-neighbor” expansion is used to evaluate 
Vo and A, the result is an expansion in powers of the 
particle density N/U according to Eq. (81). This 
expansion therefore differs from the usual virial ex- 
pansion, in which the quantity within the square 
brackets of the equation of state (146) is expressed as 
a power series in 1/U. An important advantage of the 


present expansion is that it may converge rapidly for 
the liquid as well as for the gaseous phase if the range 


21 This and related questions will be reviewed in reference 6. 
22 The diagonalization is carried out in Appendix B. 


(144) 


(145) 
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of interaction is not very much larger than the mean 
particle separation. 


B. Low-Density Equation of State 


At low temperatures and for short-range interactions 
we may suppose only S-wave scattering to be important. 
The “effective range” expansion gives 


k coti1/a,+ rok’, (147) 
where 6 is the S-wave phase shift, ro is the “effective 
range’’ (a positive constant), and a, is the negative of 
the scattering length. We suppose also that a,>0. Then 
Eq. (136) becomes, to second order in , 


9 


a [1 —~ (roads + 4a,")k |, (148) 


dirh 
(k| R| ky~—— 
Up 


where k is the relative momentum 4(ki—k;) of the 
pair (7,7). In the low density limit we may set u=}m 
and sum Eq. (148) over all pairs to obtain [k= p/h ] 
82ra,h? 
AiG.) foe 
Um 


Xd (1-4 (roa. +3a,”) (pi— ph]. (149) 
<< 


By comparing Eq. (149) with Eq. (140) we obtain the 


identifications 
4tra,h? N 
ae 
m V 


rah N 
{= (oa. 4a.)( ). 
m U 


By substituting the expressions (150) into Eq. (146) 
we obtain the explicit equation of state. Retaining 
terms only up to order 1/0? we find the second virial 
coefficient B to be 


Vo= 


B 4ra,h’ ; 
=— +32a,.[roa,+4a,’ |. 
N mo 


(151) 


The same result may be obtained from the expression 
of Uhlenbeck and Beth” for the second virial coefficient 
in terms of the phase shift 6. 

We observe that our technique of expanding H,, as 
in (141) and finding normal coordinates would seem 
applicable to degenerate Fermi-Dirac and Bose-Einstein 
systems. Except for the “equivalent mass,” the re- 
spective partition functions would be evaluated as for 
ideal gases.” 


23 See, for instance, D. ter Haar, Elements of Statistical Mechanics 
(Rinehart and Company, New York, 1954), p. 196. 
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VIII. CONCLUSIONS 


The principal result of this paper is the “nearest 
neighbor” expansion for the energy of an N-particle 
system. This expansion consists of a sequence of ap- 
proximations involving “two-particle,” “three-particle,” 
etc. clusters. According to Eq. (97), the method appears 
to converge rapidly when 


pro®(u/ée)<1. (152) 
When condition (152) is not satisfied, one must expect 
to find more complex “collective modes” of motion to 
be important. In this case we see no reason for our 
method to fail—on the other hand, we may have to 
determine v, for 1<n<N. The form of Eq. (97) and 
the simple graphical construction suggest that this 
may still be a manageable problem. A further dis- 
cussion, however, is beyond our present scope. 

It is a pleasure to acknowledge once again the im- 
portance of the work of Brueckner and his collaborators 
in providing some of the motivation for our present 
studies.”*,? 

APPENDIX A 


The sum which arises in the evaluation of the func- 
tion y(AZ) is of form 


Consider the contour integral 


cotz 
I= | d———_, 
“ 2— ze" 


the contour C being a circle of very large radius R 
centered about the origin. Then as R tends to infinity, 
the value of J approaches zero, so that the sum of the 
residues at the poles of the integrand is zero. If o is 
nonintegral, there are simple poles at z=7g (with g=0, 
+1, +2, ---) and at z=+70. The residues at these 
poles are 


q=0, +1, +2, -:- 


Res(xg) = 1/[*(q?—o?) ]; 
(2A) 


Res(+20)=cot(aa)/270. 
Hence we obtain 


1 1 cotra 


$2 t—, 


im(g—o) 7 


0=- 
ot? 
* We also wish to thank Dr. K. A. Brueckner for calling our 
attention to the fact that we had unwittingly been using “Feen- 
berg’s perturbation method” in Sec. IT. 
2 After completion of this paper we have received a preprint 
from H. A. Bethe, who also has treated some of the problems con- 
sidered in our present work. 
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so that finally 


ee 1 sxrcotro -zfil 1 
2>  (?-o?)1=—_—-——_— =| _ —| (3A) 
mo ©tanro 


q=1 o o o 
Furthermore, it is readily verified that as ¢ approaches 
an integral value, the singularity in Eq. (3A) correctly 
reproduces that in the sum (1A), so that Eq. (3A) is a 
correct representation of the sum. 


APPENDIX B 


We now diagonalize the quadratic form for H,, using 
Eq. (141). If we resolve the p,’s into their components 
with respect to a rectangular coordinate system, we 
may diagonalize the form in any one of the three 
Cartesian components alone, since the three sets of 
eigenvalues will be equal. 

Therefore we consider 


(B-1) 


The eigenvalues \ of the matrix of L will be the roots of 
the Vth order determinant 


l1—-vA oy v 
es 


D=| 7 


y 
—= (1 —r)*An, 


where Ay is a determinant of order V: 


(B-3) 


and 


e=y/(1—2). (B-4) 


Subtracting the second column from the first in Ay 
we obtain 
(1—e) 
— (1-e) 
An= 0 


0 
Expanding Eq. (B-5) we may write 


An=(1—«)Ay-1+ (1—©)Qn-1, (B-) 


where 


Qvi= (B-7) 
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is a determinant of order (V—1). Subtracting the 
second column from the first in Qy_1, we find that 


On- 1= (1 ne €)On-2 


Qnv=e(1—«€)*—1. 


(B-8) 
We may now solve Eq. (B-6) to obtain 


Av=(1—6)*—[(N—1)e+1]. (B-9) 


The roots of this give the eigenvalues of the matrix of 
L (Eq. (B-1)]. When V>1 we may consider the roots 
to be all equal to unity, or 


i+. (B-10) 


Comparing with Eq. (141), we see that y= —2/(N—1), 
which is negligible for N>>1. Equations (142) and 
(143) follow immediately. 


APPENDIX C 


We redevelop the main arguments of Sec. V-B using 
a more formal approach. It seems desirable to follow 
the same notation as was used there, even though some 
definitions are modified slightly. 

Let us rewrite Eq. (83) in the form 


1 
M’=1+-P,)V'M’ 


a 


1 
=1+-(V’—A’)M’, 


a 
where V’ and A’ are defined by 


V'=Vit+Vr, 


1-2 
(1 scaid Py) V'M'= A’M’. (C 


The propagator 1/a was defined by Eq. (70). We next 
factor M’ in the manner of Sec. III-B: 


M' => M, MR, 


1 
M,=1+-(V,—Az)M1, 


d 


1 
mr=1+-(Vr—Ar)mr. 
a 


The quantity A, is defined by Eq. (C-11) below. Also, 
we write 
Ar=A’— Az, 
d=a—(Vr—Ar), 
= E—(Kr+Vr)—e1—At, 


(C-4) 


so that 
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Finally we define 
e,=K,+A, 


(C6) 
Ar=Ao—A . 


K, and Kx are defined in connection with Eq. (85). 

Continuing an argument similar to that of Sec. III-B, 
we introduce the states | ¢,) as solutions to the eigen- 
value equation 


[Krt+ Vater ]| ¢p)=Bp| ep), (C-7) 


where B, is the appropriate eigenenergy. We may con- 
sider d to be diagonal in the ¢, representation. Also, if 


the limit exists, 


lim 
E-Ejo 


mr| Po) =| PoC, (C-8) 


where C is a normalization constant. Equation (C-8) 
follows from the equality 


1 
[E—(Kr+Vr)—€1—Axz]mp| po)=d-a| po) _ 
d (C-9) 


=a | Po), 


the right-hand side of which vanishes as E—E),. The 
normalization constant C in Eq. (C-8) is given by 


C=[(fo] Gp0) F", 
since*® 
lim (po| mr| po) = 1 =C(po| Oui) (C-10) 
E-E)o 


It is convenient to introduce a new counting operator 
P® which has the same properties as Po, but is defined 
with respect to the ¢, states rather than the p states. 
That is, P® prevents repetition of ¢, states following 
scatterings. 

Next, we define A, by 

(1—P*)V.M,=A_,M 1. (C-11) 


A, is diagonal in the ¢, states. 
From Eqs. (C-3) and (C-11), we obtain 


1 
M,=1+-PV iM 1 
l 


1 
M ta= 1+ >. (¢ 1) P°R3M 13 


d 84a 


1 
Ra= VatVa-P’Ra. 
d 
26 In setting (fo|mr|p~o)=1 we use an approximation similar 
to that of the discussion following Eq. (86). 
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Here all sums over pairs are restricted to terms for 
which both particles are in Cy. Equation (C-12) is the 
new version of Eq. (91). 
To obtain v, from the prescription of Eq. (84), we 
now write 
‘ (po| VM | Ppo) 
(Pej VB" |.) =—__—_—___——_— 
(Po| po) 
(po| ep) : . 
= on (Op | 1M _| Y po) 
¥p (Po po) 


(C-13) 


This expression, although formally exact, is cumber- 
some to handle. Consequently, we shall make the 
approximations of Sec. V-B by factoring |¢g,) as 
follows: 

| Pp)= | Px)| er). (C-14) 
Here | p) is an eigenstate of Kr: 


K,| pr)=K1(p1)| pr). 


The factorization of Eq. (C-14) can be carried out be- 
cause the operator (Kr+Vp) in Eq. (C-7) is inde- 
pendent of the p,-variables, and e€, is independent of 
the Cr-variables according to the approximate evalua- 
tion of Sec. V-B. Hence | ¢ pr) is an eigenstate?’ of 
(Kr+Vep), so that the interaction V; cannot lead to 
transitions between the | gpz) states. Thus the sum in 
Eq. (C-13) reduces to only one term with | ¢p)= | ¢po), 
enabling us to rewrite this equation in the form 


(po| VM’ po)= (Ppo| VM | Ypo)- 
With the help of the relationship 
ViM = dD a(Cz \RaM ra, 


we obtain Eq. (96). That is, with proper interpretation 
we may write 
d PY p/= [e) i ex—Az | p y 


(C-15) 


(C-16) 


(C-17) 
and hence 


(Gpo| VM 1| ¢p0)=(po|VrMz| po)  (C-18) 


providing we define 
d=e€ro—€,—AL (C-19) 


on the right-hand side of Eq. (C-18). 
For the actual evaluation of A; [Eq. 
may define 


(C-6) ], we 


1 
M,;=1+M’-(V;—Ay)Myz, 
a (C-20) 


Vr=V-V’, 
so that 
(C-21) 


1 
M=1+-(V—A))M=MrM’. 


a 


27 4 somewhat different argument arriving at the same result 
is given in the development leading to Eq. (C-25). 


AND °K. MM. 


WATSON 
With the help of the relations 


Ao(p) ‘sin (p| VM | p); 
A’(p)=(p| V'M'|p); 


(p|M|p)=1 
(p|M'|p)=1 


and some algebraic manipulations, we obtain 


Ar(p)=Ao(p)—A’(p) 


*-23 
=(p| (M’)t(Vi—Ar)M 1M’ | p)+Ar(p), ened 


which may be written in the form 


(p|(M’)\(Vi—An)M1M'|p)=0 — (C24) 


to furnish an equation for the determination of Ar. 

An approximate solution of Eq. (C-24), consistent 
with our treatment of ez in Sec. V-B, is obtained by 
writing 

M'~mp, 


Mr|p)—| Pp). 


Then Eq. (C-24) becomes 


(¢p| AM; | ¢ry—~Ar(p){¢p| M1\ ¢p) 

ae Ar(p)= (gp| ViM7\ Pp) (C-25) 
Equation (C-20) may now be expressed in terms of the 
R,’s by introducing the P® operator and writing M’1/a 
=1/d, and as a result we obtain 


ViM1=) oRaM 1. (C-26) 
Here My, has the structure of Mz. in Eq. (C-12), but 
all sums over pairs of particles are carried out in such 
a manner that one particle in each pair is in C;, and the 
other is in Cr. In virtue of Eq. (C-6), we obtain in 
this fashion Eqs. (92) and (93) in the appropriate 
approximation.”* 

To include the exchange terms arising from Fermi- 
Dirac or Bose-Einstein symmetrization, we use Eq. 
(103) to rewrite Eq. (C-13) in the form 


) 


2 i ; {Po} >) : z , : 
( Po ViM p= Ae VM, ¢ po) 
¢p (Po| Ppo) 


(po| Gpor,PL) | ~— 
= —~ ~ ‘ —( PpoRs PL J LM | ¥poR;P Lo): 
PL (Po ¢ poRs PL) 


(C-27) 


For the last step we have used the factorization of 
Eq. (C-14). The sum over fp, introduces exchange 
terms, as in Eq. (104). 


28 In reducing Eqs. (C-25) and (C-26) we again appeal to the 
theorem of Sec. III-A on isolated systems. According to Eq. 
(C-26) each particle in Cy is independent of any other Cz particle 
in the approximation that the Cr medium is not polarized by the 
Cx particles. Then Eq. (92) is valid. It is felt that this approxima- 
tion will usually provide an adequate solution to Eq. (C-26). 
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Mesonic Decay of a Lithium Hyperfragment 


O. SKJEGGESTAD AND S. O. SORENSEN 
Institute of Physics, University of Oslo, Blindern, Norway 
(Received June 11, 1956) 


The mesonic decay of a nuclear fragment in a photographic emulsion is described. The event is most 
simply interpreted as the disintegration of a Li’* hyperfragment according to the scheme Li’7*—He'+H? 


+H'!+7 


. The binding energy of the A° particle in the fragment is 4.4+1.0 Mev. 





URING the last few years a number of hyperfrag- 
ments of hydrogen and helium have been observed 
for which the binding energy of the A° particle could be 
established. The study of heavier hyperfragments is 
complicated by the fact that the decay of nuclei with 
charge Z>2 is predominantly nonmesonic, and this 
leads to high nuclear excitation. The emission of more 
than one neutron from such a disintegration is highly 
probable, and therefore most of the events are not 
analyzable. Occasionally, however, examples are 
observed in which no neutrons are involved. An event 
which possibly represents the mesonic decay of an 
unstable Li™ nucleus with no free neutrons emitted has 
been observed in our laboratory. It was recorded in a 
stack of stripped Ilford G5 emulsions, each 600 yu thick, 
exposed at high altitudes by means of free balloons. 
A projection drawing of the event is shown in Fig. 1. 
From a nuclear disintegration of type 23+8p) is 
emitted a slow unstable particle P which comes to 
rest after 22 u and gives rise to a four-prong star A, B, 
C, D. An estimate of the charge of the particles by pure 
inspection cannot be made because of the shortness of 
the tracks. The prong C shows the characteristic 
multiple scattering and change in grain density of a 
a meson. It stops after traversing 10 955 u of emulsion, 
and low energy electron tracks are associated with its 
ending, indicating that the particle was a negative + 
meson. The track of the x meson is very flat, and in 
estimating its energy corrections have been made for 
the 3588 u which the particle traverses in the tissue 
paper spacers between the strips of emulsion. In 
calculating these corrections we have estimated the 
stopping power of photographic emulsion to be ~12 
times that of the tissue paper, for mesons in the energy 
region considered. Using the range-energy relations of 
Baroni ef al.,! we calculate the kinetic energy and 


TABLE I. Relevant data for the tracks A, B, C, and D. 


Track 4 Cc D 





Range in microns 10955 44.0 
Angle with the 
direction of C, pro- 
jected on the plane 
of the emulsion 
Angle of dip with 
the plane of the 
emulsion 


171.8+2° 139.1 +2° 57.32° 


11.6+3° up 13.143° up 043° 23.6+3° down 


1 Baroni, Castagnoli, Cortini, Franzinetti, and Manfredini, 
Bureau of Standards CERN Bulletin No. 9 (unpublished). 


momentum of the z meson to be 25.0 Mev and 87.1 
Mev/c, respectively. The characteristics of the other 
prongs are given in Table I. 

Since the track P is short, it is not possible to exclude 
the possibility that the event is the nuclear capture of 
a slow negative hyperon or K meson. In the following, 
however, we will investigate the possibility of the event 
being a hyperfragment decay. As a starting point in 
the analysis we assume, tentatively, that no neutral 
particles were emitted in the disintegration. Then one 
can infer the indentities of the particles A, B, and D 
by the requirement of momentum balance. Further, 
because of the small dip angles of the prongs we assume 
as a first approximation that all the tracks lie in the 
plane of the emulsion. It can be shown that this 
simplification does not change the calculations signif- 
icantly. At the end of the analysis, the results will be 
recalculated taking into account the dip of the tracks. 

Knowing the identity of C, and assuming various 
combinations for the identities of A and B, we calculate 
the momentum Mp and the angle @p which the particle 
D must make with the direction of C in order to give 
momentum balance between all four tracks. The result 
is represented in Fig. 2. In these calculations we have 
used the range energy relations for light nuclei given by 





Fic. 1. Projection drawing of a star emitting an unstable 
particle P producing a four-prong secondary star A, B, C, D. 
The track C is a negative x meson. The prongs of the secondary 
star are drawn in black lines. 
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Allred and Armstrong.? The only two combinations of 
nuclei A and B consistent with the observed value 
57.342° are 


giving 0p =58.2° 
and Mp=81.0 Mev/c, 


(a) A=H', B=He', 


(b) A=H', B=Het, giving 0p=54.9° 


and Mp=101.5 Mev/c. 


The corresponding ranges of the particle D, assuming 
different light nuclei, are represented in Table IT. 

As seen from the table, assumption (b), with D 
being a deuteron, is in very good agreement with the 
observed range 44.0 w of D. Therefore, the above 


TABLE ITI. Calculated ranges of the particle D under the 
assumptions (a) and (b). 








Assumption (b) 
Range in microns 


200 > 


Assumption (a) 
D Range in microns 


H! 95.0 
H? 23.5 44.5 
H# 12.2 21.9 

3.9 6.0 











data strongly indicate that the event is the mesonic 
decay of a Li™* hyperfragment according to the mode 


Li™*—He!+H?+H!+4-. (1) 


On the basis of this decay scheme, the expected 
values of 0p, Mp, and the dip of the track D were 
recalculated, taking into account the dip of the tracks 
A and B. The angle and the dip of D were calculated 
to be 55.3° and 24.4° (down), which are in good 
agreement with the observed values in Table I. The 
recalculation of the momentum of the particle D gives 
98.7 Mev/c corresponding to a deuteron of range 41.4 y, 
which still is in very good agreement with the observed 
value. 

The binding energy of the A° particle in the L 
hyperfragment is found to be B.E.(A°)=4.4+1.0 Mev. 
This value may be compared with the energy 7.3 Mev 
required to remove a neutron from a normal Li’ nucleus. 

The above analysis was based on the assumption that 
no neutral particles were emitted in the disintegration. 
If we consider the emission of one or more neutrons, a 
large variety of different decay schemes has to be 
investigated. In that case it can be shown, however, 

2J. C. Allred and A. H. Armstrong, Los Alamos Scientific 
Latoratory Report LA—1510, 1953 (unpublished). 
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Fic. 2. Calculations of the angle 6p which the particle D must 
make with the direction of C in order to give momentum balance 
between all four tracks A, B, C, and D. The full-drawn curves 
represent various combinations for the identities of the nuclei 
A and B. The dashed curve represents the observed value 57.32°. 


that the only hyperfragment decay giving a positive 
binding energy for the A° particle is 


Li*—He'+H'+H!+2'+7r, (2) 
with the track B being the alpha article. The corre- 
sponding binding energy is B.E. (A°)~2.4+1.0 Mev. 
However, in view of the increase in the binding energy 
of the A° particle with mass number, as reported by 
different observers,’ we regard the decay scheme (2) 
as much less probable than (1). 

In the calculation of the binding energies we have 
used the mass values for elementary particles and light 
nuclei given by Barkas and Hahn,‘ and 36.9 Mev for 
the Q value in the decay of a free A° particle.5 
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Gamma Rays from Strange Particles 
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Strange-particle production by protons in the Cosmotron range of energies was studied by observing 
gamma rays resulting from the decay of these particles at distances a few centimeters from the bombarded 
target. A laboratory energy threshold of 1.1-+0.1 Bev was measured for protons on a copper target, consistent 
with the hypothesis of associated production. A free-particle threshold is estimated. The production below 
threshold, at 1.0 Bev, is less than 10 of the 2.9-Bev production. The mean survival distance for particles 
produced at 1.7 Bev is 3.8 cm. Upon analysis this yields a lifetime which matches the one known for the 
® and suggests 27°. Unless the A° is produced with a strongly (cos’#) peaked forward and backward 
angular distribution, it cannot be the dominant source of the gamma rays. Under the assumption that 
these particles are hyperons or heavy mesons, the total cross section, of that component which decays 


via x° mesons, is 0.1 mb per carbon nucleus. 





HEN a target nucleus is bombarded with protons 
in the Bev range, hyperons and heavy mesons 
with a mean life between 10-" sec and 10~* sec may be 
produced. Some of these particles decay into 7° mesons, 
and these in turn will then produce a pair of gamma 
rays. 2+ hyperons and K,2 are known to decay in this 
way. Ao hyperons and # mesons are possible examples. 
As a consequence of the collision which produced these 
unstable particles, they will in general have moved 
some distance in the direction of motion of the incident 
proton before creating gamma rays, and this circum- 
stance permits an identification of these events. 

Garwin! and Balandin ef al.* used this method in an 
unsuccessful search for A° hyperons produced by, 
respectively, 400-Mev and 670-Mev protons. In the 
present experiment® a similar search was made, but 
under the more favorable condition of having available 
incident protons from the Cosmotron with energies up 
to 3 Bev. 

The experimental arrangement shown in Fig. 1 was 
set up at the inner side of the magnet ring. The total 
counter-to-target distance was chosen to be five feet 
as a compromise between the desire to get the target as 
close to the counters as possible, and the necessity of 
providing sufficient shielding from the directly produced 
nucleonic component. Two functions of the shielding 
arrangement can be separated as being performed by 
different parts. That part next to the target is called 
the occulter since it hid the target, especially from the 
defining slits. The defining slits limited the view of the 
counters to a region of space 4 in. high, and 23 in. long 
in the direction of the proton beam. It was so arranged 
that the rather heavily irradiated occulter could not be 
seen by the counters, and the occulter was so arranged 
that the defining slits could not see the target. Part of 
the occulter was made of Hevimet to increase the 
available shielding of the slit system. At the entrance 


1R, L. Garwin, Phys. Rev. 90, 274 (1953). 

2 Balandin, Balashov, Zhukov, Pontecorvo, and Selivanov, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 265 (1955). 

3S. L. Ridgway and George B. Collins, Phys. Rev. 98, 247 
(1955). 


of the collimator, a lead shutter one inch thick was 
provided. The count with shutter closed was called 
the background. 

The targets were mounted on a mechanism which 
enabled them to be moved relative to the viewed 
region in the direction of the beam. Targets could also 
be changed and withdrawn from the beam without 
opening the vacuum system. 

The counting system which detected the gamma rays 
had to do so in the presence of an intense background 
of general radiation. (The single counting rate of a 
scintillation counter 1 in.X#? in.X,°s in. averaged over 
the 20-millisecond proton pulse was found to be 10° 
per second at full proton beam.) After some preliminary 
attempts, the gamma-ray counting system diagrammed 
in Fig. 2 was evolved. A fourfold coincidence was 
demanded in the three scintillation counters S», S3, S4, 
and the water Cerenkov counter C;. S;’ was in anti- 
coincidence with these counters. A 1} in.X? in. lead 
converter 3.5 g/cm? thick was between S,’ and S». 
A gamma ray converted in the lead converter and one 
or both members of the ensuing electron pair triggered 
the following counters. The anticoincidence counter 
excluded those fourfold coincidences due to charged 
particles incident on the system. The Cerenkov counter 
excluded nonrelativistic particles from events such as 
stars generated in the converter or first counter by 
neutrons and was an essential feature of the experiment. 
With this counter system, the accidental counting rate 
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Fic. 1. Drawing of experimental arrangement. The target 
is located inside the Cosmotron vacuum chamber at a straight 
section. 
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Fic. 2. Counter arrangement. 


was about 1% of the true counts at full beam corre- 
sponding to 2X 10" protons per pulse. 

This counting system was designed to be relatively 
insensitive to nuclear gamma rays compared to gamma 
rays of mesonic energy. The absolute energy threshold 
of the counter arrangement is estimated at 10 Mev 
because of the requirement that a charged particle 
traverse at least 5 grams per cm? made up of So, S3, S4, 
} of C,, and the Lucite absorber. Above 20 Mev the 
counting efficiency should be nearly constant. 

The number of counts obtained in a given run was 
compared with the number of protons incident on the 
target as given by the Cosmotron’s circulating beam 
monitor, and the data are presented in the form of a 
counting rate, i.e., counts per 10" incident protons. 
Runs were made with lead shutter open and closed, 
and the difference between the counting rates obtained 
under these circumstances presumably represents 
gamma rays originating from the space defined by the 
collimating system. It is important to establish that 
the gamma rays detected do indeed originate in the 
presumed manner. One obvious spurious source, the 
thin aluminum exit window of the vacuum chamber, 
was examined by noting the effect of increasing the 
thickness of the aluminum at that point. Another source 
of background was the scattering of radiation at the 
collimating slits. Some contributions from these sources 
were observed when the target was near the edge of the 
occulter and data subject to this error were discarded. 

The significant data from this experiment are 
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Fic. 3. Excitation function of y rays produced more than 1.3 
cm downstream of copper target 0.94 cm thick. 
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presented in the form of two curves, one showing the 
intensity of the gamma rays as a function of the 
incident proton energy, and the second showing how 
the intensity of these gamma rays diminished as the 
target was moved away from the observed region. The 
former data have been taken at two target positions 
and the latter curves have been obtained at several 
incident proton energies. 

Figure 3 shows the net counting rate as a function of 
proton energy when the downstream edge of the 
bombarded copper target was distant 1.3 cm from the 
upstream edge of the observed volume. To illustrate 
the behavior of the excitation function near the 
threshold, which appears to be near 1.1 Bev, the data 
are also plotted on an expanded scale. Points below 
1 Bev represent the background, 25% of which 
originates from the aluminum exit window of the 
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Fic. 4. Comparison of the 7° excitation function with the excita- 
tion function of gamma rays produced with the target occulted. 
The downstream gamma-ray points are the net counting rate as a 
function of energy for a copper target, 0.94 cm thick, whose 
downstream edge was 3.7 cm from the upstream edge of the viewed 
region. The dashed curve is the theoretical energy dependence for 
K+hyperon production in S angular momentum states with a 
free-nucleon threshold of 1.53 Bev. 


vacuum chamber. The lowest point, at 670 Mev, was 
selected to correspond to the energy employed by 
Balandin ef al.2; at this energy they report a cross 
section for A° production <10~ cm*/nucleon. 

The counting rate as a function of energy was also 
measured with the target 3.7 cm from the viewed 
region and is shown in Fig. 4. The results are similar to 
those taken at the less distant target to viewed-region 
position. 

By moving the target into the viewed region, gamma 
rays are counted which originate mainly from 7° 
mesons. The production of gamma rays directly from 
the target was measured on a carbon target 4.1 g/cm? 
thick. Figure 4 shows the yield of 7° gamma rays 
produced directly in the target as a function of proton 
energy as well as the yield of gamma rays produced 
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downstream of the target. It might be expected that 
the x” excitation curve represents the increase in genera] 
background with incident proton energy, and as its 
shape is markedly different from the obscured target 
curve it provides evidence that the latter does not 
originate from the background radiation. 

By moving the target upstream from the observed 
region, one indirectly measures the lifetime of the 
particles responsible for the effect. In Fig. 5 the intensity 
is plotted as a function of distance for incident protons 
at 2.8, 1.7, and 1.05 Bev. At the two higher energies 
the data are consistent with an exponential decay 
except for high points taken with the target within a 
centimeter of the edge of the occulter. This rise is also 
present in the 1.05-Bev curve and, as stated previously, 
is due mainly to radiation scattered by the aluminum 
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Fic. 5. Decay curves of gamma rays from a copper target 
0.94 cm thick. The counting rate is plotted as a function of the 
distance from the downstream target edge to the upstream edge 
of the viewed region. The solid straight lines have slopes corre- 
sponding to 1/e decay distance of 4.16 and 3.87 cm for the 2.90- 
Bev and 1.70-Bev curves respectively. The dashed curve represents 
the expected curve for the A° if the angular distribution of the 
A° is isotropic. 


exit window and collimator. In interpreting these 
curves, this rise is assumed to be spurious. A copper 
target 0.94 cm thick was used to obtain these data. 
Less complete data taken with a 4.1-g/cm? carbon 
target were consistent with both the excitation and 
decay curves from copper. 

There are a number of comments to be made about 
the excitation curves shown in Fig. 3 and Fig. 4. 
Table I shows the thresholds for the simultaneous 
production of a number of meson combinations by 
protons incident on free nucleons (H,=0) and on 
nucleons with a maximum internal energy of H,= 25 
Mev. The energies refer to incident proton kinetic 
energies in the laboratory system. 

Figure 3 indicates a threshold at 1.1+0.1 Bev, 
and this value is consistent only with the associated 
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TABLE I. Threshold energies (in Bev) for various production 
processes with and without Fermi motion of the target nucleons. 


BE, =0 Mev 


0.77 Bev 
1.16 
1.57 
1.80 
1.45 
2.50 


E, =25 Mev - 


0.49 Bev 
0.78 
1.10 
1.27 
1.08 
1.81 


production of K+A°, K+, and K+7 if processes 
involving more than one pion are neglected. In view of 
the presently accepted status of the concept of associated 
production, it seems reasonable to assume that the 
observed gamma rays originate from either K mesons or 
hyperons produced together. 

An attempt was made to determine whether the 
excitation curve indicated a A°+ K or a 2+ K threshold. 
Excitation curves were calculated based on a constant 
interaction for the nucleon-nucleon production process 
and a Gaussian momentum distribution of the copper 
nucleons with a 1/e width‘ of 170 Mev/c. Production 
in both S and P angular momentum states was con- 
sidered. The S-wave curve gives a reasonable fit to the 
data with a free-nucleon threshold of 1.53+-0.04 Bev 
(Fig. 4). This is close to the A°+K threshold. A curve 
calculated on the assumption of P-wave production 
also gives a good fit and yields a free nucleon threshold 
of 1.44+0.05 Bev. If one considers the effect of an 
uncertainty of +50 Mev/c in the mean of the nucleon 
momentum distributions, one must add an additional 
uncertainty of +100 Mev to the threshold. These 
data and analysis suggest agreement with the A°+K 
threshold of 1.57 Bev. These data, however, would be 
consistent with the 2+K free-nucleon threshold if a 
momentum distribution with a 1/e width of 270 Mev/c 
and S-wave production, is assumed. 

Conceivably, associated production could occur by 
means of the intermediate production of a 7 meson, 
and since Fermi motion of the nucleons could then enter 
twice, a threshold as low as 740 Mev would be possible. 
It is significant that the gamma rays observed at 1.0 
Bev are less than 1/100 those observed at 2.9 Bev. 
There is no evidence for anything other than back- 
ground radiation below 1.1 Bev. 

The decay curves in Fig. 5 for 2.9 and 1.7 Bev show 
a 1/e distance of decay of 4.16+0.1 cm and 3.87+0.3 
cm, respectively. To convert these distances into a 
mean life of the particle in its own rest system, a number 
of assumptions must be made with regard to the velocity 
and angular distribution of the unstable particles and 
their decay products. 

The measured mean decay length d, is related to the 
lifetime of the observed particle by 


’ 


d=1(p.P,)/me, 


‘For a summary of some of the available literature see J. M. 
Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955). 
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TABLE II. Predicted lifetimes and values of f at 2.9 Bev for 
various angular and energy distributions of K mesons. It was 
assumed that 6%¢/aQaT~|H|*Xdensity of final states. The 
following nomenclature was used for the distributions: G:1:1 
target nucleons with Gaussian momentum distribution, |H|*=1 
(independent of angle and energy); G:1:cos*@, target nucleons 
with Gaussian momentum distribution, |H|*=cos%®; G:y?—1:1, 
target nucleons with Gaussian momentum distribution, | H|?= 
(E*/m*)—1; F:1:1 Fermi gas target nucleon distribution 
|H|?=1. 





Distribution (P2Pr )/me 


1.034 
0.911 
0.994 
0.970 





1.34 10-” 
1.52 10-” 
1.40X10-” 
1.43X10-" 


G:1:1 
G:1:cos 
G:y i 1 
F: 





where P, is the probability of observing a gamma ray 
at 90° to the beam direction from a particle whose 
component of momentum in the beam direction is pz. 


4x Oa 
Jf i ——P,(6,¢,T)p.dTdQ 
0 oneT 


where TJ is the energy of the unstable particle whose 
x component of momentum is p, and which is traveling 
in a direction determined by the polar angles (6,¢). 
Using the energy distributions for K mesons produced 
in nucleon-nucleus collisions at 2.9 Bev,® Sternheimer 
has performed the calculation of (p,P,) and the 
corresponding mean life + for the decay of K mesons, 
with various angular and momentum distributions 
in the center-of-mass system and a uniform angular 
distribution of gamma rays in the rest system of the K 
meson. The results are given in Table IT. Sternheimer® 
has also made an approximation for (p,P,) by assuming 
the unstable particles are emitted, on the average, 
at 90° in the center-of-mass system. The average value 
of p, was then approximated as the mean of its max- 
imum and minimum values and an estimate of the 
average value of P, obtained from a linear interpolation 
of (P,) for the uniform angular distribution at 2.9 
Bev and at the experimental threshold of 1.1 Bev. 
The results of these computations are shown in Table 
III. A comparison of Table II with Table III shows 
that the estimate of (p.P,) at 2.9 Bev in Table III 
agrees reasonably well with the results of the more 
lengthy calculations and is therefore presumed to 
yield a fairly good estimate at 1.7 Bev. The lifetime 
obtained is in good agreement with the known # 
lifetime of (1.7_4.4*°-7)X10-" second® and the decay 
curves are compatible with the decay of the #27". 
In considering A° hyperons as a possible source of 
the observed gamma rays, the decay curve closest to 


5 Block, Harth, and Sternheimer, Phys. Rev. 100, 324 (1955); 
R. M. Sternheimer, Cosmotron Internal Reports RMS-60 and 
63, 1956 (unpublished). 

* D. B. Gayther, Phil. Mag. 46, 1362 (1955). 


(p:P,)= 
T)dT dQ 
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the threshold energy (1.70 Bev) was chosen for the 
most complete analysis. This was done in order to mini- 
mize the kinematic complications. Nucleon-nucleon 
collisions and A° hyperons produced in association with 
K mesons was assumed. Unfortunately, from this 
analysis, it is not possible to exclude A°® hyperons as 
the only source of the observed gamma rays. If an 
isotropic angular distributions to the A°® hyperons in 
the rest system is assumed no more than 10% of the 
observed gamma rays can come from these particles 
assuming a lifetime’ of (3.5_0.5-*)K10-" sec. If, 
however, the angular distribution of the A° hyperons 
is sharply peaked (cos’@) in the forward and backward 
direction, these particles alone could account for the 
observed mean decay distance. The decay 2tpt 
is an unlikely source since the 2+ life from decays in 
flight is found to be® 


T= (Sin: watt 5) X10-" sec. 


There is, of course, also the possibility that some 

unknown particle is the source of these gamma rays. 
An estimate was made of the differential cross 
section for the production of the observed downstream 
y rays. The estimate is based on: (1) an assumed 
efficiency of the counter system, (2) the geometry of 
the apparatus, and (3) the assumption that the Cosmo- 
tron’s circulating beam monitor indicates the number 
of proton traversals through the target. The result is 
da,(90°)/dQ2=0.02 mb/sterad with an estimated uncer- 
tainty of a factor of two. To convert this differential 
cross section into a total cross section for the production 
of strange particles, some assumptions must be made 
about their production processes. The differential 
cross section for the production of gamma rays at 90° is 
do,(90°) 1 st? Oo 
—— =f ——P,,(T,9) sindedT. 

dQ 1d, dQdT 


Using the energy and angular distributions of Table IT 
and assuming an isotropic distribution of the gamma 
rays in the center-of-mass system of the K mesons, 
Sternheimer® has calculated the total cross section 
Stotal in terms of do,(90°)/dQ: 


Srotal= fdo,(90°)/dQ. 


Values of f for various energy and angular distributions 
are shown in Table II. With the assumption that # is 
the only source of gamma rays, a cross section per 


TABLE III. Predicted lifetimes assuming that a K meson is 
emitted, on the average, at 90° in the center-of-mass system of 
the colliding nucleons. 








7 (sec) 


1.44X10-” 
1.12X10-™ 


E (Bev) 


1.7 0.89 
2.9 1.24 


(p2Py)/me 














7D. I. Page, Phil. Mag. 45, 863 (1954). 
8 Schneps, Swami, Fry, and Snow, Bull. Am. Phys. Soc. Ser. II, 
1, 64 (1956). 
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carbon nucleus for the production of #°—27° is ~0.1 
mb. This cross section also applies approximately if 
the observed gamma rays originate from the process 
A°—n+7°. The kinematics of the latter process are 
more favorable than the kinematics of the @° process 
for observing gamma rays at 90°. This condition 
compensates for the fact that only a single 7° meson is 
produced in the A° decay instead of the two 7° mesons 
produced in the 6° decay. 

If an appreciable fraction of either A° hyperons or 
@ mesons decay via 7° mesons, and there is evidence 
that this may be the case,* the relatively low cross 


® Blumenfeld, Booth, Lederman, and Chinowsky, Bull. Am. 
Phys. Soc. Ser. Ii, 1, 64 (1956); Blumenfeld, Booth, Lederman, 
and Chinowsky, Phys. Rev. 102, 1184 (1956). 

10J. Steinberger, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, to be published). 
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section for downstream gamma-ray production in 
p-carbon collisions observed here is striking compared 
to the cross section of ~1 mb observed by Fowler 
et al." for the production of heavy unstable particles 
by 1.37-Bev pions on hydrogen. 
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Angular Distribution in Electron-Photon Showers without the Landau Approximation 
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The track-length angular distribution of electrons in an electron-photon cascade is calculated without the 
use of the Landau approximation which was invariably used in all previous work. The Tamm-Belenky model 
of the cascade is used. The results are presented in the form of a series, the first term of which is of the same 
form as the result yielded by the Landau approximation but with a modified value of the parameter E,. 

It is shown that the use of the Landau approximation introduces large errors not only for large values of 
the argument but for small values as well. The bearing of this result on previous theoretical work on the 


lateral distribution function is discussed. 


1. INTRODUCTION 


EVERAL calculations of the track-length angular 
distribution of the electron-photon cascade have 

been made,!~* giving results in quite good agreement 
with each other especially at values of the angular 
variables H0/E, less than unity, where £,, the “char- 
acteristic scattering energy,” is 21 Mev and the angle @ 
between the directions of motion of the cascade elec- 
tron and the primary particle is measured in radians. 
Several of these distributions are graphed in Figs. 1 
and 2, where the essential agreement between them can 
be seen. However these calculations were all made 
under a common approximation, the Landau approxi- 
mation, so there is as yet no check on the validity of 
* Also supported by the Nuclear Research Foundation within 
the University of Sydney. 

1G. Moliére, Naturwiss. 30, 87 (1942); Cosmic Radiation, 
edited by W. Heisenberg (Dover Publications, New York, 1946), 
Chap. 3, p. 26. 

2§, Belenky, J. Phys. (U.S.S.R.) 8, 347 (1944). 

3 J. Nishimura and K. Kamata, Progr. Theoret. Phys. (Japan) 
6, 262 and 628 (1951). 

4. Eyges and S. Fernbach, Phys. Rev. 82, 123 (1951). 

5 M.H. Kalosand J. M. Blatt, Australian J. Phys. 7,543 (1954). 


this approximation nor upon the accuracy of these 
distributions. 

Now the Landau approximation is the cascade 
equivalent of the well-known multiple-scattering ap- 
proximation which, when applied to the elastic scatter- 
ing of a particle without loss of energy, yields a Gaussian 
angular distribution. It has always been appreciated 
that because of the @~* dependence of the scattering 
cross section at large angles, the multiple-scattering 
approximation (in common with the Landau approxi- 
mation) has no validity in the “tail” of the angular 
distribution. In the theory of multiple scattering this 
error in the tail can be corrected by the addition of a 
component corresponding to one or a few single scatter- 
ing acts each through a large angle (the “‘single-scatter- 
ing tail’). However the calculations of Snyder and 
Scott® and of Moliére’ of the angular distribution re- 
sulting from multiple scattering show that there is a 
considerable error in the Gaussian approximation to 
this distribution even at very small angles. The 

6H. S. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949). 

7G. Moliére, Z. Naturforsch. 3A, 78 (1948). 
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Fic. 1. Theoretical calculations of the track-length angular 
structure function for electrons of energy E in an electron-photon 
cascade. Full line: Moliere!; broken line: Belenky? with g= 2.289; 
dotted line: Eyges and Fernbach.‘ 


Gaussian distribution, as yielded by the multiple- 
scattering approximation, becomes accurate at small 
angles only when the scattering has continued over a 
path length of the order of several cascade units. 

It would appear reasonable to think that this ap- 
proximation would be of sufficient accuracy at small 
angles. when applied to an electron-photon cascade, 
because such a cascade of a magnitude sufficient for its 
angular distribution to be studied must have developed 
over a path length of several cascade units. However, 
we can show by a very simple argument that the Landau 
approximation must inevitably be less accurate than is 
the multiple-scattering approximation when applied to 
scattering over a path length of the order of one cascade 
unit. 

Although we are generally interested in cascades that 
have developed over a distance of several cascade units, 
the major contribution to the scattering of any par- 
ticular electron in such a cascade comes from the last 
two or three cascade units immediately above it. This 
is because the probable energy of the “ancestor” of 
this particle at greater heights is much larger than 
that of the particle itself. Now the energies of the 
ancestors of the particle under consideration are not 
fixed quantities but can vary within the limits of a 
probability distribution. (If we knew this distribution 
we could use it to calculate the angular distribution of 
the cascade electrons, but this is by no means the 
simplest way to solve this problem.) Thus some of the 
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electrons of energy E at a given depth had ancestors 
with energy very little greater than E at heights of 
several cascade units above, while others have just been 
produced from electrons (or photons) of energy very 
much greater than E—and, of course, we also have 
representatives of the infinity of gradations between 
these two extremes. 

Electrons of the first type have, effectively, been 
scattered over a path length of several cascade units. 
Consequently the angular distribution of these par- 
ticles, treated separately for the moment, will be 
accurately represented by the Landau approximation. 
However these same electrons are those (of the given 
energy E) which are scattered the most. The latter 
type of electrons, those with high-energy ancestors, 
will have been scattered much less, and will therefore 
make the larger contribution to the over-all distribution 
at small angles. But also, as they have been scattered 
over a distance small in comparison to a cascade unit, 
their angular distribution will be very inaccurately 
represented by the Landau approximation. Conse- 
quently the Landau approximation is even more in- 
accurate at small angles than one would expect from 
a simple analogy with multiple scattering. 

We thus see that, although the various calculations 
of the track-length angular distribution mentioned 
above agree well with each other at small angles, it 


does not by any means follow that they bear any simi- 
larity to the true distribution. The purpose of this paper 
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Fic. 2. Theoretical calculations of the projected track-length 
angular structure function for electrons of energy E in an electron- 
photon cascade. Full line: Belenky? with g=2.145; broken line: 
Kalos and Blatt.® 
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is to present a calculation of the track-length angular 
distribution of the electron-photon cascade in which 
the Landau approximation is not used, thus allowing 
for the first time a determination to be made of the 
errors involved through its use. This is made possible 
by the use of an approximation to the cascade cross 
sections themselves. The approximation used is exactly 
the same as that used by Belenky? in his calculation of 
the angular distribution under the Landau approxima- 
tion. We calculate the track-length angular distribu- 
tion using the Belenky model both with and without 
the Landau approximation. The “model” of the cascade 
we use was invented by Tamm and Belenky*® for the 
purpose of yielding an analytical solution for the track- 
length average numbers when the ionization loss is 
included. We, like Belenky, are using the Tamm- 
Belenky model with the ionization term omitted. A 
glance at Figs. 1 and 2 shows that the angular dis- 
tribution of the Tamm-Belenky model is very little 
different from that of other models when the Landau 
approximation is used. It is reasonable to assume that 
this model will be equally satisfactory when the Landau 
approximation is not used. 


2. FORMAL SOLUTION FOR THE ANGULAR 
DISTRIBUTION 


track-length angular distribution” 


O(Ey; E,8)dE0d8 (1) 


We define the 


to be the average distance (in cascade units) travelled 
by electrons of energy in the range E to E+dE while 
moving in a direction at an angle in the range @ to 
6-+-d@ to the direction of motion of the primary electron 
of energy Eo which initiated the cascade. We also define 
the elastic scattering cross section 


W (£,6)dtede (2) 


to be the probability that an electron of energy £ will, 
in travelling the distance d/, suffer an elastic scattering 
collision which deflects its direction of motion through 
an angle in the range @ to 6+dé@. Then 


«© 


Wo= J W (E,9)9d0 (3) 


is the total elastic scattering collision rate. 
The equation satisfied by the angular distribution Q 
in the Tamm-Belenky model is 


Eo 
(g/E) f O(Eo; E',6)dE’ — (q+W)Q(Eo; E,8) 


E 
oe) Qn dp 
+ f 6'd0’ f —W (E,6’)O(Eo; E,9”) 
0 0 Qn 


+6(Ey— E)5(0)/A=0, (4) 
8 I. Tamm and S. Belenky, J. Phys. (U.S.S.R.) 1, 177 (1939). 
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where 


6’ =(@+0"— 266’ cosB }', g=2.289. (5) 
The parameter gq is defined as the coefficient occurring 
in the following approximate expression for the elec- 
tron track-length average numbers which is accurate 
when E is much smaller than Ep (see Rossi and 
Greisen’) : 
a) 
J O( Eo; £,0)0d0=21 (Eo; E)=Eo/gk. (6) 


0 


One of the approximations made in the derivation of 
the Tamm-Belenky model is the substitution for the 
true bremsstrahlung cross section of an approximate 
cross section which yields a finite total collision rate 
for electrons. The value of this collision rate is g. Hence, 
when we are considering also the effects of elastic 
scattering events, the total collision rate for electrons 
becomes g+ Wo. 
Define the Hankel transforms 


0 


Q( Ev; E,6)= f J (6¢)O( Eo; E,0)0d8, 


0 


« 


W (E,¢) -| J) (0b) W (E,0)0d0—W 0. 


0 
Then taking the Hankel transform of Eq. (4) yields 


Eo 


(q/E) f Q(Eo; E'.o)dE’ 

p 

+[W (E,¢)—q]Q(Eo; E,6)+6(2o>—E)=0. (9) 
This equation is easily solved by rewriting it in terms 


of the Hankel transform of the “integral angular 
distribution” 


Eo 
Qint (Eo; E,o) -f Q(Eo; E',o)dE’, (10) 
E 


as it then becomes a simple first-order differential 
equation. The solution is 


Qint( Eo; £,¢) 


1 . Eo a 

=-V(Eo,@) ex | V(E' o)dkE’/E’}, (11) 
I 

q | E 


t W(E,6) Tb 
Pie@)=[1- ; 
q 


where 


(12) 


The angular distributions are most conveniently ex- 
pressed in terms of the “angular structure function” 
F (Eo; E,0)0d0 and the “integral angular structure func- 

} 8 g 


9B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 
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tion” Fint(Eo; E,9)0d0 which are defined by 
F(Eo; E,)=Q(Eo; E,)/(Eo; E), 
Fint(Eo; E,6) =Qint(Eo; E,9)/mint (Eo; E). 
These functions are normalized by 
f F(Eo; Egoao= f Fint(Eo; E,0)6d0 = a (14) 
0 0 


For the Tamm-Belenky model we have the very simple 
exact expressions for the average numbers 


Tint (Eo; E) = Eo QE, 
x (Eo; E)=Eo/qE*-+6(Eo—E)/4. 


(15) 


Then from Eq. (11) we get 


Fint(Eo; E,¢) . 
= V(Eo,¢) ex|— f [1—V(E'.¢) ]dE’/E’}. (16) 
E 


By differentiating Eq. (11) with respect to E and then 
dividing by the average numbers 2(£; £), we can also 
obtain 


P(E; E,6) = V(E,6)F int(Eo; E,o) for all E< Eo, 
a (17 
F( Eo > Eo,o) = V( Ey,¢). 


It can be seen that the function V(E,¢) is the Hankel 
transform of the track-length angular distribution re- 
sulting from pure elastic scattering together with an 
absorption coefficient q. 

The structure functions F and Fj; can be recovered 
from Eqs. (16) and (17) by application of the inverse 
transformation 


F (Eo; E,@) -f J (60) Fi Eo; E,¢)¢d¢. (18) 


0 


We thus have an analytic expression for the track- 
length angular structure function of the electrons in 
the Tamm-Belenky model of the electron-photon cas- 
cade using a general expression for the elastic scattering 
cross section. 

The “projected track-length angular structure func- 
tion” G( Eo; £,0)dé is defined by 


G(Eo; E,8)= (1/x) f F(Eo; E,(@+n?)!)dn. (19) 
0 


It represents the angular distribution that would be 
seen if all the tracks of the electrons were projected 
onto a plane containing the shower axis. Using the 
identity 


(20) 


1 
f J o(o(P+1?)*)dn=— cos(6¢), 
0 g 
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we find that the projected structure function can be 
recovered from the Hankel transformed function F by 
the inversion formula 


G(Eo; E,9)= c/n) f cos(6¢)F (Eo; E,o)dd. (21) 
0 


3. LANDAU APPROXIMATION AND ELIMINATION 
OF THE PRIMARY ENERGY 


The solution obtained by Belenky for the angular 
distribution of the Tamm-Belenky model can now be 
obtained by the introduction of the Landau approxima- 
tion. We simply substitute 


W(E,¢) = — (E.@/2E)* (22) 


into Eqs. (16) and (17), which then yield 


F int(E0; E,0) 
1jEo\’y 7 1/E.6\*73 
PITT: 
q\ 2Eo q\ 2E 
: 1/E6\*77 1/Ee\?73 
P(t; £#)=[14-(—) | [1+-( )| . (24) 
q\2Eo q\ 2E 


We see that the Hankel transform of the angular 
structure function depends upon the two variables 
¢/E and ¢/Ep. It follows that the structure function 
itself is a function of the two variables H@ and EF)0. 
Now we can show that the dependence of this function 
upon the primary energy £ is of very little physical 
interest. This is because the track-length distribution 
is normally used as an approximation to the actual 
distribution at the depth of maximum development of 
the shower, and this is an approximation which is only 
valid when Ep is much greater than E. We therefore 
have no @ priori reason for believing that the depend- 
ence of the track-length distribution upon the primary 
energy bears any resemblance to the dependence of the 
distribution at maximum depth upon £p. In fact it is 
easily shown that the second angular moment of our 
track-length distribution has a very different depend- 
ence on £» than has the second moment at maximum 
depth. 

The various moments of the angular structure func- 
tions are easily obtained as the coefficients of the power 
series expansion of their Hankel transforms, thus: 


P(E); E,)= f Jy(6¢)F (Eo; E,0)0d8, 
0 


=> — f @"F (Eo; E£,0)0d0. (25) 
n=0 4"(n!)?Jo 


Expanding Eqs. (23) in a series of powers of ¢, we find 
that the second moment of the integral track-length 
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structure function is 


(26) 


1 /E.\? 
int?) w=- ( ) [1+ (E/Ep)*]. 
2q\ E 


Thus the second integral angular moment decreases 
with increasing primary energy approaching, as Ko 
tends to infinity, a value half of its value when Eo 
equals E. On the other hand, the calculation by 
Chartres and Messel” of the second integral angular 
moment as a function of depth indicates that the value 
of the moment at the depth of maximum cascade de- 
velopment shows an increase with increasing primary 
energy. 

This reasoning will still apply when we do not use 
the Landau approximation, for the second moment is 
not altered by the use of this approximation. We shall, 
therefore, for the remainder of this paper deal only 
with the angular structure function for infinite primary 
energy. We define 

F(E,0)=limitF (Eo; £,0), (27) 
Ey 
with a similar expression for the integral angular 
structure function. The inversion integral, Eq. (18), 
can now be evaluated analytically under the Landau 
approximation, yielding 


. J (0b) odo 
F(E)= f _ ee 
o [1+(1/9)(E.6/2E)*} 
=49(E/E,)° exp[ —2g!F6/E, ], 
s J (0b) hdd 
FialE)= f snes & tal 
0 [1+(1/9)(E.o/2E)*} 


exp[ — 2q'E0/E, | 
aes Sealine Sek li 
29)K0/E, 


(28) 


(29) 


These expressions are greatly simplified if we express 
the structure function as a function of the single 
variable 


u=2q'h6/E, (30) 


and renormalize it accordingly. We then have 


F(u)=e*; (31) 


Fint(u)=e7*/u. 


4. CALCULATION OF THE ANGULAR 
STRUCTURE FUNCTION 


To obtain a more accurate angular distribution than 
that given by the Landau approximation, we use for 
the elastic scattering cross section the simple analytic 
expression due to Goudsmit and Saunderson," v7z., 


W ( E,@) = 2W Ae? ‘(P?+6,")?, 
1B. A. Chartres and H. Messel, Proc. Phys. Soc. (London) 


A67, 158 (1954). 
11§, Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 (1940). 
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TABLE I. Values of the parameters A and W, for several media. 


Wi 
1.60 105 
1.43 105 
1.41 10° 
9.85 X 104 
5.98 X 104 
5.44 104 
1.41 X 104 


Medium A (Mev)=! 


123 

115 

114 
93.8 
71.4 
68.0 
34.8 


Carbon 
Water 

Air 
Aluminum 
Tron 
Copper 
Lead 


where 
1.13Z)$me 
ne -(1.13+3.76(Z/137)? }}, 


137E 


(32) 


137m (mce*)? 
W ¢=—————[1+0.12(Z/82)*}, 
F? |n(183Z-*) 

and m is the electronic mass. For the value of the angle 
6, we have used the result of a more accurate estima- 
tion by Moliére.? 

This cross section yields a simple Hankel transform, 
namely 


W (E,) = W 00K 1(00@) — 1], (33) 


where K;(x) is the modified Bessel function of the 
second kind.” Substituting this expression into Eqs. 
(17), (18), and (27) we find that the angular structure 
function becomes a function of #4 only, so renormalizing 
it by 


f F (£0) Eod(E6) = 1, (34) 
0 


we have 


2 J(A Ox) xdx 
F (EB) =a f | 
0 1+W,[1—2xK,(x) ] 


. 1 
Xexp| -f E — — je yf, (35) 
0 1+W,[1—yKi(y) ] 


where 


A= EB, (35a) 


is a parameter, with the dimensions of energy, depend- 
ing upon Z only; and 


Wi= Wo ‘g, (35b) 


which is simply the ratio of the electron collision rates 
against elastic scattering and bremsstrahlung respec- 
tively, is also a function of the atomic number Z. 
Values of the parameters A and W, are entered in 
Table I for several media. 

Owing to its dependence on the parameter W,, the 
angular structure function is no longer a universal 
function valid for all media, as it was under the Landau 
approximation, but instead has to be recalculated for 
12 G. N. Watson, Bessel Functions (Cambridge University Press, 
Cambridge, 1952), second edition, p. 78. 
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Fic. 3. Calculations of the track-length angular structure 
function F(£@)E6d(E@) for electrons of energy E Mev in the 
Tamm-Belenky model of the electron-photon cascade in air. Full 
line: exact calculation; broken line: calculation based on the 
Landau approximation with E,=21 Mev; dotted line: calculation 
based on the modified Landau approximation with Zg= 18.9 Mev. 


each medium. The full line in Fig. 3 is the result of a 
calculation of the angular structure function from Eq. 
(35) for air. The broken line in the same figure is the 
same function calculated under the Landau approxima- 
tion. It can be seen that the Landau approximation is 
indeed very inaccurate at small angles. A comparison 
of Figs. 1 and 3 also shows that the error due to the 
use of the Landau approximation is very much greater 
than the differences between the structure functions 
derived from different models of the cascade. This 
justifies our use of the Tamm-Belenky model in order to 
eliminate the Landau approximation. 

The projected angular structure function G(/0)d(£6) 
is given by a similar expression to Eq. (35) with the 
kernel 


A*J)(AE0x)x 
replaced by 
(1/3)A cos(A F6x). 


The full line in Fig. 4 is the projected angular structure 
function in air. The broken line is the same function 
calculated under the Landau approximation. It is 
apparent that the projected distribution is less sensitive 
than the unprojected one to the error involved in the 
Landau approximation. 


5. SINGULARITY AT THE ORIGIN 


In our numerical calculation of the angular structure 
function from Eq. (35), we have eliminated a singu- 
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larity of the type 1/@ from F (48). We now investigate 
this singularity. 

The behavior of F(£@) at small values of 48 depends 
upon the behavior of its Hankel transform at large 
values of the variable. Now xK,(x) is a monotonically 
decreasing function of « with the asymptotic behavior 


xKy(x)~ (4x) be. (36) 


Hence for large values of x the exponential term in 
Eq. (35) behaves like 


Ca-W1/ 0+ Wi f= 8 ‘x, 


(37) 
where 

2 1 dy 

C=limit exp| - {1-— — | - 

litoad 0 1+W,[1—yKi(y)] - 

W, 

— ins 1x10 Sin air. (37a) 

1+-W, 


Again, for sufficiently large values of x, the factor 
1/{1+Wi[1—xKi(x) }} 


in Eq. (35) can be replaced by 


(38) 


1/(1+W1)=7.1X 10-* in air. (38a) 
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Fic. 4. Calculations of the projected track-length angular 
structure function G(#@)d(E6) for electrons of energy E Mev in 
the Tamm-Belenky model of the electron-photon cascade in air. 
Full line: exact calculation; broken line: calculation based on the 
Landau approximation with E,=21 Mev; dotted line: calculation 
based on the modified Landau approximation with Eg=18.9 Mev. 
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So the behavior of F (4) at very small E26 is, if we write 


F (£6) for the singular part of F(48), 


F,(E0) = A?X7X10 f Jy(A EOx)dx 


0 
=8X10-"/E6. 


In our calculation of the angular structure function we 
eliminated this singular part, that is, we calculated 


F,=F-F,. (40) 


The relative insignificance of the singular component 
F, is made obvious when we note that it exceeds F, in 
magnitude only for /@ less than 3X10-° Mev; thus it 
would be completely invisible on the graph (Fig. 3) we 
have drawn. Furthermore, the proportion of the elec- 
trons which are represented by this singular component, 
which is obtained by integrating F, from HO=0 to 
3X 10-5, is 


3X 10-°X8X 10-7 =2XK 10-4. (41) 


Thus we see that a shower would have to contain 
5X10" electrons in order that just one electron could 
be observed which would verify the existence of this 
singularity in the angular distribution. We are therefore 
completely justified in neglecting the function F, (6). 


6. ANGULAR STRUCTURE FUNCTION 
AS A SERIES 


The calculation we have performed of the angular 
structure function is one which must be repeated for 
each different medium as the parameter W,, which 
varies from one medium to another, plays an important 
role in the expression. We can get around this difficulty 
by expanding the function in a manner analogous to 
that used by Moliére’ in his calculation of the angular 
distribution resulting from pure elastic scattering. 

Expanding xK,(«) in a power series gives 


x 02 §=6(x 4)" 
1—*Ki(x)=— >> 
4 n=0n!(n+1)! 
1 au 4 1 
x| +2 +--+: ++ 
L ong 1 


-v) — In (x? | (42) 
n+1 


1 


where y=0.5772157---. The approximation inherent 
in the Moliére method essentially consists of taking 
only the first term in this series. Bethe” has justified 
this (in the case of multiple scattering) by showing 
that it is equivalent to using the multiple-scattering 
approximation for all scattering events that give de- 
flections through angles small enough that the value of 
the angle 4» is significant. This argument is not suffi- 
cient here because, as we have seen, the Landau ap- 
proximation is inherently less accurate than the 
multiple-scattering approximation. However, this ap- 


13H. A. Bethe, Phys. Rev. 89, 1256 (1953). 


fi (x) =— . 
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proximation is justified in our case by the fact that in 
our numerical evaluation of the expression (35) we 
found that, for all values of H@ used excepting only 
E6=0, the values of « that contributed to the integral 
were so small that the first term of Eq. (42) was suffi- 
ciently accurate to yield the integral to five significant 
figures. 

Substituting this approximate expression for xK,(«) 
and yK,(y) into Eq. (35) gives an expression for /(4@) 
which can be considerably simplified by the use of the 
new angular variable, 

u=2q)E0/Ey=3.026(F6/ Es), (43) 


where £», our new characteristic scattering energy 
which replaces £, [compare Eq. (30) ], is defined by 


A*E? A*E? 
_ -w,|1-2y+in( : )| 
q q 


We also define 


(44) 


B= A*E@/qW. 


Then Eq. (35) becomes 


J o(ux)xdx 
» 1+a?— (x?/B) In(x?) 


( 


i 1 dy 
xexp|— f [1- - ; (46) 
0 1+y?— (y*/B) In(y")J y 


We now expand this expression in a series of powers 
of 1/B. Writing 
o F,(u) 
F(u)= > 


n=0 B n 


(47) 
we obtain 


Fy(u) =e", 


F,,(u) = f J (ux) fn (a)xdx, 


where 
(34/2) Inv—$(1+ 2) In(1+-) 
(1+2)5” 


’ 


1S /xInx\? 3/xInx 
fo(«) = (1+) | ( ) ~ ( ) In(1+«) 
8 \1+« 4\ 1+ 


1 /x Inx 
+$[In(1+«) P+ ( ) 
2\1+2% 


1 7? Iny 
—} In(i+x)— f iy| (50) 
27) 1+y 


We now have a solution in terms of the two parameters 
E, and B which is of such a form that a change of these 
parameters is easily made without computing the in- 
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TABLE II. Typical values of B and Eg. 





Medium Eé () 





Carbon 
Water 

Air 
Aluminum 
Copper 


Lead 





tegrals over again. Typical values of B and £, are 
given in Table II, while values of Fo(u), Fi(w), and 
F,(u) are given in Table I1I—The values of F2(u) are 
not very accurate and should be treated as order-of- 
magnitude estimates only. 

A very interesting point which arises from this ex- 
pansion of the structure function is that the first term 
in the series is of the same form as the solution given 
by the Landau approximation. Hence, for applications 
in which a high degree of accuracy is not required, we 
can still use the Landau approximation as long as we 
replace the characteristic scattering energy E, by the 
value of Es appropriate to the medium. This procedure 
is then equivalent to using the exact scattering cross 
section but taking only the first term of the series in 
Eq. (47). The dotted line in Fig. 3 is the angular struc- 
ture function found for air when this “modified Landau 
approximation” is used. It can be seen that the modi- 
fication of the value of EZ, greatly improves the accuracy 
of the distribution at small angles, although it still does 
not reproduce the rather sharp peak of the more exact 
function. 

When a higher accuracy is required, more terms of 
the series equation (47) must be used. The three curves 
in Fig. 5 give the percentage error involved in the use 
of 1, 2, or 3 terms respectively of this series. These 
errors were found by comparing the results of this 
calculation with that of the exact expression, Eq. (35). 

The projected structure function G(u) can be ex- 
panded in exactly the same way, yielding 


Go(u) = (4/3) K1(u), 


1 ¢” (51) 
G,,(u)= -{ cos (ux) f,(x*)dx. 


TH 9 


Values of Go(u) and G:(u) are given in Table IV. Once 
again the first term, Go(u), is identical in form to the 


TABLE IIT. Values of Fo(u), Fi (u), and F2(u). 


Fo(u) F2(u) 


1.0000 
0.8825 
0.7788 
0.6065 
0.3679 
0.1353 
0.0183 
0.0003 


F i\u ) 
1.386 7 
0.302 2; 
0.154 3 
0.005 0 
—0.081 — 0.08 
—0.046 
0.004 
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solution given by the Landau approximation but with 
the modified value of E,. The dotted line in Fig. 4 is the 
result given by the use of the modified Landau approxi- 
mation. Owing to the relative insensitivity of the pro- 
jected function to errors in the scattering cross section, 
only the two terms Go and G; are necessary to give a 
distribution indistinguishable from the one given by 
the more exact calculation. 


7. DISCUSSION 


We have presented here the results of a calculation 
of the track-length angular structure function and the 
projected track-length angular structure function of 
electrons in an electron-photon cascade. These functions 
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Fic. 5. The percentage error involved in the calculation of the 
track-length angular structure function of electrons in the Tamm- 
Belenky model of the electron-photon cascade using 1, 2, or 3 
terms, respectively, of the series equation (47). 





are a very good approximation to the analogous dis- 
tributions at the depth of maximum development of a 
cascade—the approximation improving with increasing 
values of Eo/E. 

The results of this calculation are expressed in the 
form of values of five universal functions Fo, Fi, Fe, 
Go, and G,. Using the values of the two parameters Ee 
and B appropriate to the medium under consideration, 
the angular structure functions can be obtained very 
easily from these functions by the use of Eqs. (43) and 
(47). The error involved in this estimation is less than 
1% for all angles except, in the case of the unprojected 
function, values of #0 less than 1 Mev where the error 
never exceeds 3 percent. 

The only remaining source of error in this calculation 





ANGULAR DISTRIBUTION IN 
is that which arises from the use of the Tamm-Belenky 
model to represent the electron-photon cascade. We 
can estimate this error by comparing the angular dis- 
tributions yielded by this and other models under the 
Landau approximation. This is done in Figs. 1 and 2. 
When we note that the calculations of Moliére and of 
Kalos and Blatt also used an approximate model of the 
cascade and that the angular distribution of Eyges and 
Fernbach was obtained from the angular moments by 
a graphical method, and when we compare the very 
small differences between the results given by these 
different methods with the larger error due to the use 
of the Landau approximation, we see that our calcula- 
tion is, indeed, the most accurate estimation of the 
track-length angular distribution yet made. 

However, we must point out three limitations on the 
range of validity of our calculation. 

(1) The first is that due to the use of the “small 
angle approximation.” The derivation of Eq. (4) is 
based upon the assumption that all angles @ are so 
small that the angle can be equated to its sine or tan- 
gent. As the mean angle is of the order of E,/E [see 





0.0000 
— 0.0092 
— 0.0202 
—0.0359 
—0.0415 
—0.0295 
— 0.0143 


0.3183 
0.3116 
0.2982 
0.2636 
0.1916 
0.1324 
0.0890 


0 
1 
8 
1 
4 
3 
1 
3 
2 


Eq. (26) ], this limits the range of validity to energies 
much greater than 21 Mev. 

(2) The second limitation is that due to the neglect 
of ionization loss. This limits the range of validity to 
energies much greater than the critical energy whose 
value decreases with increasing atomic number, rang- 
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ing from 84 Mev in air to 7.6 Mev in lead. Thus whether 
restriction (1) or (2) is the more important depends 
upon the medium. . 

(3) The third restriction is due to the neglect of the 
finite size of the scattering nuclei in the derivation of 
the elastic scattering cross section, Eq. (32). This 
results in the cross section, and hence the final angular 
distribution, being inaccurate for all angles @ of the 
order of magnitude of or greater than 6;, where 


£6, 100Z-* Mev. (52) 


This limitation is most restrictive in the heaviest media ; 
in lead we have £6,;~ E,=20 Mev. 

The results of our calculation settle for once and for 
all the question of the validity of the Landau approxi- 
mation at both small and large angles. It has been 
realized in the past that the Landau approximation 
could not possibly yield correct results for large values 
of @, but, by using physical arguments, it was strongly 
argued that the approximation could have little or no 
effect on calculations for small values of 6. The results 
presented in Fig. 3 show how wrong such physical argu- 
ments were and that the use of the Landau approxima- 
tion yields incorrect results for both large and small 
6. Incidentally, it also shows the danger of using 
purely physical arguments to justify mathematical 
approximations. 

The present result also shows that all previous calcu- 
lations on the radial distribution function which used 
the Landau approximation contain large inaccuracies 
at small and large distances from the shower axis. 
Agreement between theory and experiment may be 
due to the inability of experiments to yield sufficiently 
accurate results. 
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We have examined 450 2~— collisions of energy about 1 Bev. 
About one-third of these have been found in emulsion and the 
the rest in the Brookhaven hydrogen diffusion chamber. About 
one-half of the total cross section at this energy comes from elastic 
processes. The differential elastic cross section is characterized 
by a sharp peak in the forward direction and considerable bump 
in the backward hemisphere. We believe we have demonstrated 
that a considerable portion of the elastic cross section is produced 
by refraction rather than diffraction. The target radius of the 
nucleon at this energy seems to be >1.1X10~% cm which is 
essentially the same result that has been found at 1.4-1.5 Bev. 


The inelastic processes seem to exhibit somewhat different features 
at this energy from those at 1.5 Bev. The angular distributions 
of all products are almost isotropic. The nucleons seem to slightly 
prefer the backward hemisphere but not to nearly the same 
degree as found at 1.5 Bev. The z~ seem to lose most of their 
energy in the inelastic processes and this too is somewhat different 
from the 1.5-Bev results. The momentum change spectrum for 
the nucleons is nearly the same at 1.0 and 1.5 Bev. 

These results are discussed in terms of the Dyson-Takeda 
model which introduces a pion-pion interaction. We also discuss 
possible isobar formation. 





I. INTRODUCTION 


HIS article reports a study made of m—p 

interactions in the energy region of 0.9 to 1.0 
Bev. It was in this energy region that measurements, 
using counters, of the total *-—p cross section by 
Shapiro, Leavitt, and Chen’ and Cool, Madansky, 
and Piccioni? indicated a maximum at an energy of 
about 1 Bev. Later measurements have confirmed and 
expanded these results.2~* The purpose of this experi- 
ment has been to study the phenomena in the energy 
region close to the maximum of the total cross-section 
curve to find whether there are interactions peculiar to 
the 1.0-Bev region which result in an enhanced cross 
section. As a comparison we have available the data on 
«~— p interactions in the 1.5-Bev region.** 

Both the hydrogen diffusion cloud chamber and 
on-track scanning in emulsion were used in the study. 
These techniques complement each other very well and 
give cross checks in places. The magnet diffusion 
chamber used in the experiment is the same one used 
by the Brookhaven group in their experiments.* The 
operating conditions were, except for the slightly 
lower energy of the x beam, virtually identical with 
those used by Eisberg et al.® 


II. CROSS-SECTION MEASUREMENTS 


The cross section for *~— interactions giving rise 
to charged particles was measured in the cloud chamber 
by a method similar to that used by Shutt and his 
collaborators.6 We have measured the total beam 
track-length passing through the central portion of the 


*Supported in part by a contract with the U. S. Atomic 
Energy Commission and by grants from the Wisconsin Alumni 
Research Foundation. 

1 Shapiro, Leavitt, and Chen, Phys. Rev. 92, 1072 (1954). 

2 Cool, Madansky, and Piccioni, Phys. Rev. 93, 637 (1954). 

3S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 
(1955). 

‘ Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

5 W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 
See this reference for reference to earlier emulsion work. 

® Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 


diffusion chamber and the number of interactions in 
this region. The pictures were sampled by counting 
tracks in every 13th picture in this same region. In 
addition we have estimated the scanning efficiency 
from the elastic scattering data. A plot of the number of 
elastic scatterings versus azimuth angle indicates that 
those cases in which the plane of the two tracks is 
perpendicular to the chamber are missed quite often. 
Using the lack of uniformity of this histogram we 
estimate a scanning efficiency of 85%. We use this 
same efficiency for the inelastic events as well. The 
average cross section determined for all the runs was 
38+3 mb. This cross section is corrected for scanning 
inefficiency and for a uw plus e contamination of 7%.‘ 
This number is subtracted from the cross section 
measured by Cool ef al.‘ to get the cross section for 
zero-prong events. 

In emulsion a direct cross-section measurement is 
impossible because of the difficulty in distinguishing 
edge collisions from free hydrogen collisions.® Also at 
this energy there is a considerable contamination of 
fast electrons in the beam which greatly adds to the 
complication. Our mean free path for hydrogen-like 
events was 5.3 meters as compared to 4.5 meters at 
1.5 Bev.’ The s-—p cross section according to Cool 
et al. at 900 Mev is 4742 mb as compared to 30+3 
mb 1.5 Bev. 

The elastic collisions consist of approximately equal 
numbers of edge and free collisions at 1.0 and 1.5 Bev.*® 
We attribute this apparent discrepancy in cross section 
to the increased electron and yu contamination at 900 
Mev. We observed several beam tracks which suddenly 
upon deflection become low-energy electrons, presum- 
ably through bremsstrahlung. This is direct evidence 
for a considerable contamination of high-energy 
electrons.’ 


7 We have found only 35 cases in emulsion of what seem to be 
x~—n collisions at this energy. Assuming 50% of H collisions are 


edge collisions we deduce o,-_n/or-p=35/65. This is to be 
compared to a ratio of about 1:1 found by the same method at 
1.5 Bev. These results are consistent with the findings of Piccioni 
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Fic. 1. Center-of-mass differential elastic cross section at about 1.0 Bev. The solid histogram is the diffusion chamber data. 
The dotted histogram is the emulsion data. The errors shown indicate the statistical uncertainties. 


The cross section, oz for the various kinds of interac- 
tions, x, in emulsion are obtained by using the total 
cross section, o, of Cool ef al.‘ as follows 


o,=(n,/n)o, 


where m,=number of cases of type X, and n=total 
number of cases. The results of this analysis for both 
cloud chamber and emulsion work are given in Table I. 
The data in Table I are taken from the analysis of 320 
interactions in the diffusion chamber and 130 events in 
emulsion. The errors attempt to show the effects of 
uncertainties due to statistics and analysis. 


et al. It is interesting to note that of these cases only one example 
of s~+n—2x-+ was found. This would seem to indicate a 
large proportion of elastic events at this energy among the 7~—n 
cases. 


Zero-prong everits probably come about by the 
reactions listed above in Table I. From the relations 
given by Gell-Mann and Watson® one can deduce the 
cross section for the reaction -+p—7°+7°+ >) from 
the cross section for the other two single-meson produc- 
tion processes. It is approximately true that op=o¢ 
=or. The ratio of elastic to inelastic charge-exchange 
scattering according to the above scheme is less 
than as for the cases in which charged prongs are 
emitted. 

Ill. ELASTIC SCATTERING 


The examples of elastic scattering are usually the 
easiest cases to identify. The “diffraction” or small- 


8 M. Gell-Mann and K. M. Watson, Annual Reviews of Nuclear 
Science (Annual Reviews, Inc., 1954), Vol. 4. 
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TABLE I. Tabulation of cross section from analysis of 
cloud-chamber and emulsion interactions. 


Emulsion 


(900 Mev) 
in mb 


Cloud chamber 
(960 Mev) 


Type of interaction in mb 


20 +3 18.6+3 
8 +5 10 +3 


9.5+2 7 +2 
6.942 9.543 


:a +ponr-+p 
: a +p P+N ' 
a +p>r+nr+N/ 
a +por-t+nrt+N 
a +p1-+7°+p 
a +port+n+n-+p 
a +p +2r+p | 1_o.5 1_o.;*? 
a+ pr t+rt+rP+N 
a +p—-A°+ 
a +p2°+ | 
:a +p >2-4+ Kt 


ASTROS SOD. | 


0.8_9.;71 


angle scatterings are generally quite easy to see because 
the protons usually have greater than minimum 
ionization. The elastic scatterings in which the proton 
goes forward in the center-of-mass system are a little 
more difficult to see and identify because the proton is 
at minimum ionization. The uniqueness of the kinematic 
relationships aids one greatly in distinguishing these 
cases from inelastic collisions. Almost always in the 
cloud chamber work, whenever the proton or pion track 
from an apparently elastic scattering was longer than 
7 centimeters, a momentum measurement was made to 
see whether indeed the case was elastic. No inelastic 
cases were observed. In the emulsion work because we 
accept edge collisions the discrimination between 
elastic and 7° production is not perfect. Because of the 
accurate momentum determination on the proton, 
there were only one or two cases out of 15 in which 
there was any question. 

As previously stated, our estimated average scanning 
efficiency in the diffusion chamber was 85%. The 
losses usually occur when the scattering plane is perpen- 
dicular to the plane of the chamber. The ability to 
see a given event depends critically on the angle of 
deflection. The plane angle distribution of r—y decays 
is given in the paper of Eisberg ef al.° The true distribu- 
tion should be approximately flat between 0° and the 
maximum angle. They observed a sharp fall-off in the 
distribution below 1°. In this part of their experiment 
the angular deflections were magnified by a factor of 
5. This means that they did not efficiently observe 
deflections less than about 4°. We have scanned some 
of our pictures with great care for r—y decays. The 
efficiency for detection of the r—y decays was 20%. 
The maximum deflection at this energy is about 2.25°. 

We have tried to estimate our scanning efficiency for 
the detection of small-angle scatterings in the magnet 
chamber. To do this we have compared the data of 
Eisberg et al.* taken with the magnet chamber with their 
data from the long chamber which was scanned more 
efficiently because of the angular magnification. We 
deduce that their scanning efficiency in the angular 
interval 5° to 10° deflection was about 70%. This is 
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very close to the efficiency one estimates by assuming 
that plane deflections of 3° and less are missed. 

We have used the correction factor 1/0.7 for the lab 
angular interval 5° to 10°. For the angular interval 0° to 
5° we have used a factor of 2. We feel that the last 
correction is low rather than high. This is based on our 
observations on r—y decays. For the deflection of less 
than 5° we found that unless the deflection is nearly in 
the plane of the chamber the events are missed. 

Correcting for inefficiencies we find a forward scatter- 
ing cross section of about 16 mb per steradian. The 
results are shown in Fig. 1. We feel the maximum 
errors for the forward differential cross section are about 
30%, at least on the low side. The cross section 
could be considerably higher than our quoted values 
since we observe only down to angles of the order of 3°. 

The emulsion data are plotted as the dotted histogram 
in Fig. 1. In on-track scanning one detects with no 
particular effort deflections of 2°—3°. The differential 
cross section is calculated on the basis of Table I which 
in turn depends on the total cross section measured by 
Cool et al.4 

There are no corrections applied to the emulsion data. 
There are undoubtedly some cases missed in scanning 
but probably more are lost as a result of the suppression 
of small momentum transfers in the case of edge 
collisions. 

If one considers the two experiments together, a 
value of 16 to 17 mb/sterad for do/dQ2(0°) is based on 
35 counts in the interval at the smallest angles. 
This value is in agreement with the counter measure- 
ments of Cool et al.4 Recent calculations made by 
Sternheimer® and also Cool, Piccioni and Clark‘ using 
the dispersion relationships give a value for do/dQ(0°) 
of 14 mb/sterad. 


-----— 10 Bev 
1.45 Bev 
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Fic. 2. Comparison of the forward peaks of the center-of-mass 
differential elastic cross section curves at 1.0 and 1.45 Bev. 
The data at 1.45 Bev are taken from the work of Eisberg et al.® 
and Walker and Crussard.® In the plot the normalized value of 
da/dQ is plotted against K siné, where K=1/X. No corrections 
are made to either set of data. 


9R. S. Sternheimer, Phys. Rev. 101, 384 (1956). 
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Fic. 3. Differential elastic cross section at 1 Bev. with three examples of the types of solution tried. Curve A is for an 
essentially opaque sphere of radius about 0.9X 10~. Curve B shows the effect of interference between the L=0 and L=3 
wave. In curve B the bump is produced by interference in the real part of the scattering amplitude. Curve C represents a 
standard type of fit using the optical model. The real and imaginary phase shift tend monotomically to zero as L increases. 


In this case waves of L=0,1,2,3 were included. 


A phase shift analysis of the data is completely 
impossible for the present at this energy. There are 
waves of at least L=0,1,2,3 units of angular momentum 
participating, and for each wave there are eight 
independent parameters required to specify the system. 

We have attempted to extract mainly qualitative 
information from the data. Figure 2 shows a comparison 
do/dQ in the forward direction at 1.0 and 1.5 Bev. 
The change of wavelength has been taken into account 
in the plot. The curves have been normalized at 0° 
and neither curve has been corrected for scanning 
inefficiencies at the small angles. The ‘‘1.5”-Bev data 
were taken from the work of Eisberg ef al.6 and Walker 
and Crussard® so that the scanning might have been 
somewhat more efficient at the small angles at the 
higher energy. The fact that the two curves agree 
fairly closely indicates that the target size presented by 
the nucleon to the pions at the two energies is about 


the same. The effective radius deduced from the shape 
of the curve at forward angles is equal to or greater than 
1.1X10-" cm which is in agreement with the value 
deduced by Eisberg ef al.6 and Walker and Crussard.° 
The elastic scattering cross section is approximately 
twice as large at 1.0 Bev as at 1.5 Bev. Probably most of 
the elastic cross section at 1.5 Bev is due to diffraction 
scattering. Unless the target radius is considerably 
smaller at 1.0 than at 1.5 Bev this cannot be the case 
at 1.0 Bev. The target radius would have to be the 
order of 0.9X10-" cm at 1.0 Bev in order to have the 
correct elastic and inelastic cross sections if the elastic 
cross section was all diffraction. A differential elastic 
cross section curve calculated on this basis is given in 
Fig. 3 denoted by curve A. The fit in the forward direc- 
tion is poor and the curve fails completely in the 
backward hemisphere. This particular prescription of 
the nearly opaque sphere of radius 0.9X10-"% cm 
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Fic. 4. Center-of-mass angular distribution of the ++ and x~ from 
the reaction x~+p—1t+2--+n. 


also has the disadvantage that it violates charge 
independence, if the #+—? cross sections of Cool et al. 
are correct.‘ Thus we are led to the conclusion that there 
are considerable real as well as imaginary phase shifts 
at 1.0 Bev. 

One can attempt to fit the differential scattering curve 
by using at least the sense of the optical model, that is, 
that real and imaginary phase shifts should fall off 
monotonically as one goes to higher LZ values. One can 
obtain quite an accurate fit for the elastic and inelastic 
cross sections and the differential elastic cross section 
in the forward direction. A model of this type fails 
completely to produce the required bump in the 
backward hemisphere. Curve C is an example of such 
an attempt. The data used in synthesizing such a fit 
are the total elastic and inelastic cross sections, do/dQ 
at 0° and the optical theorem. We have not attempted 
to prove any theorems about the shape of do/dQ in the 
backward hemisphere. However, in all of the attempts 
of the optical-model type the various partial waves 
tend to interfere out beyond the forward peak in such 
a way as to produce only very small subsidiary maxima. 

One could go to the other extreme and try to enhance 
one partial wave much more than all the others. In 
the limit that only one wave participates, then the 
differential cross section would be symmetric fore and 
aft, which it is obviously not. The next possibility is 
that one or two partial waves are required to stand out 
above the rest to the extent that they produce the 
backward bump. 

There are probably many ways that this can occur. 
However, we have been able to find only two that seem 
reasonable within the framework of the analysis. We 
limit ourselves to L=0,1,2,3 waves, which corresponds 
to an effective radius of interaction of about 1.2 10-" 
cm. We suppose that there is absorption of all these 
waves. We next suppose a phase shift of essentially 90° 
in the J=$ state of L=2. The spin-flip term gives a 
bump in the backward (and forward) hemisphere in 
about the right place. If there is spin flip in the L=2 
wave, then there is automatically a large contribution 
of the L= 2 wave in the imaginary part of the scattering 
amplitude. There is indication of a considerable amount 
of P2(cos@) in the forward peak. The forward peak drops 
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to a small value at point fairly close to where P2 changes 
sign. This can be taken as an indication that L=2 is an 
important wave regardless of the existence of any spin 
flip, although we can make no claims about uniqueness. 

The other possibility requires a considerable real 
phase shift in the L=0 wave and a smaller phase shift 
of the same sign in the L=3 wave. The bump is then 
produced by interference between these two waves in 
the real part of the scattering amplitude. An example of 
this type of fit is labeled B in Fig. 3. 

Experimentally it should be possible to distinguish 
between these two alternatives. A single spin-flip term 
would enhance the cross section in the forward and 
backward hemispheres equally. The interference effect 
would not be symmetric. Thus if one could establish 


that 
do 


do 
~ (2) <—(—2), 
dQ dQ 


then this would rule out the first possibility. 


IV. INELASTIC PROCESSES 


The study of the inelastic processes is quite tedious. 
This is so because we are always concerned with at 
least three-body reactions. We have looked for correla- 
tions between the various particles. One always hopes 
to find some sort of dramatic correlation which will 
give a key to the physical process. So far nothing of 
this sort has been recognized. 


A. Experimental Details 


It is necessary to bear in mind the limitations of the 
data produced by the experimental techniques. In 
the diffusion chamber ionization is extremely difficult 
to measure. If a track is short (<7 cm), it is sometimes 
difficult to establish its ionization, unless of course the 
ionization is greater than 3 times minimum. Also, unless 
the track is long the momentum measurements are 
inaccurate because the dipping tracks tend to be 
distorted. For this reason we try to identify but 
otherwise discard noncoplanar cases in which neither 
of the two outgoing tracks is greater than 5 cm in 
length. In almost all the cases of inelastic collisions we 
have measured the momentum of the incoming track 
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Fic. 5. Center-of-mass angular distribution of the x~ and 7° from 
the x-+p—71~+-7°+- reaction. 
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or an adjacent parallel track. This was the momentum 
used in the calculation. Collisions in which the incoming 
momentum was more than 1.2 Bev/c were not included 
in the 1-Bev data. 

Usually we are able to make a reasonable momentum 
measurement on only one of the outgoing tracks. We 
assume in these cases that there is only one neutral 
particle involved. Undoubtedly some mistakes are 
made because of this; however, the number is probably 
not great. Only three or four 4-prong interactions were 
observed. In fact, the number is small enough that 
interactions in the carbon of the alcohol give a serious 
background. We have in addition found a comparable 
number of 3-meson 2-prong events. We conclude from 
the small number of 4-prong events that the number of 
cases involving three outgoing mesons is small. 

The emulsion work has a different set of difficulties. 
The momentum spectrum of the incoming particles 
is quite sharp, unlike the cloud chamber work. However, 
about 50% of the collisions are edge collisions, which 


+ p—-n+1f+P 
+ P—++0+N 


No. OF Cases 








Fic. 6. Nucleon angular distribution from the two inelastic 
processes studied: #-+p—2-+7°+p and m+p—2-+at+n. 
There was no appreciable difference between the angular distribu- 
tion of the neutrons and protons and they are consequently 
lumped together. The distribution may be compared with the 
dotted histogram from the 1.5-Bev data, which show a much 
larger anisotropy. 


effectively broadens the spectrum. Particle identifica- 
tion is usually very good in emulsion for this energy 
region. This means that the branching ratio between 
the reactions 


t +p +1+p 
and 


a +por-+at+n 


should be better determined in emulsion than in the 
cloud chamber. There is, however, the possibility of 
accepting a few stars (i.e., double and triple interactions 
on the edge of a nucleus) which would produce some 
spurious events among the 7° production cases. Walker 
and Crussard® have found perhaps a 10% contamina- 
tion, which is consistent with the present results. The 
best estimate of the branching ratio of x° to r+ produc- 
tion is one to one. In general we feel the 7° production 
cases are more accurately determined in emulsion, and 
of course the r+ production cases are much better done 
in the diffusion chamber. , 
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Fic. 7. Comparison of the center-of-mass angular distribution 
of the inelastically scattered x~ from the reactions r~+p—>1~+p)p 
+7 and r-+p—n-+n*-+n. At 1.0 and 1.5 Bev. 


B. Angular and Momentum Distribution of the 
Products of the Inelastic Collisions 


The angular distribution of the various products of 
inelastic collisions are given in Figs. 4 to 8. The distribu- 
tions obtained at 1.4 to 1.5 Bev by Walker and Crussard® 
and Fowler ef al.° are put in the Figs. 6, 7, and 8. The 
same general features are shown at 1.0 and 1.5 Bev but 
are much more strongly displayed at the higher energy. 
The nucleons seem to prefer slightly the backward 
hemisphere and the m the forward hemisphere; 
however the variance from isotropy is small. 

It has been suggested by Dyson” and Takeda" that 
the bump in the cross section is due to a pion-pion 
interaction. Dyson proposes that the virtual pion is 
punched out of the nucleon field, leaving the nucleon 
with only slight recoil. This type of process had been 
suggested by Piccioni several years ago.” 

The distribution of angles between the pions is given 
in Fig. 9. If the Piccioni-Dyson-Takeda process were 
important at this energy, one would expect an angle of 
about 90° between the two pions in the *-—p center 
of mass and also the nucleons would tend to go into 
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Fic. 8. Comparison of the angular distribution of the secondary 
pions at 1.0 and 1.5 Bev from the reactions x-+p—2~+7°+p 
and n-+ p10 +2++n. 

1 F, J. Dyson, Phys. Rev. 99, 1037 (1955). 

1G. Takeda, Phys. Rev. 100, 440 (1955). 

12Q. Piccioni—reference is made to the idea in the Proceedings 
of the Rochester Conference of 1952 (University of Rochester 
Press, Rochester, 1952). 





WALKER, HUSHFAR, 


18 
16r 
14) 
2 
10) 


No. oF Cases 


8 
6 
4 
2 








"Ss s oe oe a oe 
COS Org 


Fic. 9. Center-of-mass distribution of angle between the two 
pions from the inelastic scattering cases at 1.0 Bev. 


the backward hemisphere. The angular distributions 
do not seem to show such an effect, although there are 
a sizeable number of cases in which the angle between 
the two z’s is less than 90°. 

The momentum distributions of the pions and 
nucleons are given in Figs. 10 to 14. The ratio of the 
momenta of the product pions is given in Fig. 15. 
These results seem quite reversed from the behavior at 
1.5 Bev. The x~ seems to be on the average the lower 
energy pion in both the production of a + and 7° 
whereas at 1.5 Bev the reverse seems to have been the 
case.*:® In the case of the process r~+p—2-+2*+n, 
one expects the ~ and » to be more strongly pulled into 
the } resonance energy region than the r+ and nm. Why 
it is in the case of x-+p—7°+2-+ p that the m and p 
end up more correlated than 7° and , is not understood. 
We have used only the well-measured cases in 
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Fic. 10. Center-of-mass momentum spectrum of the r+ and 
mx from the reaction ~-+p—2~+2++n. The Qy_»p scale gives 
the relative kinetic energy of the other pion and nucleon. 
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compiling the spectrum, so we do not believe that the 
result is produced by poor measurements. In all the 
figures having to do with a momentum spectrum we 
have included a Q abscissa. The momentum of one of 
the three products determines the relative kinetic 
energy of the other two or the Q value for the pair. 
Interpreted literally the Dyson-Takeda suggestion 
would predict a bump in the nucleon spectrum corre- 
sponding to a Q(x,m) of 150 Mev. 

Another comparison of the data at 1.0 and 1.5 
Bev can be made by looking at the momentum change of 
the nucleon in the course of the inelastic process. Figure 
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Fic. 11. Center-of-mass momentum spectrum of the w~ and 7°. 


16 gives a plot of the momentum change spectrum for 
the nucleons at 1.0 and 1.5 Bev. The two spectra are 
remarkable similar. At 1.5 Bev there are a few more 
cases of pion production with very large and very small 
momentum changes. Since it is likely that many cases 
of pion production result from high-impact-parameter 
collisions, it is not surprising that low momentum 
transfers occur quite often. A given momentum 
transfer at 1.0 Bev will of course result in a larger 
angular deflection of the nucleon than at the higher 
energy. It seems remarkable that there are many 
elastic collisions in which sizeable (~1 Bev/c) momen- 
tum transfers occur. Intuitively one might expect 
such hard collisions to produce mesons. 





. =7 
V. DISCUSSION 


It is very difficult on the basis of this experiment 
and the general shape of the total cross-section curve 
to draw any definite conclusions as to what produces 
the enhancement of the cross section in the 1-Bev 
region in the J=} state. The present experiment can 
rule out some possibilities. It seems impossible to have 
the interactions go primarily through one angular 
momentum state. This is because of the large diffraction- 
like peak in the forward direction which implies the 
participation of several partial waves. On the other 
hand, it is necessary to have one or two waves behave 
differently from the rest in order to have the bump in 
the backward hemisphere. The possibilities here are 
spin flip in the L=2 wave or an interference between 
L=3 and L=0 waves as a result of real phase shift 
scattering. The latter would imply a large core scatter- 
ing plus a weak high wave scattering. 
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Fic. 12. Center-of-mass momentum spectrum of the 
inelastically scattered x~. 


One of the most appealing explanations of the 
enhancement is the strong r—7 interaction of Dyson” 
and Takeda" and extended by Minami and Ito and 
others.’*-4 It is certainly true that no strong evidence 
can be found to support this hypothesis from the 
analysis of the inelastic processes. Yet neither Dyson 
nor Takeda have really worked out the consequences 
of their hypothesis in this case. In order to do this one 
would have to know more about the nucleon structure. 
Certainly the incoming pion doesn’t just punch a 
pion out of the nucleon’s field. This possibility at 
least is ruled out by the present data. It should be 
remembered however that there is really very little 
phase space available for the process as proposed by 
Dyson. Also the wavelengths of the outgoing pions are 

 D. Ito and S. Minami, Progr. Theoret. Phys. Japan 14, 189 
er on inelastic scattering have been made by Ito, 
Yamayaki, and Mori, and also by T. Kotani and M. Takeda 


and finally by S. Minami. These authors have kindly sent pre- 
publication information to the present authors. 
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Fic. 13. Momentum spectrum of the pions produced 
in the inelastic collisions, i.e. r* and 7°. 


of the order of } the Compton wavelength of the pion, 
so that final-state interactions with the nucleon must 
be very important. Because the elastic processes 
constitute a large fraction of the total cross section, we 
do not believe that the strong final state interaction 
is the true explanation of the bump in the cross section 
in this energy region. It seems possible that the pion- 
pion interaction may give rise to elastic scattering.!® 
It seems very likely from the present data that there 
is a considerable amount of refraction as well as diffrac- 
tion around the outside of the nucleon. The general 
effect of a strongly momentum dependent pion-pion 
interaction could probably produce effects very much 
like what is observed. Because of the motion of the 
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Fic. 14. Histogram giving the momentum spectrum of the 
nucleons from the inelastic collisions. No difference between the 
spectra of the neutrons and protons could be seen, and so the two 
are grouped together. The curve is calculated from the statistical 
theory. The Q,_, abscissa gives the relative kinetic energy of the 
two pions. 

16 This sort of effect was initially proposed by A. N. Mitra and 
F. Dyson, Phys. Rev. 90, 372(A) (1952). Also M. Ross, Phys. 
Rev. 95, 1687 (1954) to explain some features of low energy 
m—nucleon scattering. 
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Fic. 15. Histogram showing the number of cases with a given 
ratio of momentum of x* to momentum of z~ and 7° to z~. This 
shows a little more clearly than the momentum spectrum that the 
secondary pion tends to have more energy than the r~. 


virtual pions the interactions would take place over a 
considerable range of impact parameters.!® This means 
of course that several partial waves would be enhanced, 
which in turn means that there should be a diffraction- 
like peak in the elastic scattering for the whole energy 
region of the second maximum. Also, there might be 
a fairly strong J dependence. In order to obtain a J 
dependence from such a model one has to make assump- 
tions about the nucleon structure. Naively one might 
assume that the meson current about the nucleon is 
strongly correlated with the spin direction of the 
nucleon. Collisions with energies below the peak in 
the cross section should occur preferentially with the 
meson current about the nucleon opposed to the 
incoming pion. Above the peak the collisions would be 
enhanced when the meson current is in the same sense 
as the incoming pion. Thus, for example, the P12 and 
Ds3;2 states would be important below the peak whereas 
above the peak P3/2 and Dsy2 states would be important. 
There is also the possibility that we are encountering in 
the case of the 1-Bev bump a threshold effect. That is 
that two pions will interact strongly if their relative 
kinetic energy is greater than about 150 Mev. The 
results of the experiments at 1.5 Bev lend credulity to 
this sort of model.” The sharp decrease in the cross 
section above 1 Bev would be primarily the result of 
the damping out of the elastic processes, but why the 
decrease should occur so rapidly is not understood. 
One can apply this same type of argument to the bump 
in the **—> cross section at 1.3 Bev.‘ In this case 


16 A proposal by B. Feld, Bull. Am. Phys. Soc. Ser. II, 1, 
72 (1956). Supposes a series of resonances in 5, P, D states which 
may not be greatly different from the behavior proposed here. 


however a different isotopic spin state of the r—7 
system may be important, perhaps the J=2 state. 

Another possible explanation is that the bump in the 
cross section is due to the excitation of an isobaric 
state of the nucleon. This has been discussed at some 
length in a paper by Cool, Piccioni, and Clark‘ in which 
they attribute the bump to a resonant Ds state. 
They suppose that this occurs on top of a gradual rise 
in cross section due to inelastic processes. The present 
data cannot rule out this possibility; however, we were 
unable to find a quantitative fit of the differential 
scattering cross section for an enhanced J=5/2 state. 
The fragmentary data at 700 Mev also seem to contra- 
dict such a model.!”:!8 To sum up what we consider to be 
the evidence which might be considered favorable to 
such a hypothesis, first there is some evidence from the 
shape of the forward peak that there is strong interac- 
tion in the L=2 wave. Second, the bump in the back- 
ward hemisphere might be produced by spin-flip 
processes coming from scattering in one of the J 
states of the L=2 wave. Finally, there is the evidence 
that the w~ on the average loses most of its energy in 
the inelastic processes. This might be indicative of 
isobar formation. In fact it seems likely that the x 
and nucleon end up in a J=/=}$ state a considerable 
fraction of the time. As stated previously, we do not 
believe that the enhancement in the cross section comes 
from such a final state interaction. 

Such a resonance would be damped by the inelastic 
processes, and the damping may vary with energy. 
Thus it would not be possible to extract the resonant 
from the nonresonant part of the cross section without 
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Fic. 16. Histogram showing a comparison of the nucleon 
momentum change spectrum at 1.0 and 1.5 Bev in the center of 
mass system. The maximum possible change at 1.0 Bev is about 
1.2 Bev/c and at 1.5 Bev is about 1.5 Bev/c. The cases are cal- 
culated by taking the vector difference between the momentum 
of the incoming and outgoing nucleon. The possible importance of 
the momentum change of the nucleon in determining the char- 
acteristics of the reaction has been stressed by D. Ito and S. 
Minami, Progr. Theoret. Phys. Japan 14, 482 (1955). 


17L. Alvarez, Proceedings of the Sixth Annual Rochester Con- 


ference on High Energy Physics (Interscience Publishers, Inc., New 


York, to be published). 
18 M, Blau and A. R. Oliver, Phys. Rev. 102, 489 (1956). 
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detailed checks at many energies in the neighborhood 
of the peak. 

To sum up the discussion, we have primarily con- 
sidered the Dyson-Takeda suggestion of a pion-pion 
interaction and the one emphasized by Cool et al. of a 
D state being mainly responsible for the enhancement 
of the cross section in the 1-Bev region. We feel that 
the pion-pion interaction hypothesis has many features 
which would seem consistent with the results at both 
1.0 and 1.5 Bev. This model does not explain why the 
elastic part of the cross section should be damped out 
so rapidly above 1 Bev, although one would expect 
this effect to occur at some energy. 
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Scattering and Absorption of «+ Mesons in Lead* 
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The interactions of 50+15-Mev x* mesons in lead were investigated by means of a magnet cloud chamber 
containing a single }-inch lead plate. The following cross sections were found: for elastic scattering greater 
than 40°, 252+36 mb; for star production, 852482 mb; for charge-exchange scattering, 27+19 mb. Only 
one of the 52 observed scatters was inelastic. The elastic scattering has a minimum near 90°. The mean free 
path of x* mesons in nuclear matter, derived from the inelastic events and large-angle scatters in this experi- 
ment, is (9.01.5) 10-8 cm. The results are compared with information from related experiments. 


INTRODUCTION 


T present, information about meson scattering 

and absorption in complex nuclei is still rather 
incomplete. Because of its fundamental nature, scatter- 
ing in hydrogen has claimed the most attention. 
Scattering by complex nuclei has been done only in a 
rather exploratory fashion, but the gaps are being filled 
in steadily. Meson-absorption cross sections of many 
elements have been measured at several energies. The 
details of the interactions, however, have been investi- 
gated primarily for light elements. The experiment 
reported here furnishes data on the interactions of a+ 
mesons and lead. 

A cloud chamber was used because it facilitates the 
simultaneous investigation of several features of the 
meson-nuclear interactions. Of interest are: the angular 
distribution of the scattered mesons; the cross sections 
for inelastic scattering, charge-exchange scattering, 
and absorption; and the characteristics of the star 
fragments. Because these features impose conflicting 
requirements on the experimental arrangements, the 
actual experiment represents a compromise, which 
yields information on all these aspects with reasonable 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+ Presently at the University of San Francisco, San Francisco, 
California. 


accuracy. The procedure followed was very similar to 
that used by Tracy' and is therefore described only 
briefly.” 


EXPERIMENTAL PROCEDURE 


The mesons were produced in a 2-inch-thick poly- 
ethylene target by the 340-Mev deflected proton beam 
of the 184-inch Berkeley synchrocyclotron. The meson 
beam* was deflected away from the proton beam by 
means of an electromagnet and passed into the cloud 
chamber. 

The expansion-type cloud chamber‘ is 22 inches in 
diameter and has a sensitive region 3.5 inches deep. 
Across the center of the chamber was placed a }-inch- 
thick (actually 3.335 g/cm?) lead plate covered with 
thin aluminum foil (4.8X10-* g/cm?) to improve the 
illumination. The cloud chamber was situated in a 
large electromagnet‘ suitable for fields up to 22 
kilogauss. Fields of 5.18 and 7.33 kilogauss were used 
in this experiment because higher fields would have 
caused the radii of curvature of the meson paths to be 


1J. F. Tracy, Phys. Rev. 91, 960 (1953). 

? For further details see George Saphir, University of California 
Radiation Laboratory Report UCRL-2833, January, 1955 
(unpublished). 
as Skinner, Merritt, and Youtz, Phys. Rev. 80, 900 

4W. M. Powell, Rev. Sci. Instr. 20, 403 (1949). 
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too small for sufficient mesons to reach the lead plate, 
and would also have produced too much dispersion 
of the beam. 

Two runs were used to obtain the data for this 
experiment. In the first one most data were taken with 
the 5.18-kilogauss field and with the mesons entering 
nearly normal to the plate; additional data were 
obtained with the higher field, the mesons then enter- 
ing the plate at about 15° from the normal. Because 
tracks emerging near 90° might be hidden by such an 
arrangement, the plate was rotated for the second run 
so that the mesons entered the plate at approximately 
30° from the normal. Only the 7.33-kilogauss field 
was used in this second run. 


REDUCTION OF DATA 
Scanning Procedure 


All pictures were scanned on a stereoscopic projector.® 
For this purpose the movable glass screen was kept in a 
horizontal position and only one view was projected 
on it. All incoming meson tracks were followed to the 
plate and those satisfying certain criteria were counted 
as flux particles. These criteria are described in the next 
paragraph. Events other than small-angle scatterings 
were noted and investigated, both images being used 
for space projection. All pictures were also in- 
dependently scanned for events by the more rapid 
method of using a stereoscopic viewer. Only one addi- 
tional event was found in the viewer scanning. 


Meson Flux 


To obtain detailed information about the meson 
flux, all the meson tracks in a series of pictures were 
measured. From these measurements was derived a 
set of acceptance criteria for entering tracks. The mean 
values of the dip angle and the projected angle were 
determined as a function of position along the plate. 
Mesons within angular intervals of +3.5° and +4°, 
respectively, were accepted for the 5.18-kilogauss-field 
data; intervals of +4° and +5° were used for the 
7.33-kilogauss-field data. The height of the tracks was 
restricted to a region 2.3 inches high in order to insure 
good visibility of both the entering and emergent 
tracks, and to be certain that the meson passed through 
the lead plate. The radius of curvature was limited to a 
range corresponding to 50+15-Mev mesons. During 
scanning, the criteria for the projected angle and the 
radius of curvature were checked by means of a tem- 
plate. If a track appeared to be faint or to fade near 
the plate, its height and dip angle were measured ; such 
tracks generally did not satisfy the acceptance criteria. 
The scanning count was compared with the count 
obtained by actual measurements performed on each 
track for a series of pictures containing some 580 
acceptable mesons. The agreement was considerably 


= Brueckner, Hartsough, Hayward, and Powell, Phys. Rev. 
75, 555 (1949). 
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closer than the estimated 5% accuracy of the total 
count. 

The flux count was then corrected for contamination 
by positrons and yw mesons. According to a formula 
given by Heitler,* 45% of the positrons may be expected 
to emerge from the lead plate with less than 60% of 
their initial energy. From the number of such events 
observed, the positron contamination was estimated to 
be 0.5%. The w-meson contamination was calculated 
by considering the decay rate of the 7 mesons, the 
angular and energy distributions of the resulting yu 
mesons, and the geometric arrangement of the 
collimators. The y-meson contamination was thereby 
estimated to be 11%. 

The total corrected path length of the + mesons in 
lead was 8.69X10* g/cm? and is estimated to be 
accurate to 5%. Of the total path, 6.53X10* g/cm? 
corresponds to the 5.18-kilogauss-field data with the 
mesons entering at a mean angle of 5° from the normal 
to the plate, 1.5810 g/cm? corresponds to the 
7.33-kilogauss-field data with a mean angle of 30°, and 
0.58 X 10* g/cm? corresponds to the 7.33-kilogauss-field 
data with a mean angle of 15°. 


Elastic Scattering 


All scattering events with projected deflections 
greater than 30°, as seen on the horizontal screen, were 
investigated in detail. These data were used to calculate 
the angular distribution of scatterings greater than 40°. 
A sample corresponding to a flux of 6576 tracks was 
examined for scatterings with projected deflections 
greater than 20° and was used for the smaller-angle 
scattering. The number of scatterings thus obtained 
was corrected for those events which were missed 
because of their smaller projected deflections, for those 
scatterings near 90° which scattered at steep angles, 
and those scatterings in which the scattered meson is 
stopped in the lead plate. For the major portion of this 
experiment the mesons entered very nearly normal 
to the plate, and thus many scatterings near 90° would 
not be observed. An appropriate correction factor was 
calculated and used; it was 2.70 for the 80°-90° and 
90°-100° intervals, and 1.04 for the 70°-80° and 
100°-110° intervals. Also, sufficient data were obtained 
with mesons impinging on the plate at about 30° from 
the normal to show that no unusual features occurred 
in the 80°-100° interval. 


Inelastic Scattering 


All flux mesons passing through the lead plate lost 
about 5 Mev. The consequent small increase in 
ionization (10%) and increase of curvature (4%) were 
not apparent to the scanner. Twelve events were found 
that could be inelastic scatterings with energy loss of 
more than 50%, but only one event was actually given 


OW. Heitler, The Quantum Theory of Radiation (University 
Press, Oxford, 1949), pp. 201, 225. 
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this interpretation, while eight were classed as m-u 
decays and three as emerging protons. Apparent 
inelastic scatterings were identified as w-u decays if 
the energy-angle relationship of the tracks (extrapolated 
to the center of the lead plate) satisfied the calculated r- 
correlation. The expected number of 2-u decays within 
the }-inch lead plate was 12.3, half of them emerging 
with considerably increased curvatures. If the invisible 
region in front of the plate is taken to be jg inch, then 
the resulting total number of expected m-y decays 
resembling inelastic scatterings is nine. In three of the 
events, the emergent tracks were very steep and heavily 
ionizing. They appeared to be proton tracks and were 
classed as such, but because their curvature could not 
be measured, their identification was not entirely 
certain. 


Charge-Exchange Scattering 


In a charge-exchange scattering event the r+ meson 
is changed into a 7” meson, which in turn disintegrates 
into two photons. The latter processes occurs within 
a few microns of the actual scattering ; thus both can be 
considered to occur at the same point in the lead plate. 
There is a 28.5% likelihood® that two photons will 
create a positron-electron pair in the lead plate, and a 
1.45% likelihood’ of the direct decay of the 7° meson 
into an electron pair and a photon. A charge-exchange 
scattering was therefore required to consist of a mt- 
meson stop and a high-energy pair emerging from the 
same point in the lead plate. However, high-energy 
positrons passing through the lead may radiate photons, 
which in turn may produce a positron-electron pair. 
Such an event would look much like a true charge- 
exchange scattering. Since the bremsstrahlung spectrum 
from the electrons is strongly peaked in the forward 
direction, these events were excluded by requiring 
the angle between the incident track and the pair to be 
at least 20°. The fraction of charge-exchange photons 
emerging into the 0°-30° interval was expected to be 
only 2%. This estimate was based on an angular 
distribution of 7° mesons, which was taken to be the 
same as that measured* for the process r~+ p > m°-+-n. 
The photon angular distribution with respect to the 7° 
meson was calculated from the decay kinematics, and 
was folded into the angular distribution of the 7° mesons 
to obtain the photon angular distribution in the labora- 
tory system. The distribution also indicates that 70% of 
the photons emerge into the backward hemisphere. When 
the conversion efficiency for the photons and the fre- 
quency of the alternate mode of r° decay are combined, 
they yield a 29.6% likelihood that a charge-exchange 
scattering is identified in this experiment. More 
elaborate calculations were not carried out because 
only two events were found that satisfied the require- 
ments of charge-exchange scattering. Beside these 


= Lindenfeld, Sachs, and Steinberger, Phys. Rev. 89, 531 
(1953). 
8 J. Tinlot and A. Roberts, Phys. Rev. 95, 137 (1954). 
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OF r+ MESONS 


TABLE I. Cross sections in millibarns. 


Total 
inelastic 
events 


Elastic 
scatterings 
>40° 


252 +36 


Charge 
exchange 
28+10 27+19 
(7) (2) 


1-Prong 2-Prong 


Stops stars 


591 +56 


883+73 
(226) 


a This includes the one observed inelastic scattering. 
b Number of events observed is given in parentheses. 


events in which the pairs were in the backward hemi- 
sphere, seven apparently electron-induced pairs were 
found with the angles of emergence less than 15°, 
and one at 19°. 


Stars and Stops 


An event was called a star when the meson stopped 
in the lead and one or more protons emerged from the 
same point. Usually this type of event is easily identifi- 
able because the proton track has less curvature and 
its ionization is noticeably heavier than meson tracks. 
The proton energy was determined from the curvature 
and also from ionization. In most cases the two values 
agreed within the estimated accuracies. In cases of 
doubt, more weight was given to the ionization estimate, 
as turbulence sometimes made curvature measurements 
quite unreliable. The proton energies so determined 
are probably accurate to 40%. In a few instances the 
heavy prongs could not be unambiguously identified as 
protons. In three cases the heavy tracks might have 
been due to inelastically scattered mesons, and in two 
cases they might have been due to deuterons. 

Those events in which a meson track ended in the 
lead and in which no track originated from the same 
point were classified as stops. Stops may actually be 
large-angle scatterings, charge-exchange scatterings, 
stopped electrons, inelastic scatterings, or stars with no 
visible prong emerging from the lead. The numbers of 
stops due to the first two of these possibilities were calcu- 
lated as indicated in the preceding sections to be 2.04 and 
4.76, respectively. The number of electron stops was 
calculated to be 0.97, using the estimated 5% positron 
contamination and the 0.6% probability? that a 
positron will appear to stop in the plate. Inelastic 
scatterings were not considered. All the remaining stops 
were interpreted as stars with no detectable prongs, 
or true stops. 


RESULTS AND DISCUSSION 


The most important cross sections are listed in 
Table I. The uncertainties include the 5% uncertainty 
in the meson flux and the ‘standard deviation of the 
number of events observed. The actual number of 
events observed is given in parentheses. The number of 
events at various meson energies was insufficient to 
permit one to draw any conclusions about the energy 


9N. Arley, On the Theory of Stochastic Processes and their 
A pplication to the Theory of Cosmic Radiation (Gads Forlag, 
Copenhagen, 1948), pp. 161-162. 
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Fic. 1. Differential cross section for elastically scattered 
50+15-Mev x* mesons in lead. 


dependence of the cross sections. The results of this 
experiment are discussed and compared with results 
from related experiments in the following sections. 


Elastic Scattering 


The angular distribution of the elastically scattered 
mesons is shown in Fig. 1. At small angles multiple 
Coulomb scattering predominates. The root-mean- 
square scattering angle was measured as 11°. This 
agrees with the theoretical value obtained from a 
formula given by Rossi and Greisen.’” The main 
features of the angular distribution, namely the 
minimum near 90° and the large amount of back- 
scattering, have been noted in all other meson-scattering 
experiments by complex nuclei below 100 Mev. These 
experiments include the elements He," Li,” Be,” 
C,5 and Al," investigated by cloud chamber 
techniques'"-*.4 and counters,”!® as well as experi- 
ments of scattering in nuclear emulsions.’ Above 
100 Mev the angular distribution is more nearly 


10 B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 

11 Fowler, Fowler, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 91, 135 (1953). 

12 Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
100, 1419 (1956); 101, 412 (1956). 

18 F. H. Tenney and J. Tinlot, Phys. Rev. 92, 974 (1953). 

4 Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952). 

15 Tsaacs, Sachs, and Steinberger, Phys. Rev. 85, 718 (1952). 

16 Minguzzi, Puppi, and Ranzi, Nuovo cimento I1, 697 (1954). 

17 Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 82, 
105 (1951). 

18 Bernardini, Booth, and Lederman, Phys. Rev. 83, 1277 and 
1075 (1951). 

1# H. Bradner and B. Rankin, Phys. Rev. 87, 553, 547 (1952). 


isotropic, as shown by experiments in He," Li,” C,” 
Al,” and Pb.” 

The large-angle scattering of 33-Mev x~- mesons in 
Al, Cu, and Pb has been investigated by Heckman 
and Bailey.” The backscattering cross section for lead 
was found to be 57780 mb. The backscattering cross 
section for 50-Mev a+ mesons in lead found in this 
experiment is 143+26 mb. The ratio of these cross 
sections is 4.0+0.9 and may be explained largely in 
terms of two factors: 

1. The Coulomb effect reduces the effective area of 
the nucleus for positive mesons and enhances the cross 
section for negative mesons. A consideration of the 
impact parameter yields the approximate Coulomb 
factor for positive mesons, (1—V,./T). Here V, is the 
Coulomb energy given approximately by ZA~? (in 
Mev), and T is the kinetic energy of the mesons. 
This Coulomb factor for lead is 0.72 for 50-Mev a+ 
mesons and 1.42 for 33-Mev m~ mesons. The ratio of 
the Coulomb factors is 1.92:1. 

2. Elastic meson-nucleon backscattering is almost 
entirely due to r++ (or x~+2) scattering.” Hence, 
the neutron-proton ratio in lead may well have a 
bearing on the relative backscattering cross sections 
of mesons of different sign. For lead the neutron-proton 
ratio is 1.52:1. Combining this ratio with the Coulomb 
factors produces a 3,0:1 ratio, which is to be compared 
with the observed (4.0+0.9):1 ratio. 

Thus these two factors can largely account for the 
cross-section ratio. Some weight is lent to such a free- 
nucleon model by the results of Heckman,” which 
indicate that backscattering cross sections at this 
energy are proportional to the atomic number and, for 
lead, are consistent with energy independence. However, 
further data are still needed to clarify the applicability 
of such a model. 


Inelastic Scattering 


Only one event was identified as an inelastically scat- 
tered flux-meson. The cross section corresponding to one 
event is 4.0 mb. Two other inelastic scatters were 
observed, but the incident mesons did not satisfy the 
acceptance criteria because of their high energy. The 
initial and final meson energies and scattering angles 
of the three events are listed in Table II. 

A small value of the cross section for inelastically 
scattered 50-Mev a+ mesons is not unexpected. Previous 
meson-scattering experiments have indicated that the 
inelastic-scattering cross section for positive mesons 
below 50 Mev is very small. Only two detectably 
inelastic scatiering events were found by Bernardini 


2 J. O. Kessler and L. M. Lederman, Phys. Rev. 94, 689 (1954). 

21H. H. Heckman and L. E. Bailey, Phys. Rev. 91, 1237 
(1953). 

22 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 

* Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 
(1954). 
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and Levy” in 3120 cm of track length in emulsions; 
in a similar experiment by Rankin and Bradner,!® 
not a single inelastic scattering was found in 902 cm 
of track length; and in a cloud chamber experiment 
by Tenney and Tinlot," using beryllium for a scatterer, 
no inelastic scatterings were detected. Above 60 Mev 
the inelastic-scattering cross section of ++ mesons rises 
rapidly with energy, as shown by the nuclear-plate 
data of Minguzzi, Puppi, and Ranzi'* and Bernardini 
and Levy,” and by the cloud chamber work of Byfield, 
Kessler, and Lederman" with carbon. Thus the occur- 
rence in this experiment of two inelastic scatterings 
among the relatively few mesons above 65 Mev is in 
qualitative agreement with a pronounced energy 
dependence of this process. 


Charge-Exchange Scattering 


Only two events were identified as charge-exchange 
scattering of flux mesons. The meson energy, pair 
energy, and angle of the pair are listed in Table II. 
Also included there are one other charge-exchange 
scattering which was observed (but which was induced 
by a meson of energy greater than 65 Mev), and 
another event in which the pair angle was 19° and 
which was interpreted as being due to a positron. 

Charge-exchange scattering of s~ mesons in hydrogen 
has been investigated at several energies.*::”.75.26 At 
present the work with heavier elements is still in- 
complete. At 34 Mev the cross section for exchange 
scattering in deuterium® is the same for mesons of 
either sign, in agreement with predictions from charge 
symmetry. Near 40 Mev the cross section in deuterium 
as well as in some other light elements”*.?”? seems to be 
considerably smaller than the hydrogen cross section. 
At 60 Mev and 105 Mev, however, the exchange- 
scattering cross section in helium! appears to be 
considerably larger than in hydrogen. At 125 Mev the 
charge-exchange cross sections for ~ mesons in carbon 
and lead” are respectively 20_19+” and 100_49*® mb. 
The cross section of 26.8+19 mb for charge-exchange 
scattering of 35- to 65-Mev a+ mesons in lead is the 
only value for a heavy element in this energy region. 


TABLE IT. Inelastic scatterings and charge-exchange scatterings. 











Energy of 
secondary 
(Mev) 


Angle of 
secondary 


Inelastic 43 oe 46° 
scatterings 76 115.5” 
98 29° 


Charge- 61 161° 
exchange 65 136° 
scatterings 72 . 40.5° 

111 positron : 19° 

(39 if x*+-meson) 


Energy of incident 


Event meson (Mev) 
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It may be noted that both the events observed here 
were induced by mesons of more than 60-Mev energy. 


Absorption Cross Section and Mean Free Path 


Transmission experiments**- have shown that for 
complex nuclei the total cross sections increase with 
increasing meson energy, reaching geometric values 
near 85 Mev and showing no evident energy dependence 
thereafter. These cross sections include the inelastic 
processes as well as the large-angle scatterings. The 
total cross section of 37-Mev a+ mesons in lead has 
been measured by Button.*® This measurement includes 
scatterings greater than 70° but has not been corrected 
for fast star prongs, an effect that may increase the 
measured cross section of 1300+70 mb by as much as 
15%. The corresponding cross section of inelastic 
processes and scatterings greater than 70° as measured 
in this experiment is 1044+83 mb. The ratio of the 
cross sections is 1.24+0.12, but if the Coulomb effect 
is included, the ratio is increased to 1.44+0.14. The 
agreement between these measurements is_ poor, 
particularly because the cross section would be expected 
to increase with energy. However, there seems to be 
no obvious explanation for such a large systematic 
error in this experiment. 

The absorption cross section may be used to calculate 
the mean free path of r mesons in nuclear matter. The 
optical model* furnishes a relation between the cross 
section for incoherent processes and the mean free 
path. The incoherent processes of this experiment 
include the inelastic processes of true absorption, 
charge-exchange scattering, and inelastic scattering. 
It is a question of interpretation whether the large- 
angle elastic scatterings are coherent or incoherent. If 
all elastic scatterings are considered to be coherent 
(diffraction) scattering, then the mean free path is 
(12.4+1.7)10-8 cm. If, however, the elastic scatter- 
ings greater than 70° are interpreted as incoherent 
scattering and are included in the incoherent cross 
section, the mean free path is found to be (9.0+1.5) 
X10-" cm. The interpretation of the large-angle 
scatterings as meson-nucleon scattering (and therefore 
as incoherent scattering) would be consistent with the 
features of backscattering previously noted. However, 
more information is still needed to clarify the validity 
of such an interpretation. The variation with energy 
of the mean free path of 7 mesons in nuclear matter 
has been investigated by Stork. Stork analyzed his 
own data for copper and lighter elements, as well as the 
data from other workers for inelastic processes in 
carbon and emulsions, by means of the optical model, 
and fitted the mean free paths obtained in this way 

28 Chedester, Isaacs, Sachs, and Steinberger, Phys. Rev. 82, 
958 (1951). 

29 R. L. Martin, Phys. Rev. 87, 1052 (1952). 

* K. J. Button, Phys. Rev. 88, 956 (1952). 

3 Aarons, Ashkin, Feiner, Gorman, and Smith, Phys. Rev. 90, 
342 (1953). 
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Fic. 2. Kinetic energies and angles of emission 
of protons from stars. 


to an E*/p* energy dependence. (E is the total 
relativistic meson energy and p is the meson mo- 
mentum.) The resultant curve with a least-squares fit 
indicates a value of (7.1+0.6)10-" cm for the mean 
free path at 50 Mev. The discrepancy between this 
value and the one obtained in the experiment reported 
here may be due in part to the approximate value of 
the Coulomb factor used, but may also indicate a 
difference between the absorption mechanism in lead 
and that in the lighter elements. 


ANALYSIS OF STAR FRAGMENTS 


The characteristics of the star fragments from 
meson-induced stars are of interest because they may 
reflect the mechanism of the meson-absorption process 
in complex nuclei. Although the use of a $-inch lead 
plate in this experiment seriously limited the number of 
observable fragments, the results may nevertheless 
be of interest. Figure 2 is a plot, for all proton events, 
of the proton energy versus the angle between the proton 
and the incident meson. This figure must be interpreted 
with due consideration of the orientation of the lead 
plate. For example, 70-Mev protons produced w'thin 
the lead and emerging normal to the plate (@~0°) lose 
as much as 16 Mev; at 68° such protons begin to be 
attenuated; the mean energy of the emergent protons 
is 55 Mev. Protons of 40-Mev initial energy begin to be 
attenuated at 15°; at greater angles half of the emergent 
protons have energies of less than 20 Mev. Figure 3 
is a plot, for all two-prong events, of the total prong 
energy versus the angle between the prongs. Included 
in this figure are a few events induced by mesons that 
did not satisfy all the criteria required of acceptable 
flux mesons. 


Absorption Models 


The simplest mechanism**> of meson absorption 
requires the participation of two nucleons in order to 


% D. H. Perkins, Phil. Mag. 40, 601 (1949). 
85 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 


conserve momentum and energy. In the center of mass 
of the two-nucleon—meson system, each of the nucleons 
receives half of the total meson energy. The frequent 
appearance of two high-energy protons emerging in 
nearly opposite directions from mt+-meson-induced 
stars!-/8.14.36 is evidence for the occurrence of the process 
m++d— 2p. Only one prong would be visible in the 
process +*++2n— p+n. As indicated in Fig. 3, the 
few two-proton events observed in this experiment show 
a preference for a large angle between the prongs; in 
all these events, however, one proton has less than 
20-Mev energy. This lack of two-prong events with 
proton energies near 90 Mev may be explained by 
collisions of the nucleons inside the lead nucleus. To 
estimate this effect, the lead nucleus was assumed to be 
a uniformly dense sphere of radius 8.3X10-" cm, and 
a mean free path of nucleons of 3.3X10-" cm was 
used.*:*7 The probability of escape, without collision, 
of a randomly produced nucleon was calculated to be 
28%. The probability of escape of two nucleons without 
collision is only 1% if the initial angle between them 
is 180°. Only half of this 1% will have the prongs in the 
unobstructed forward and backward 60° cones, and of 
this 3% only about half again will be (2) rather than 
(n+p) events. For the total of 215 stars (true stops 
and proton events) of this experiment only 0.5 observ- 
able two-prong events with opposite high-energy 
prongs can be expected. The two-prong events of this 
experiment are, however, in qualitative agreement with 
the occurrence of a two-nucleon absorption process, 
which is followed by collisions of the nucleons within 
the lead nucleus. The nucleons would thereby be 
degraded in energy and the angle between them 
generally decreased; but the predominantly opposite 
directions of the two nucleons would be preserved to a 
large extent, as is indicated by the 9:3 ratio of the 
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Fic. 3. Total kinetic energies and angles between 
prongs for two-prong stars. 
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events with angles greater than 90° to those with angles 
less than 90°. 

Careful experiments** with stars produced by slow 
m~ mesons in nuclear emulsions indicated that more 
than two nucleons may take part in’ the primary 
absorption process. Evidence for the occurrence of 
such a process rests on the occasional appearance of 
star prongs with a large fraction of the total meson 
energy. Such prongs have also been found in stars 
produced by fast mesons. It has been estimated!*.*6 
that for fast + mesons the multinucleon process 
occurs in approximately one-third of the absorptions, 
while the other absorptions proceed via the two-nucleon 
process. In this experiment only three protons above 
100 Mev were found. These energies are estimated to 
be accurate to 40%, and if the upper limits are assumed 
to apply, these events could be interpreted in terms of 
a multinucleon absorption process. 


Comparison of Models 


For the data of this experiment, the relative im- 
portance of the two models may best be estimated by 
considering the asymmetry in the angular distribution 
of the protons. The momentum of the 50-Mev meson 
will be more effective in producing forward-to-backward 
asymmetry of the protons in the mechanism involving 
fewer nucleons. If the nucleons are assumed to be at 
rest in the laboratory system and to scatter with 
spherical symmetry in the center-of-mass system, then 
the ratio of nucleons in the 60° forward cone to those 
in the 60° backward cone is 1.59 for the two-nucleon 
case, as compared to 1.21 for a four-nucleon case 
(e.g., an a particle). Use of a 0.2+cos’@ angular distri- 
bution in the center-of-mass system as observed by 
Durbin e¢ al.** for the process r+d— p+ results in 
ratios of 1.31 and 1.11, respectively. Figure 2 shows 
that in this experiment the ratio of emergent fast 
protons in the 60° forward cone to those in the 60° 
backward cone is 19:11 for protons of at least 20 Mev, 


38 Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950); 
W. B. Cheston and L. J. B. Goldfarb, Phys. Rev. 78, 683 (1950) ; 
F. L. Adelman, Phys. Rev. 85,'249 (1952); G. Puppi, Nuovo 
cimento 11, Suppl. 2, 438 (1954). 

% Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). 
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and 10:4 for protons of at least 50 Mev, thus favoring 
a two-nucleon model of meson absorption. The low- 
energy protons show a nearly even distribution. These 
low-energy protons are interpreted as resulting in part 
from a boil-off process following the primary act of 
meson absorption, and partly from collisions of the 
primary nucleons within the nucleus, and are therefore 
expected to show only a slight forward asymmetry. 

Similar results have been obtained in a number of 
previous experiments. In a study by Blau et al.%® of 
stars induced by 50- to 80-Mev a+ mesons in nuclear 
emulsions, the fast prongs corresponding to protons of 
more than 30 Mev display a rather wide angular 
distribution. Some asymmetry is shown, however, 
in the forward-to-backward ratio which, for fast prongs 
in emulsion stars, is 26:14. This is in good agreement 
with the 53:29 ratio previously obtained by Bernardini 
and Levy.™ The angular distribution of the slow prongs 
is nearly isotropic. For scattering in 
beryllium," the ratio of protons of more than 50-Mev 
energy in the forward 60° cone to those in the back- 
ward 60° interval was found to be 2.741.0, while for 
aluminum” the corresponding ratio is 21:13 for 
protons above approximately 30-Mev energy and 17:18 
for slower protons. 

The main results of this experiment are: (a) the 
total cross section of 50-Mev z+ mesons in lead is 
1136+89 mb, (b) the angular distribution for elastic 
scattering has a minimum near 90°, (c) the ratio of 
elastic to inelastic processes is 1: (4.5+0.7), (d) charge- 
exchange scattering constitutes about 3% of the 
inelastic cross section, and inelastic scattering consti- 
tutes about 0.5%, (e) the star-fragment distribution is 
not inconsistent with an absorption process involving 
only two nucleons. 
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u-meson intensities at zenith angles of 224° and 673° at Chacaltaya, Bolivia are found to be in good agree- 
ment with the theory given by Harris and Escobar. Data taken at zenith angles of 45° at Echo Lake, 
Colorado confirm that part of the theory which describes the effect of the terrestrial magnetic field on the u 


mesons after their production in the atmosphere. 





I. INTRODUCTION 


N an earlier work,! the authors described an experi- 
ment performed at Chacaltaya, Bolivia, in which the 
intensities of positive and negative mesons were meas- 
ured at various angles in the east-west plane. It was 
found possible to explain the observed counting rates at 
45° east and west and at the vertical by a u-meson 
production spectrum of the form 


G(R’)=A[R’+a(M.) F*, (1) 


where M, is the effective cutoff magnetic rigidity at the 
latitude, longitude, and direction of incidence of the 
primary particles under consideration. 

The excellent agreement between theory and experi- 
ment mentioned above necessitated the introduction of 
corrections due to the following effects: (1) spurious 
counts, (2) equipment normalization, (3) lack of col- 
limation in the production of + mesons, and (4) finite 
solid angle of the equipment. In large part, the correc- 





80 











Mg (Bv) 


Fic. 1. The parameter @ occurring in the expression for the 
production spectrum G(R’), as a function of the cut-off rigidity 
M.. The portion of the curve for which M,<13.5 Bv was derived 
from Olbert’s results in the vertical direction. The remainder is 
based on the two points shown, which correspond to 223° and 45° 
east at Chacaltaya. 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. The data obtained at Echo Lake and 
Chacaltaya, referred to herein, were obtained with the support of 
the joint program of the Office of Naval Research and the U. S. 
Atomic Energy Commission. 

1F. B. Harris and I. Escobar V., Phys. Rev. 100, 255 (1955). 


tions were evaluated using certain of the data them 
selves, and the remaining data were then found to be 
perfectly consistent with the theory. 

Additional data, for zenith angles of 223° and 673°, 
obtained in the course of the same experiment, offer a 
means for a more rigorous check of the theory, since the 
various corrections for these angles may now be based 
on the results of the earlier 0° and 45° data. 

The same equipment was operated at Echo Lake, 
Colorado during the summer of 1951, at 45° east and 
west. These data permit a separate test of that part of 
the theory which refers to the curvature of the mesons 
in the atmosphere after production, since at that 
latitude there is practically no asymmetry in the pri- 
mary radiation. 


Il. TEST OF THE THEORY AT LOW LATITUDE 


The 223° counting rates obtained at Chacaltaya 
were corrected downward by an assumed spurious 
counting rate of 0.81+0.20 hr“. This figure was 
arrived at by assuming that the spurious rate for a 
given zenith angle followed the same rule here as was 
found for 0° and 45°, i.e., that it was proportional to 
the sum of the four counting rates at that angle, positive 
and negative, east and west. The resulting rates were 
then multiplied by the normalization factors found in 
that analysis. 

If one uses the curve obtained in reference 1, and 
M.=11.7 Bv (west), 17.2 Bv (east), one finds for the 
parameter a of the theory’ the values 620 and 686 g cm~? 
for 223° west and east, respectively. The theoretical 
counting rates were computed, using these values of a. 
They were then corrected for the spreading in m-meson 
production (rms angle of 14°, as in reference 1), and for 
the finite solid angle of the equipment. 

The experimental rates were used to find the observed 
positive excesses e, and from them the corresponding 
positive excesses at production 6. As noted in reference 
1, the latter quantities are of somewhat doubtful 
reliability, due to their dependence on small and perhaps 
neglected terms in the expressions for the intensities. 
Both the e’s and the 6’s have been shown in Table I. 
The subscripts refer to the two different momentum 
channels in the equipment. 
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TABLE I. Positive excesses observed (e) and at production (6) at Chacaltaya. 





Direction € bi 


223° west +0.063+0.012 
223° east —0.072+0.013 





Computation of the positive excess essentially re- 
moves one degree of freedom from the data in a given 
direction. Therefore, for the purpose of comparison 
with the theory, positive and negative counting rates 
have been combined in each direction. This procedure 
has the additional advantage that the sum of the two 
rates is extremely insensitive to the value of positive 
excess, and therefore provides a good test of the theory 
regardless of errors in the later quantity. Table IT shows 
that experiment and theory agree closely. 

If one adopts the viewpoint of reference 1 and regards 
the “western” part of the a(M,) curve (i.e., M-<13.5 
Bv) as well established, one can normalize the eastern 
data to the western data. The parameter a at 225° east 
can then be computed from the experimental results to 
be 678+5 g cm™~™ for Channel I and 683418 g cm 
for Channel II, as compared with 686 as read from the 
curve. This Channel I result has been shown on Fig. 1, 
along with the previous result for 45° east, and the curve 
has been redrawn. 

Data for 673° are available in the west only, as the 
mountainside at Chacaltaya interferes with the solid 
angle of the equipment in the east. The corrections for 
finite solid angle of the equipment and for noncollima- 
tion are so large at these zenith angles that computation 
is nearly impossible. About all that can be said is that 
theory and experiment agree in order of magnitude. The 
corrected and normalized experimental sum of positive 
and negative rates for Channel I was 4.36+0.18 hr“, 
while the theory, with approximate corrections, predicts 
5./0 hr“. 


III. APPLICATIONS OF THE THEORY AT 
HIGH LATITUDE 


A. Approximations in the Theory 


The effective critical rigidity at geomagnetic latitudes 
greater than about 40° varies but little with zenith angle 
in the east-west plane. This fact leads to certain 
simplifications in the theory, due to the near constancy 
of a with direction. The simplifications are brought 
about if the quantity a, of the numerical computations! 
is chosen equal to the vertical cut-off rigidity. 

First, terms in the theoretical expression for the 
u-meson intensities involving the quantity Jz, which 
describes the primary asymmetry, can be considered to 
be small quantities, and terms in the square of J, can 
be neglected. Second, terms in J¢, having to do with the 
variation of a along the meson trajectories, can be 
totally neglected. Third, since the primary spectrum is 
nearly the same in all directions, the positive excess at 


+0.04140.012 
+.0.019-+0.016 


€2 52 
+0.07140.027 
—0.048-+40.028 





+0.041+0.027 
+0.064+0.030 


production, 6, can be considered to be the same in the 
east and west for a given zenith angle. 

The authors have investigated the effect of the 
vertical component of the terrestrial magnetic field at 
these latitudes. It was found that only the horizontal 
component produced effects of first order in the mag- 
netic field, the effects of the vertical component being 
of second order and smaller. 

The above considerations make it possible to write 
the expression for the intensities at high latitude as 
follows: 


1.(R,O)=C cos” OJ, [1+405— (J Ji)(A H) 
—oy tanO(J4/J,)— 145 tanO(J4/J;)]. (2) 


B. Average Secondary Asymmetry 


The action of the magnetic field of the earth on the 
secondary particles produces, at high latitudes, an 
asymmetry of the positives favoring the west, and a 
very nearly equal asymmetry of the negatives in the 
opposite direction. The quantity J, of the theory, which 
expresses this effect, can best be compared with experi- 
ment through the measurement of a quantity which 
will be called the “average secondary asymmetry,” 
defined for a given zenith angle as follows: 


2(tw4—tw——te++1Kz_) 
po, (3) 
twittw +teytte 


where iw, denotes intensity of positives from the west, 
etc. A simple substitution from Eq. (2) yields 


2y tan|O| (J4/J;) 
Ag ——— : . (4) 
1—(1/2H) (J2/J;)(Aw+Arz) 


The (J2/J,) term in the denominator is quite small, 
making Ay, very insensitive to the values of Aw and Ag. 


TABLE IT, Comparison of experimental and theoreticai counting 
rates for zenith angle 22}° at Chacaltaya. All rates are in hr“, and 
refer to the sum of positives and negatives. 


Experimental 
counting rate 

(corrected and 
normalized) 


Theoretical 
counting rate 
(corrected) 


I 223° west 45.85 

I 22$° east 39.44 
II 223° west 9.54 
II 224° east 


Channel Direction 


45.46+0.36 
39.95+0.35 
9.47+0.30 
8.14+0.30 
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TABLE III. Comparison of experimental and theoretical values of 
average secondary asymmetry for zenith angle 45° at Echo Lake. 





Channel Theoretical asymmetry Experimental asymmetry 


I 0.162 0.141 +0.023 
II 0.208 0.153+0.088 





C. Comparison with Experiment 


Numerical computations were carried out for a 
zenith angle of 45° at Echo Lake (geomagnetic latitude 
\=48.4°N, geomagnetic longitude w= 112.7°W, atmos- 
pheric depth H=705 g cm™). The temperature varia- 
tion with atmospheric depth was taken from the curve 
given by Olbert? for 40° geographic latitude. The hori- 


2S. Olbert, Phys. Rev. 92, 454 (1953). 
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zontal magnetic field of the earth was taken to be 0.22 
gauss * the corresponding value of y being 3.9X 107°. 

The critical rigidity at Echo Lake is 2.7 Bv at the 
vertical, and 2.3 and 4.2 Bv at 45° west and east 
respectively. These figures were obtained from curves 
given by Vallarta,* corrected according to the procedure 
given in reference 1. The corresponding values of a are 
522 g cm™ for the vertical direction, and 519 and 538 
g cm~ for west and east. 

The theoretical value of the average secondary 
asymmetry has been compared with the experimental 
value in Table III. It is seen that the theory is wholly 
adequate to explain the observed asymmetry. 


3F. E. Fowle, Smithsonian Physical Tables (Smithsonian 
Institution, Washington, 1934), eighth revised edition, p. 593. 
4M. S. Vallarta, Phys. Rev. 74, 1837 (1948). 
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Necessity of Singularities in the Solution of the Field Equations of General Relativity* 


ARTHUR KOMAR 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received May 25, 1956; revised version received July 30, 1956) 


The Friedmann solution of the field equations of general relativity predict the expansion of the universe 
from a singular instant in time. This paper considers the behavior of universes which are less symmetric 
than the Friedmann model, and which have more general fields that carry stress and energy and produce 
gravitation. We treat the nonsymmetric problem as one treats the symmetric problem, via a “‘co-moving 
coordinate system” such that in it free infinitesimal test particles once at rest remain at rest. In such a 
coordinate system and with standard assumptions about the stress energy tensor we establish that the 
solutions of the field equations of the general theory of relativity necessarily have singularities at finite 
time. The considerations are independent of the symmetry, topology or boundary conditions assumed for 


the space-like three-dimensional hypersurfaces. 


INTRODUCTION 


PRINCIPAL success of the general theory of 

relativity in the realm of cosmology is given by 
the Friedmann solution! of the field equations. This 
solution, which employs the assumptions that the uni- 
verse is spacially isotropic and that the state of matter 
may be represented by incoherent dust, yields the result 
that the universe is not stationary, but is rather in a 
state either of expansion from a singular point in time 
(which would correspond to creation), or of contraction 
toward a singular point in time (which would corre- 
spond to annihilation). The question naturally arises 
whether such singular points are a consequence of the 
particular symmetry presupposed in Friedmann’s model, 
or whether perhaps for more general distributions of 
matter one need not expect instants of creation or 
annihilation of the universe. The purpose of this paper 


* Based on one section of a thesis submitted to Princeton 
University in partial fulfillment of the requirements for the Ph.D. 
degree, April, 1956. 

1A. Einstein, The Meaning of Relativity (Princeton University 
Press, Princeton, 1953). 


is to show that singularities in the solution of the field 
equations of general relativity are to be expected under 
very general hypotheses (enumerated specifically be- 
low), and in particular that the singular instant of 
creation (or annihilation) necessarily would occur at a 
finite time in the past (or future, respectively). 


ENUMERATION OF HYPOTHESES 


We make the following assumptions: 

(A) The universe is a topological product of a three- 
dimensional hypersurface and a line. The line represents 
the direction of time, while the hypersurface represents 
space. 

(B) We may select a set of these space-like hyper- 
surfaces which are geodesically parallel for all time. 
(Physically, this corresponds to the assumption that 
the average motion of matter throughout the universe 
is sufficiently uniform that a coordinate system can be 
chosen so that at each point free infinitesimal test 
particles are fixed relative to this coordinate frame. 
For the case when the distribution of matter in the 
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universe may be represented as incoherent dust, such a 
frame is frequently referred to as a ‘co-moving coordi- 
nate system.”’ We should note, however, that this 
situation of being able to select a set of space-like 
geodesically parallel hypersurfaces for all times is not 
as general as one might at first glance expect. For even 
such a highly symmetric solution of the Einstein field 
equations as that of Wheeler’s geon? does not have 
this property.) 
(C) The Einstein field equations 


Rij— 9 Rgij= KT ii (1) 


hold (where K is a positive constant, equal to 89G/c*). 
We do not consider the possibility of a cosmological 
term. 

(D) The energy momentum tensor 7;; is to have the 
properties that 74, and the-trace T is non-negative, and 
that 74,=0 implies 7;;=0. These properties are in fact 
true of all classical energy momentum tensors if we 
reject the possibility of negative pressure terms. (A con- 
stant negative pressure term in the energy-momentum 
tensor is evidently an alternative way of interpreting 
or introducing a positive cosmological term. However, 
Einstein, the introducer of this cosmological term, has 
since given strong reasons against it.) 

(E) The metric tensor on the space-like hypersurfaces 
is assumed to be positive-definite. 

(F) The metric tensor g;; of the four-space is assumed 
to have the Minkowski signature (1, 1, 1, —1). 


FORM OF THE METRIC, RICCI, AND 
RIEMANN TENSORS 


If we select the coordinate system such that the 
geodesically parallel hypersurfaces hypothesized in (B) 
have the equations 

x= const, (2) 


where the constant is taken equal to the geodesic dis- 
tance of the surface from a fixed base surface, the metric 
assumes the form® 


ds? = gagdx%dx'— (dx')?. (3) 


(A summation convention from 1 to 3 is understood on 
Greek indices.) As is well known, such a coordinate 
system can always be chosen, but it will in general 
become singular after a finite time interval. To avoid 
this eventuality, we postulate hypothesis (B). The gag 
is evidently the metric tensor on the hypersurfaces given 
by Eq. (2) and via hypothesis (£) it is positive-definite. 
If in addition we define on each of these hypersurfaces 
the symmetric tensor 
ican neionbaniae Xap= OZa8 Ox", (4) 
2J. A. Wheeler, Phys. Rev. 97, 511-536 (1955). 

3. P. Eisenhart, Riemannian Geometry (Princeton University 
Press, Princeton, 1949). 
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we find that we can write the Ricci and Riemann 
tensors thus: 
Rag= Pastterms in xag, 
Ra4= terms in Xap, 
Ru=— > (OXa% 0x*)— } Xasx™, 
Rasys= Pasyst terms in Xa8, 
R.spy= terms in xa~, 
Raags= terms IN Xap. 
P.sys and Pag are respectively the Riemann and Ricci 
Y B » 
tensors constructed from the metric gag of the hyper- 
surfaces of Eq. (2). All raising and lowering of Greek 
indices is understood to be done with respect to this 
metric. 


PROOF OF THE EXISTENCE OF SINGULARITIES 


We may rewrite the Einstein field equations (1) in the 
form 
R;;= K(T;;—3:;T). (7) 


We thus obtain from assumption (D) and Eq. (5) 


OX a 
Ry=—} 944 — 4xapx% = K(T44+3T) 20. (8) 
Ox 


If we transform momentarily to a normal coordinate 
system® at a point on the space-like hypersurface, we 
see by an application of the Schwarz inequality 

Xa*| =X1tx2t+ x35 VSL (X11?+X22°+x83") ]', (9) 

and therefore 
(Xa)?<3(K117>+X 227+ X33") < 3K apx™. (10) 
Since this is a scalar relationship it holds in general, 


independent of the choice of coordinate system. Com- 


> 


bining Eqs. (10) and (8) we obtain 


Ole") (ie")" 
ee 
Ox4 6 


>0. 


(11) 


Let us consider now an instant when x,*<0. For 
simplicity of notation we define 


fE-xe"; =i (12) 


’ 


and note that if fo=/(to)>0 at some time fo, then for 
all subsequent times f>/fo>0, due to the monotonic 
character of the solutions of Eq. (11). We can now 
write Eq. (11) 
d(1/f) 
< (13) 
dt 


If we integrate this we find 


1/f—1/fo<§(t—b). 
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We now observe that as ¢ increases, the right-hand 
side of (14) becomes increasingly negative. However, 
since we are assuming for the moment fy>0 (and there- 
fore f>0), the left-hand side can never become more 
negative than —1/fo, and in particular this occurs 
when f=. If we call the corresponding time at which 
this occurs /,,, we see from Eq. (14) that 


6 
lo<t.<—tin< mo. (15) 


0 


For the case when fo<0, we observe that for all 
earlier times f<f)<0. Therefore if we define a new 
function g=— f=x.a*, and a new time variable r= —1?, 
we see that we revert to the previous case. (I am in- 
debted to Professor V. Bargmann for indicating the 
above considerations.) 

We may therefore conclude that unless x, is identi- 
cally zero it will already diverge at a finite time (either 
in the past or future according to whether x.*>0 or 
Xa* <0). We should note that one cannot easily deter- 
mine whether the singularity is in the coordinate system 
or whether the space itself is singular. Taub* has 
pointed out that there is as yet no well-defined way of 
determining what constitutes an essential singularity 
within the general theory of relativity. 

If, however, we take xa*=0, we see from" Eq. (8) 
and the fact that gag is positive-definite that 


(16a) 
(16b) 


Xap= 90, 
Tu=0; T=0. 

From assumption (D) we then have 
T;;=0, (17) 

and thus, from Eq. (7), 
R,;=0. (18) 
Combining Eqs. (5), (16a), and (18) we find 
P.g=0. (19) 


For a three-dimensional manifold the Ricci tensor is 
equivalent to the Riemann tensor.’ Consequently we 


4A. H. Taub, Ann. Math. 53, 472-490 (1951). 
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have 
P.sy=0. 


Thus from Eq. (6) we find 
Rix= 0, 


(20) 


(21) 


and therefore the space is flat. [There are many other 
sets of postulates under which one can show that the 
Einstein field equations (1) imply that the space is flat.® 
Furthermore, no nontrivial, nonsingular solution of 
Eq. (1) has yet been found. However, the possibility 
that such a solution may exist still remains open. ] 


CONCLUSION 


We therefore find that if we want a nontrivial (i.e., 
nonflat) solution of the field equations of general rela- 
tivity we must be prepared either: (A) to allow for 
singularities (as for example in the Schwarzschild® or 
the Friedmann! solutions) ; (B) to permit the possibility 
of a cosmological term or a negative pressure term (as 
for example in the Einstein cylinder universe'); or 
(C) to consider spaces which do not have the simplifying 
property of containing a set of geodesically parallel 
space-like hypersurfaces for all times. It is of particular 
interest that, in the case which we considered, of a co- 
moving coordinate system, a singularity necessarily 
occurs at a finite time independent of any choice of 
symmetry, topology or boundary conditions for the 
space-like hypersurfaces. For, if we reject the possi- 
bility of representing finite distributions of matter by 
means of singularities, and if the only singularity which 
we are prepared to admit is one which corresponds to 
a creation of the universe, we have as a necessary 
consequence of the considerations (and assumptions) of 
this paper that the creation occurred at a finite time in 
the past. 
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Abnormal Rotation in Radiative Collision 
of Electrons with Water Molecules 


TapAo Horre, TAKAYUKI NAGURA, AND MASAMOTO OTSUKA 


Faculty of Science, Osaka University, Osaka, Japan 
(Received July 23, 1956) 


N order to obtain information on the mechanism of 

the abnormal rotation frequently observed in 
electrical discharges through water vapor, purely 
electronic impacts of water molecules have been 
investigated. The main purposes of this experiment are 
firstly to confirm the intrinsic abnormal rotation due to 
purely electronic collisions of water molecules, and 
secondly to observe its dependence on the energy of 
colliding electrons. It may, therefore, be necessary to 
observe only the collision process between water 
molecules and electrons with energies lying within a 
definite narrow range, namely, 


H,O+electron—OH’+H, (1) 


without confusing this with other kinds of collision 
processes. 

In order to realize such an idealized picture, a beam 
of water molecules is projected in the z direction 
































Fic. 1. The collision chamber. 
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Fic. 2. Dependence of the rotational intensity distributions of the 
OH (0,0) band on the energy of the impinging electrons. 


(see Fig. 1), and at the same time a beam of electrons 
with nearly uniform velocities is shot in the y direction. 
The former beam is projected into the vacuum of 
1X10~ mm Hg within the collision chamber through 
a source slit and an image slit and condensed on a 
metallic surface cooled by liquid air immediately after 
having traversed a short distance of ten millimeters or 
so. The latter beam is emitted from an oxide-coated 
cathode in a specially designed electron gun and 
brought to a focus just in front of the image slit by 
electric and magnetic means. The intensities of the 
rotational lines emitted in the x direction from the 
excited OH molecules appearing at the intersection of 
the two beams are measured by the quartz Littrow-type 
spectrograph with one 60° prism and one 30° prism, 
and a recording microphotometer with a phototube 
and a string electrometer. The observed rotational 
intensity distributions are shown in Fig. 2. 

There may be involved in Fig. 2 the answers to two 
questions which have long remained pending, namely, 
what features do the abnormal rotations have owing to 
purely electronic collisions of water molecules, and in 
what manner does the energy of the impinging electrons 
exercise an influence upon them. The answer to the 
first question is that almost all of the OH’ molecules 
are rotating abnormally. The fact that the abnormal 
maximum is at all times predominant over the thermal 
maximum stands in sharp contradiction to the situation 
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in ordinary electrical discharges. The answer to the 
second question is that the rotational intensity distri- 
bution does not show any appreciable change in 
dependence on the energy of impinging electrons in the 
wide range from 1000 down to 20 volts or less. These 
characteristic features may be attributable to the 
nature of the excited states of HO taking part in the 
process (1). 

After having been raised up to either one or both 
of the excited states, '*A, and !*B, as shown in Fig. 3, 
water molecules may be expected to dissociate spon- 
taneously into abnormally or thermally rotating OH’ 
molecules and recoiling H atoms. When the potential 
surfaces for these excited states have been evaluated, 
the path of the recoiling H atom will be known and at 
the same time the excess angular momentum accepted 
by the remaining H atom will also be determined by 
the law of angular momentum conservation. 

A detailed discussion will be published in the Journal 

of the Physical Society of Japan. 
' The authors would like to express their sincere 
thanks to Professor R. S. Mulliken of the University 
of Chicago and Professor C. A. Coulson of Oxford 
University for their kind encouragement and valuable 
suggestions. 


Luminescent Centers in Sulfide Phosphors 
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N recent publications'? Prener and Williams have 
reported that Cu® formed from Zn® by K-electron 
capture in a ZnS matrix is ineffective as an activator, 
i.e., it does not emit the green luminescence charac- 
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teristic of Cu in a ZnS phosphor. They state that this 
experiment makes the conclusion “inescapable” that 
an isolated copper impurity at a substitutional zinc 
site does not give rise to a luminescent center in zinc 
sulfide. Using a treatment of ZnS as a covalent solid, 
they propose an explanation based on the absence of 
coactivator centers in this experiment; and finally 
they suggest that a luminescent center requires the 
activator and coactivator to occupy second or third 
nearest-neighbor positions to each other. 

It is the purpose of this letter to point out that the 
above-mentioned conclusion is not inescapable, and 
that the experimental result of Prener and Williams 
can be understood on the basis of a current well-known 
model of sulfide phosphors? which treats them as 
primarily ionic structures. On the ionic model, the 
copper ion responsible for the green luminescence in 
ZnS is Cu*. If Cu®, formed by decay of Zn® in the 
Prener and Williams experiment, is built into the ZnS 
crystal as Cu** ion, as one would expect, its ineffective- 
ness as an activator is readily understood without 
additional complications. Thus on the ionic picture the 
copper ion produced in this experiment is not of the 
correct charge to constitute a luminescent center; it 
would not be directly excited by the 3650 A light. The 
only possibility for luminescence would then be by 
charge transport processes. Prener and Williams argue 
that such processes occur by analogy with the results of 
a theoretical treatment of superlinear luminescence 
in ZnCdS: Ag, Ni. There appears, however, to be no 
direct experimental evidence to indicate that the high 
probability of ionization holds for all 3650 A excited 
centers in ZnS:Cu. If these centers are not thermally 
ionized, then the Cut? centers formed by radioactive 
decay should not change the luminescent intensity. 
If the centers are thermally ionized then the relative 
amount of green luminescence might increase. In order 
to determine whether there should be a significant 
increase or not it would be necessary to know the 
concentrations of all centers involved, detailed models 
of electron and hole motion leading to luminescence, 
and cross sections for capture of the charge carriers 
by the various centers. These quantities are in general 
not known. 

It appears therefore that the experiment can be 
understood either on the basis of the conventional 
ionic model or on an interpretation of ZnS as a covalent 
material. Furthermore, the experiment does not 
necessitate a revision of the usual viewpoint that 
isolated activators can luminesce. 

We are indebted to Dr. Prener and Dr. Williams for 
communications on this subject. 


1 J. S. Prener and F. E. Williams, Phys. Rev. 101, 1427 (1956). 

2 J. S. Prener and F. E. Williams, J. Electrochem. Soc. 103, 342 
(1956). 

3H. A. Klasens, J. Electrochem. Soc. 100, 72 (1953). 

4S. Roberts and F. E. Williams, J. Opt. Soc. Am. 40, 516 
(1950). 
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Isotope Effect in Superconducting Lead* 


R. R. Hake, D. E. Mapotuer, AND D. L. DECKER 


Physics Department, University of Illinois, Urbana, Illinois 
(Received August 23, 1956) 


HE isotope effect in superconducting elements is 

usually described by stating that T, is propor- 
tional to M”, where T, is the zero-field critical tem- 
perature and M is the average isotopic mass of the 
specimen. According to recent atomic theories of 
superconductivity,!* the exponent p should have the 
value —0.5, and this expectation has been reasonably 
well confirmed for all the superconducting elements for 
which the isotope effect has been measured,’ with the 
‘solitary exception of lead, for which a value*~* of —0.73 
has been reported. In view of this situation it seemed 
to us that an experimental re-examination of the 
isotope effect in lead might be desirable, and some of 
the initial results of such an investigation are described 
here. 

Measurements have been made on six specimens 
chosen to give uniform coverage of the available range 
of average isotopic mass (which in the case of lead is 
less than one percent). Five of the specimens were 
artificially enriched in certain isotopes and were 
obtained on loan from the Stable Isotopes Division of 
the Oak Ridge National Laboratory. The sixth, 9F, 
was a specimen of commercial high-purity lead 
(99.999+-%), obtained from the American Smelting 
and Refining Company. Prior to measurement each 
specimen (consisting of about 1 g of Pb) was purified 
and vacuum cast in a graphite-coated glass capillary 
under conditions intended to produce fairly well- 
annealed single crystals. Some of the specimens turned 
out to be coarse-grained polycrystals, but previous 
measurements of ours have shown that polycrystallinity 
does not effect the superconducting transition in lead. 
The capillary was etched away to avoid the possibility 
of straining the specimen during the measurements. 
Mass analyses of the specimens are given in Table I. 

The isotopic shift in the superconducting transition 
was measured in a series of observations made at a 


TABLE I, Isotopic concentration of lead specimens.* 








Atomic percent 
206 207 208 


33.77 26.230 
71.3 


23.1 
36.46 36.70 
25.21 


_ Average 

isotopic mass 
206.19+0.01 
206.54+0.03 
206.88+0.01 
207.27+0.01 
207.46+0.01 
207.81+0.04 


204 
25.70 
0.5 
5.30 
1.347 
0.240 


Specimen 


52.26 
OF.47 


138 82.10 





® Mass analyses are those supplied by the Oak Ridge National Labora- 
tory, except for specimen 9F, which was analyzed for us by the Lamont 
Geological Observatory. No reliable data on chemical purity are available 
at present except for 9/, since the Oak Ridge data on chemical purity refer 
to the enriched specimens before reduction and purification. Since four of 
the five enriched specimens lie so close to the line which also represents the 
very pure specimen, 9F, it seems unlikely that difference in the chemical 
purity is an important factor here, 
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Fic. 1. Displacement of critical field, AH., versus average 
isotopic mass, M. AH, is the isothermal shift in critical field 
relative to specimen 9F. Probable error in the determination of 
AH, and M for each specimen is indicated by the vertical and 
horizontal lines through each point. 


constant temperature close to T,. The critical field of 
2ach specimen was compared with the critical: field of 
specimen 9F using a_ sensitive ballistic-induction 
technique’ and following procedures similar to those 
used in our recent measurements of the pressure effect 
in lead.® 

The results obtained in measurements made within 
a few hundredths of a degree of 7, are shown in Fig. 1, 
where the shift in critical field relative to that of speci- 
men 9F is plotted against the average isotopic mass. 
Five of the six experimental points are seen to lie close 
to a straight line. If we ignore the point for specimen 
581, the slope of the line gives (0H ./8M)r= —4.1+0.2 
gauss/amu. Assuming that 7, is proportional to M?, 
it follows simply that 


M OH, OH. 
(8). 
(oe OM/ r,. OT / w. 


Inserting the measured value of (0H./dM)r for 
(0H./dM)r., using T.=7.22+0.02,° M=207.27 amu, 
and (0H./0T)y=227+5.7 gauss/°K, we obtain 
p=0.52+0.04, in agreement with the theoretical 
prediction and in harmony with the values of p obtained 
in isotope effect measurements on other superconducting 
elements. Since this value represents the average of 
observations on five different specimens it is probably 
more typical of the properties of lead than the results 
reported previously*:® which were based in each instance 
upon observations on only two specimens. 
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The deviation of the point for specimen 581 from 
the straight line which fits the rest of the data is not 
understood at present, but it seems fairly certain that 
this deviation does not represent experimental error. 
It is of interest to note that specimen 581 was also 
exceptional in exhibiting a much broader transition 
than any of the other specimens. This breadth of 
transition as well as the unusually large critical field 
shift shown in Fig. 1 have been observed with excellent 
reproducibility in two runs between which the specimen 
was repurified and recrystallized. The only respect in 
which specimen 581 appears to differ markedly from 
the others is that it has a relatively broad mass distri- 
bution whereas the remaining specimens have their 
dominant isotopic percentages situated fairly close to 
M. This anomalous behavior will receive further 
attention. 

Measurements are now being extended down to 
about 1.2°K to investigate the temperature dependence 
of the critical field shift. A more detailed account of this 
work will be prepared when this phase of the measure- 
ments has been completed. 

We gratefully acknowledge the important contri- 
bution of G. De Pasquali who reduced and purified 
the isotopically enriched specimens used in this work. 
For assistance in making the measurements we are 
indebted to R. H. Hobart, F. A. Otter, R. W. Shaw, 
and J. O. Thompson. 


* This work received partial support from the Office of Ordnance 
Research, U. S. Army. 

1H. Fréhlich, Phys. Rev. 79, 845 (1950). 

2 J. Bardeen, Phys. Rev. 80, 567 (1950). 

3 E. Maxwell, Physics Today 5, 14 (1952), or more recently, 
B. Serin, Progress in Low Temperaiure Physics, edited by C. J. 
Gorter (Interscience Publishers, Inc., New York, 1955), Vol. I, 
p. 142. 

4M. Olsen, Nature 168, 245 (1951). 

5 Serin, Reynolds, and Lohman, Phys. Rev. 86, 162 (1951). 

6 For a theoretical discussion of the lead result see J. de Launay, 
Phys. Rev. 93, 661 (1954). 

7 Cochran, Mapother, and Mould, Phys. Rev. 103, 1657 (1956). 

§R. R. Hake and D. E. Mapother, Intern. J. Phys. Chem. 
Solids (to be published). 

® Boorse, Cook, and Zemansky, Phys. Rev. 78, 635 (1950). 

1 (0H./dT) is the slope of the critical field curve at T, and 
is computed from the specific heat data of J. R. Clement and 
E. H. Quinnell, Phys. Rev. 85, 502 (1952). It is in agreement 
with the critical field data of Daunt, Horseman, and Mendelssohn, 
Phil. Mag. 27, 754 (1939). 


Metallic Transition in Ionic and 
Molecular Crystals 
B. J. AtbeER AND R. H. CarisTIAN 
University of California, Radiation Laboratory, 
Livermore, California 
(Received August 27, 1956) 


XPERIMENTAL evidence has been obtained that 
several ionic and molecular crystals under pres- 
sures less than 250 000 atmospheres undergo a transi- 
tion to a metallic state as indicated by their conduc- 
tivity. The pressure is created by a shock wave 
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generated from a high-explosive system. A decrease in 
the resistance by a factor of at least 10° from the 
uncompressed to the compressed state is measured by 
means of pins! pressed against the surface of the crystal. 

The materials that showed a resistance of less than a 
few hundred ohms at 250 000 atmospheres were a single 
crystal of CsI and the following powders which were 
compressed into pellets to densities near that of the 
crystal; commercial grade I:, red phosphorus, and 
LiAlH,.? Teflon and pressed NaCl pellets did not show 
a substantial decrease in resistance. It is believed that 
this confirms the validity of the experimental procedure. 
Another substance, compressed CsBr powder, appeared 
to have a resistance of the order of kilo-ohms, which 
might mean that it is in the transition region from an 
insulator to a conductor. Initially all samples had a 
resistance greater than 108 ohms except red phosphorus, 
whose resistance was about 5X 10° ohms. 

The high-explosive system is similar to that 
previously used.* This assembly induces a strong plane 
shock into a series of plates in contact with the high 
explosive. This series of plates consists of three 
aluminum plates, individually grounded, and separated 
by two Teflon plates. This is believed to produce an 
uncharged shock at the sample. Each sample is pressed 
against the last plate by two spring-loaded pins. One 
of these pins is charged to 300 volts while the other is 
grounded. These pins constitute part of an appropriate 
RC circuit. A “raster’”-type oscilloscope is attached 
across a resistor of this circuit, so that any discharge 
can be observed and photographed. The shape of the 
signal indicates the resistance of the sample. More 
precise resistance measurements are being worked out. 

The pressure is determined from the known equation 
of state of aluminum*® by means of an accurate measure- 
ment of the velocity of the surface. This is accomplished 
by a group of seven pins, spaced at 1.5-mm intervals 
away from the aluminum piate. 

An apparent shock velocity is obtained by measuring 
the time difference between the signal from the pins 
pressed into the face of the sample and the closure of 
an additional pin located beside the base of the sample 
and 0.2 mm away from the surface of the aluminum 


TABLE I. Shock velocity (mm/ysec). 











Known 
4.1+0.2> 
3.8+0.2> 


ce 


c 


5.0+1.54 
5.90.2» 


DwWOM~r00: 








® These low values indicate that the aluminum plate rather than a 
shock-induced metallic transition discharged these pins. 

> Calculated from equation of state experiments performed at Livermore. 

¢ Any velocity greater than 2.8 mm/ysec, the measured velocity of the 
aluminum surface, cannot be the result of the arrival of this surface at the 


pins. 
4 Estimated from compressibility data, P. W. Bridgman, The Physics of 
High Pressures (G. Bell and Sons, London, 1949), 
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plate. It is required that the shock velocity obtained 
from this “transit time’ be consistent with one pre- 
dicted from compressibility data. It should be noted 
that the pins on the NaCl and Teflon samples eventually 
discharge also. The timing of this phenomenon easily 
distinguishes this as being due to the arrival of the 
aluminum plate itself. Table I compares the results of 
experiments with known values of the shock velocity. 

Further experiments are in progress to try to deter- 
mine the precise pressure at which the metallic transi- 
tion occurs for these and other crystals, its tempera- 
ture dependence, and the nature of any volume change 
associated with the transition. 

1 See for example, Goranson, Bancroft, Burton, Blechar, Houston, 
Gittings, and Landeen, J. Appl. Phys. 26, 1472 (1955). 

? The LiAIH, might have contained a fair amount of metallic 


aluminum as an impurity, as evidenced by its grayish appearance. 
3 J. M. Walsh and R. H. Christian, Phys. Rev. 97, 1544 (1955). 


Further Extension of Microwave 
Spectroscopy in the Submilli- 
meter Wave Region* 


MONROE COWAN AND WALTER GORDY 
Department of Physics, Duke University, 
Durham, North Carolina 
(Received August 28, 1956) 


ARLIER developments in this laboratory led to the 

extension of microwave measurements through 
the shortest millimeter waves! and into the sub- 
millimeter range? to wavelengths of 0.77 mm. The 
present work extends further the reach of microwave 
electronic methods to wavelengths as short as 0.587 
mm. Rotational lines of OCS have been observed with 
an automatic pen-and-ink recorder through the 
J=41—42 transition at 510 457.3 Mc/sec. They have 
been seen on the cathode-ray scope to wavelengths of 
0.685 mm (Fig. 1). 

The J=0—1 transition of hydrogen iodide has been 
measured in the 0.778-mm region. Table I summarizes 
the results. Figure 2 is a cathode-ray display of two 
components of the triplet I? hyperfine structure. 
The nuclear magnetic coupling constant, Cy, of I'?’ is 
approximately twice that! in DI; the nuclear quadrupole 
coupling and 7 are slightly greater than those for DI. 
The moment of inertia of hydrogen iodide is the 
smallest to be measured with microwave methods. 


TABLE I. Observed and calculated frequencies of HI'?”. J=0 — 1, vo=385 293.27+0.70 Mc/sec. 











Quadrupole displacement 
Mc/sec) 
first order 


— 292.96 
91.55 
256.34 


Transition Relative 
F-F’ intensity 


5/2 5/2 15 
§/2-37/2 100 
5/2 > 3/2 50 


0.07 
0.05 
0.09 


second order 
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4 =0.68 mm 


Fic. 1. Cathode-ray display of a spectral line at 0.685-mm 
wavelength, or 486 184.2 Mc/sec frequency; the J=35 — 36 
transition of OCS obtained with the 18th harmonic energy from 
a 2K33 klystron. The line width is about 1 Mc/sec. 


Several investigators have studied the infrared spec- 
trum of this molecule. Czerny*® in 1927 measured pure 
rotational lines of HI in the 0.1-mm region. The near- 
infrared value of By by Boyd and Thompson‘ agrees 
with ours to the four figures which they quote. 

The J = 2-3 line of C“O"* (Fig. 3) has been measured 
in the 0.867-mm region at 345 802 Mc/sec. With the 
multiple harmonic method previously described,’ the 
first three rotational lines of CO were seen on the scope 
together, and their separations caused by centrifugal 
stretching were measured directly. The stretching 
constant thus obtained is 0.1888 Mc/sec, in agreement 
with the value obtained for the lower-J millimeter 
wave transitions.’ By further measurements on these 
frequencies and by measurement of the J=3-—4 line 
at 0.65 mm, we hope later to improve the accuracy of 
both By and Do. The earlier millimeter wave measure- 
ments®:® on CO have already been used in a preliminary 
infrared-microwave evaluation of the velocity of 
light by Plyler, Blaine, and Connor.’ 

The experimental methods and designs of the 
harmonic generator and detector are the same as those 
for the earlier work.'* As before, the source of sub- 
millimeter wave power is a silicon crystal harmonic 
generator driven by a Raytheon centimeter wave 
klystron (2K33). Harmonics up to the 21st were 
detected. The multiplier crystal was one supplied to 
us by R. S. Ohl, of the Bell Telephone Laboratories. 
It was noticeably better for harmonic generation than 
were the commercial varieties used in the earlier work. 
We wish to than Mr. Ohl for this considerable favor. 
For detection we have continued to use sections of 
crystals obtained from Sylvania Electric Company. 
Frequency measurements were made with a secondary 
standard monitored by the 5-Mc frequency of Station 


WWV\. 





Observed 
frequency 
(Mc/sec) 


Calculated 
frequency 
(Mc/sec) 


Magnetic 
displacement 
(Mc/sec) 
—0.26 

0.65 
—0.91 


~ 385 000.11-0.70 
385 385.52+0.70 
385 548.80-+0.70 


385 000.12 
385 385.52 
385 548.79 
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4 =0.78 mm 


Fic. 2. Cathode-ray display of two of the three hyperfine 
components of the J=0-—>1 transition of HI at 0.778-mm 
wavelength. The line to the left is the F=5/2 — 7/2 component, 
and the one to the right is the F=5/2 — 3/2 component. These 
two components observed on the same scope trace are 163.3 
Mc/sec apart. The klystron mode would not cover all three 
components in a single sweep. 


With the klystron harmonic method, high precision 
and high resolution together with convenient frequency 
sweep and automatic display spectroscopy are, in 


4 =0.87 mm 
Fic. 3. Cathode-ray display of the J=2— 3 transition of 
CO" at 0.867-mm wavelength (345 802 Mc/sec). The line width 
is about 1 Mc/sec. 


effect, achieved as soon as usuable harmonic power can 
be detected. The signal-to-noise ratio obtainable in the 
submillimeter region with a low-power, centimeter-wave 
klystron as the primary source is indeed remarkable. 


TABLE II. Molecular constants* of HI!” 


eqgQ(T?”) = 1831.0+1.0 
Bo=192 658.6 Mc/sec 
B,=195 229.1 Mc/sec 


Ci (27) =0.26 Mc/sec 
ro=1.61970 A 
r.-= 1.60904 A 


® The infrared values of Do =0.00020 cm= and a=0.1715 cm™! from 
Boyd and Thompson‘ are used in the calculation of B and r. Atomic 
constants are from J. W. M. DuMond and E. R. Cohen, Revs. Modern 
Phys. 25, 691 (1953). 


With the same klystrons six years ago we were pleased, 
even excited, to generate usable harmonic power in the 
3- to 4-millimeter wave region. 


* This research was supported by the U. S. Air Force through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

1W. C. King and W. Gordy, Phys. Rev. 90, 319 (1953); 93, 
407 (1954). C. A. Burrus and W. Gordy, Phys. Rev. 92, 274 
(1953) ; 92, 1437 (1953). 

?C. A. Burrus and W. Gordy, Phys. Rev. 93, 897 (1954) ; 101, 
599 (1956). 
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4R. D. Boyd and R. J. Thompson, Spectrochim. Acta 5, 308 
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5 Bedard, Gallagher, and Johnson, Phys. Rev. 92, 1440 (1953). 

6 Gilliam, Johnson, and Gordy, Phys. Rev. 78, 140 (1950). 

7 Plyler, Blaine, and Connor, J. Opt. Soc. Am. 45, 102 (1955). 


Magnetic Domains in Thin Films 
by the Faraday Effect* 


CHARLES A. FOWLER, JR., AND EpwARD M. FRYER 


Department of Physics, Pomona College, Claremont, California 
(Received August 30, 1956) 


HE Kerr magneto-optic technique has proved well 

suited for photographing magnetic domains in 
evaporated thin films of ferromagnetic material, but 
the method begins to lose effectiveness for films thin 
enough to be transparent, principally because of the 
decreased intensity of the reflected light.’ Inasmuch as 
the loss of reflected intensity is accompanied by an 
increase in the transmitted light, utilizing the magnetic 
rotation of the polarization in the transmitted beam 
(Faraday effect) naturally suggests itself. If the domains 
lie parallel to the film surface, no rotation will occur 
for the perpendicular passage of a polarized beam, but 
for oblique transmission a rotation proportional to the 
component of magnetization along the transmitted 
beam should develop. 

To test the idea, we have accordingly made the 
obvious modifications in our Kerr reflection arrange- 
ment? in order to make observation by direct trans- 
mission possible, i.e., aligned on a single optical bench 
the source, collimator lens, polarizer, specimen, analyzer, 
and “camera. The specimen was a NiFe film (80% 
nickel) of 500 angstrom thickness whose domain 
behavior we had previously investigated by the reflec- 
tion technique. This film prefers to exist as a single 
domain, but it will occasionally develop multiple 
domain structure if carefully disturbed with a coercing 
field. 

With the film surface normal to the incident beam, 
magnetization reversals caused no measurable rotation 
of the polarization plane as observed with the photocell 
monitor, but with oblique passage of the light a Faraday 
rotation associated with the magnetization reversal 
appeared, its magnitude increasing with the obliquity. 
Inasmuch as the difficulty of satisfactorily photo- 
graphing the entire surface also increases with oblique- 
ness, we set the angle at 45°. For this angle the Faraday 
rotation accompanying a reversal of magnetization 
amounted to about 9 minutes, a value sufficiently 
large to reveal adjacent domains photographically. 

Figure 1 shows two photographs of the 500-angstrom 
specimen in the same partially magnetized state, the 
upper picture taken in reflection by the Kerr method, 
the lower photograph obtained in transmission by the 
Faraday effect. The improvement in sharpness, in 
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Fic. 1. Photographs of the domain structure of a transparent 
NiFe film in the same magnetic state, taken (upper) with the 
Kerr magneto-optic reflection technique and (lower) with the 
transmission method utilizing the Faraday effect. 


contrast, and in decreased surface imperfections is 
apparent in the transmission case, whose photographic 
exposure time was only one quarter that required for 
the reflection picture. We would conclude that the 
method is a practicable one for observing domains in 
transparent ferromagnetic films, and are proceeding 
with an investigation of much thinner specimens. 

* Supported by the Office of Naval Research. 

1 Fowler, Fryer, and Stevens, Phys. Rev. 104, 645 (1956). 

2C. A. Fowler and E. M. Fryer, Phys. Rev. 94, 52 (1954). 


Hyperfine Structure of K* in the 4P State 


and of Cs!** in the 6P State* 

P. Boos, 1.1: AND B. SENITZKY 

Columbia University, New York, New York 
(Received August 21, 1956) 


RaBI, 


HE atomic-beam resonance method has been used 

to investigate the hyperfine structure of the 4P 
excited state of K® and the 6P excited state of Cs. 
For cesium, the apparatus and method of observation 
were the same as those used in a previous experiment 
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TABLE I. Results of ten runs on the ne spectrum of Cs!, 


Center frequency of observed 
resonance in Mc/sec 
152:2, 151.2, 152. 
202.9, 204.0, 201. 

252.6, 252.4 


Average in 
Nic / sec 


152.0+0.8 


5 
5 203.0+1.1 
252.5+1.0 


Transition 
2, 352. 
5, 203. 


3 tof 
4 to 
4 to 


on the 5P state of rubidium.’ For potassium, certain 
important modifications were necessary. 

In Cs'*, three resonances were observed in the 67; 
state at near-zero static magnetic field. The results of 
ten runs are given in Table I. 

With this arrangement, we were able to observe a 
partially resolved resonance at a frequency of 20.1+0.4 
Mc/sec. Four runs were taken on this resonance and 
the results are shown in Table II. 

In the 6P; state of Cs'*, the three hyperfine level 
separations are given by 


5a+(5/7)b for to F=4, 
4a—(2/7)b for =4 to F=3, 
3a— (5/7)6 for F=3 to F=2. 


The assignment of individual resonances to a particu- 
lar transition can be made uniquely as follows: 


252.5 Mc/sec: F=5 to F=4, 
203.0 Mc/sec: F=4 to F=3, 
152.0 Mc/sec: F=3 to F=2. 
The interaction constants a and 6 are then 
a=50.67+0.11 Mc/sec, b= —0.46+0.53 Mc/sec. 
The corresponding value of Q is 
O= (—0.0033+0.0039)  10-*4 cm?. 


For potassium it was impossible to find the 4P; 
resonances with the apparatus as previously described,’ 
because the ground state rf effect,” due to the transition 
F=2, mp=—2 to F=2, mp=—1 in the region of 
interest (20 Mc/sec) gave signals on the recorder 
twenty to fifty times as large as the expected excited- 
state rf effect. It was not possible to read the excited- 
state rf effect on top of this ground-state effect and its 
associated fluctuations directly. The following scheme 
sufficed to avoid the problem. 

In addition to the high-power square-wave modulated 
rf current used to study the excited-state rf effect, an 
unmodulated rf current of 50 ma at a frequency of 
1.5 Mc/sec was put into the hairpin. This served to 


TABLE IT. Center frequency of F=3 to F=2 transition 
in 4P; state of K®. 
Average in 
Mc/sec 


20.1+0.4 


Observed frequency 
Run in Mc/sec 


2; 374 20.2, 20.5, 19.8, 20.0 
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TABLE III. Center frequency of F=2 to F=1 
transition in 4P; state of K®. 








Average in 


Observed frequency 
Mc/sec 


in Mc/sec 
57.7+0.5 


57.5, 58.3, 57.4 





“scramble” the populations in the F=2, mrp=—2 and 
F=2, mp=—1 ground-state levels (as well as the other 
ground-state levels) and by slight adjustments of 
current and frequency of the low-frequency oscillator, 
50% of the atoms in the F=2, mrp=—2 level were 
transferred to the F=2, mr=—1 level and vice versa. 
Since the effect was already at maximum, the high- 
power rf could not produce any additional refocused 
signal. Consequently the ground-state rf effect was 
zero. 

Another resonance was observed at a frequency of 
57.7+0.6 Mc/sec and this we assign to the transition 
F=2 to F=1 in the 4P, state. Three runs were taken 
and the results are shown in Table III. From this, the 
value of a; is 28.85+0.3 Mc/sec. The value of a, is 
then 5.77+0.06 Mc/sec, because the ratio a;/a; is 
theoretically 5 to within a few percent.’ This was 
found to be true experimentally in the case of sodium? 
and rubidium.' 

In the 4P; state of K®, the three hyperfine level 
separations are 


3a+b6 for 
2a—b for 


a—b for 


F=3 to F=2, 
F=2 to F=1, 
F=1 to F=0. 


We assign the 20.1-Mc/sec resonance to the F=3 
to F=2 transition. This gives a value for b of 2.8+0.4 
Mc/sec, where the error quoted is taken to be the 
extreme of the deviation from the average. Because of 
the difficulty of fitting curves to an incompletely 
resolved resonance, we feel this error should be in- 
creased to +0.8 Mc/sec. 

The value of Q is (0.07+0.02)10-* cm’. 

Full details of this experiment will be published later. 

* Work supported by the Office of Naval Research. 

1 B. Senitzky and I. I. Rabi, Phys. Rev. 103, 315 (1956). 

* Perl, Rabi, and Senitzky, Phys. Rev. 98, 611 (1955). 

3H. Kopfermann, Kernmomenie (Edwards Brothers, Inc., Ann 


Arbor, 1945), p. 22. 
‘Davis, Feld, Zabel, and Zacharias, Phys. Rev. 76, 1076 


(1949). 


C!*(y,~)B'* Cross Section* 
B. C. Cook, A. S. PENFOLD, AND V. L. TELEGDI 


The Enrico Fermi Institute for Nuclear Studies, University of 
Chicago, Chicago, Illinois 
(Received August 30, 1956) 


ECENT work! at this laboratory showed the 
C¥(y,n)C" cross section to have a small peak 
near 13.5 Mev in addition to the “giant resonance” peak 
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C8 (y,~)B" cross sec- 
tion. The C®(y,»)B™ 
cross section is that 
of Halpern and 
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near 25 Mev. Although energy considerations seem 
sufficient to exclude competition with the C"(y,p)B™ 
reaction as the reason for the decrease of the (y,m) cross 
section above 13.5 Mev, the (7,) cross section has now 
been measured to confirm this conclusion. These two 
measurements together yield a total absorption cross 
section that can be interpreted less ambiguously than 
the partial cross section for the production of neutrons. 

B®” was detected by the B- (Emax= 13.43 Mev) decay, 
and a yield function obtained up to 45 Mev. The yield 
at 30 Mev is 1.310" protons/100 r mole, compared to 
3.6X 107 neutrons/100 r mole at the same energy for 
total neutron production. The half-life of B” was 
redetermined to be (18_,.;+'-°) msec, compared to the 
22 msec or 27 msec previously reported.? Over 5X 10° 
disintegrations were recorded to obtain the complete 
yield curve and used for making this half-life 
determination. 

The (y,p) cross section (Fig. 1) was derived from the 
yield curve by using the tables of Leiss and Penfold® 
for the inverted bremsstrahlung spectrum; it shows a 
broad maximum of 8.8 mb near 25.5 Mev. In contrast, 
the cross section‘ for C”(y,p)B" is much narrower 
with a peak value of 34 mb at 21.5 Mev. Although the 
shapes of the two cross sections differ, the integrated 
cross sections are the same. For C™ the cross section 
integrated over the resonance (to 30 Mev) is 55 
mb Mev, while the corresponding quantity (to 25 
Mev) for C” is 63 mb Mev. 
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PHOTON ENERGY (MEV) 


Fic. 2. The total photon absorption cross section of C¥ and C®. 
The latter cross section is known only from 18 to 25 Mev. An 
allowance for neutron multiplicity has been made. 





LETTERS TO 


The known C8(y,xn) cross section (after making 
reasonable allowance for neutron multiplicity) can now 
be combined with the present results to give a good 
approximation to the total absorption cross section of 
C*. This cross section (Fig. 2) exhibits peaks at 13.5 
Mev and 25.5 Mev. Thus the decrease in the neutron 
cross section above 13.5 Mev, as anticipated, cannot be 
attributed to the (y,p) competition, but represents a 
true decrease in the total cross section. The lower peak 
at 13.5 Mev has a maximum cross section of 3.7 mb 
and a width at half-maximum of 6 Mev, while the 
“giant” resonance at 25 has a maximum cross section 
of 17.4 mb and a width of 8.5 Mev. The integrated cross 
section of C from 18 to 30 Mev is 125 mb Mev as 
compared to 100 mb-Mev for C®. 

Although the integrated cross sections for the two 
isotopes are similar and absorption occurs mainly in 
the 25-Mev region in each case, the two cross sections 
differ drastically. Thus all their finer details (e.g., 
widths, etc.) appear to depend strongly upon the 
ground state configurations which differ in this case 
by only one loosely bound neutron. A report describing 
this work in full is in preparation and will be submitted 
to this Journal. 

* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
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Neutron Cross Section of Xenon-135 
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ECENTLY Bernstein e¢ al.! have measured the 
total cross section of xenon-135. The total cross- 
section measurements were fitted to the single level 
Breit-Wigner formula. Since the angular momentum 
of the compound state could have two possible values, 
two sets of parameters fit the data equally well. The 
two sets of parameters for a ground state spin of 3/2 are 
the following: Set I, J/=1, g=3, Zo=0.0851+0.0011 ev, 
T,°=0.0305+0.0008 ev, ',=0.0828+0.0031 ev; Set IT, 
J =2, g=}, Eo=0.0849+0.0010 ev, I’,°=0.0182+0.0005 
ev, ',=0.0942+0.0032 ev. 
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In order to resolve the ambiguity, it is necessary to 
perform an independent measurement. Such a measure- 
ment has been made by Petruska e¢ al.? in an experi- 
ment using the N.R.X. reactor in which they measure 
the relative fission product yield of Cs'*° to Cs!’ in a 
high flux and in a low flux region. The difference 
between the ratios measured in the two cases is at- 
tributed to the burnout of xenon-135, so that an 
analysis of the experiment permits the evaluation of 
the average xenon absorption cross section in the 
N.R.X. neutron spectrum. One can then calculate the 
average absorption cross section over the same spectrum 
for the two sets of parameters found by Bernstein et al. 
and so distinguish the proper set. 

Using the identical procedure as Petruska ef al. to 
analyze their results except to correct for the inter- 
mittent character of the sample irradiation, one arrives 
at the following result: oxe'*5/opio=8.34+40. If one 
assumes a Maxwellian neutron spectrum at a tempera- 
ture of 57°C and a B” cross section of 4000+ 25 barns 
at 2200 meters/sec, the average xenon-135 absorption 
cross section is (2.78+-0.13) 10° barns. 

Averaging the absorption cross section for the two 
sets of Breit-Wigner parameters and a 57°C Maxwillian 
neutron spectrum, the result for Set I is (2.19+0.09) 
10° barns, while for Set II the value is (2.45+0.10) 
10° barns. The Set II parameters appear to be the 
proper ones. The errors that are quoted are statistical 
errors and, although the absorption cross section 
predicted by the Set II parameters is somewhat outside 
the quoted error, the agreement can be considered 
satisfactory for this type of analysis. 

There are, however, a considerable number of 
unknown factors in the experiment of Petruska ef al. 
which could significantly influence the results. These 
factors are the ratio of epithermal to thermal flux, 
spectrum hardening, and the variation of the flux during 
the irradiation periods. The latter two effects would 
tend to reduce the difference between the absorption 
cross-section value derived from the experiment, and 
that found by averaging over Breit-Wigner parameters, 
while consideration of the epithermal flux would 
increase the difference. The estimated magnitude of 
these effects is such as to tend to cancel each other out 
so that the conclusion that Set II parameters are the 
proper ones is still valid. 

* Operated for the U. S. Atomic Energy Commission by the 
General Electric Company. 

1 Bernstein, Shapiro, Stanford, Stephenson, Dial, Freed, Parker, 
Brossi, Herbert, and DeWitt, Phys. Rev. 102, 823 (1956). 


2 Petruska, Melaika, and Tomlinson, Can. J. Phys. 33, 640 
(1955). 
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